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THE 

PREFACE. 


TH  E  fubjetl  of  the  following  book  is  Alge- 
bra, a  fcience  of  univerfal  ufe  in  the  Ma- 
thematics* Its  bufinefs  and  ufe  is  to  folve 
difficult  problems,  to  find  out  rules  and  theorems  in 
any  particular  branch  of  fcience  \  to  difcover  the  pro* 
per  ties  of  fuch  quantities  as  are  concerned  in  any  fub- 
jetl we  have  a  mind  to  con/ider.  It  properly  follows 
the/e  two  fundamental  branches,  Arithmetic  and 
Geometry,  but  is  vajlly  fuperior  in  nature  to  both, 
as  it  can  folve  queftions  quite  beyond  the  reach  of  either 
of  them. 

This  is  an  art  truly  fublime,  and  of  an  unlimited 
extent  \  for  if  the  conditions  of  a  problem  be  never  fo 
complex,  and  though  the  quantities  concerned  are  never 
fo  much  entangled  with  one  another ',  yet  the  Algebraift 
can  find  means  to  diffolve  and  feparate  them  •,  or  if 
they  be  ever  fo  remote,  his  art  can  furnifh  him  with 
methods  to  bring  them  together  and  compare  them.     It 
is  true  he  is  often  obliged  to  traverfe  by  many  round- 
about ways,  to  get  the  relation  of  the  quantities  con- 
cerned ;  yet  by  certain  rules  he  can  purfue  the  computa- 
tion of  his  problem  through  all  thefe  intricate  turnings 
and  windings  ;  and  by  his  Jkill  and  fagaci  ty  can  hunt 
it  through  all  thefe  labyrinths,  till  he  arrives  fafely 
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at  the  end  of  the  chace?  viz.  the  folution  of  the  prd* 
Hem. 

The  extent  of  this  curious  art  is  fo  great  that  it 
has  gained  the  title  of  Univerfal  Mathematics  ;  and 
is  called  by  way  of  eminence ,  The  Great  Art ;  and  has 
been  efteemed  the  very  apex  of  human  reafon.  It  is  a  If  a 
called  Specious  Arithmetic,  Univerfal  Arithmetic, 
The  Analytic  Art,  The  Art  of  Refolution  and 
Equation  ?  with ,  a  view  to  fome  or  other  of  its  pro- 
perties or  operations. 

. 
The  nature  of  this  excellent  art  is  fuch,  that  it  may 
1?e  applied  to  any  fubjecl,  provided  the  principles  of 
that  fubjecl?  it  is  applied  to,  be  under  flood.  Its  great 
beauty  is,  that  it  deals  in  generals.  For  whilft  other 
branches  go  no  farther  than  their  own  particular 
fubjecl,  and  can  only  find  folutions  in  particular  cafes  ? 
this  art  finds  out  general  folutions?  general  rules,  ge« 
"veral  theorems?  and  general  methods. 

This  noble  fcienre  has  alfo  this  peculiar  property? 
that  it  not  only  inveftigates  rules  in  ail  the  other  parts 
of  the  Mathematics  \  but  by  the  moft  fubtle  art  and  in- 
vention, it  finds  out  its  own  rules,  models  them  ac- 
cording to  any  form,  and  varies  them  at  pleafure?  fo 
as  to  anfwer  any  end  propofed.  It  would  be  in  vaift 
to  attempt  to  enumerate  all  the  ufes  of  this  admirable 
art. 

By  making  ufe  of  letters  injlead  of  numbers,  it  has 
one  great  advantage  above  arithmetic,  viz.  that  in 
the  fever al  operations  of  arithmetic?  the  numbers  art 
loft  or  fw allowed  up,  and  changed  into  others :  but 
here  they  aye  preferved  dtflincl?  vifible?  and  unchang- 
ed. By  which  means  general  rides  are  d*awn  from 
particular  folutions?  to  anfwer  all  cafes  of  like  nature* 
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&y  help  of  algebraic  characters  f  geometrical  de+ 
fenerations  art  often  rendered  more  fhort,  compendi- 
ous and  clear.  So  that  by  this  means  we  avoid  the 
ttdioufnefs  of  a  long  verbal  procefs,  which  oiherwife 
we  fhould  neceffarily  be  involved  in  ;  and  which  never 
fails  to  darken  and  obfeure  the  fuijecl. 

It  is  highly  probable  the  ancients  made  ufe  of  fome 
fort  of  analyfis,  whereby  they  found  out  their  nolle 
theories,  lor  it  is  hardly  poffible  fo  many  fine  theorems 
in  Geometry  ^  fhould  be  groped  out  or  ftumbled  on,  with- 
out fome  fuch  method.  But  as  ft  was  then  only  in  its 
infancy ,  it  mujt  have  been  far  fhort  of  the  perfection 
we  have  it  in  at  preferJ. 

:h  s  to  the  Rehder's  qualifications,  it  is  abfolutely  ne- 
€effary  that  he  under/land  Arithmetic  and  Geometry ',  as 
-the  keys  to  all  the  reft.  And  it  is  alfo  necejfary  that 
he  underftand  the  principles  of  every  branch  of  fcience% 
to  which  he  would  apply  algebraic  calculations  -,  other- 
wife  it  would  be  in  vain  to  attempt  the  folution  of  any 
problems  therein,  by  the  help  of  Algetra. 

Then  as  to  the  method  I  have  followed,  it  is  this. 
I  have  gathered  together  the  moft  valuable  rules  and 
precepts,  which  lie  fcattered  up  and  down  in  all  the 
ieft  bocks  of  Algebra  ;  and  what  was  deficient,  I  have 
Jupplied  as  well  as  1  could.  Then  I  have  thrown  all 
thefe  precepts  and  rules  of  working,  into  fo  many  pro- 
blems \  which  I  have  reduced  into  as  fhort  a  compafs, 
and  expreffed  in  as  pliin  terms  as  poffible y  jo  as  thev 
may  be  clear  and  intelligible.  And  the  method  I  have 
taken  1  fuppoje  will  appear  to  be  very  Jim  pie  and  eafy, 
and  will  readily  be  apprehended  by  fuch  people  as  have 
found  confufion  and  difficulty  in  other  methods.  1  be- 
iieve  I  have  omitted  nothing  that  is  fundamental  ;  and 
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if  any  thing  of  lefs  moment  is  faffed  ly%  it  is  either 
lecaufe  it  is  of  little  ufe,  or  is  fupplied  by  feme  other 
method  or  rule.  And  all  the  rules  and  problems  are 
in  fuch  order \  that  the  eafieft  appear  frft,  and  lead 
en  to  the  harder^  which  follow  in  due  courfe  after- 
wards: thefe  make  up  the  fir  ft  book.  And  the  fecond 
look  contains  the  application  of  Algebra  to  all  forts  of 
problems,  of  which  there  is  great  variety,  and  many 
of  them  perfeclly  new ;  others  that  are  not  fo,  have 
generally  new  folutions  to  them*  So  1  hope  I  have 
delivered  both  the  principles  and  the  practice  at  large^ 
and  yet  have  not  clogged  the  Reader  with  any  fuper- 
fiuity. 
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DEFINITIONS. 

2.  jILGEBRA  is  a  general  method  of  corn- 
~tl  puting  Problems,  by  help  of  the  letters  of 
the  alphabet,  and  other  characters.  It  is 
of  the  fame  nature  as  Arith noetic,  but  more  gene- 
ral, and  therefore  ic  is  called  Univerjal  Arithmetic* 
as  likewife  the  Analytic  Art,  The  peculiar  practice 
of  this  method  is,  to  affume  the  quantiry  fought  as1 
if  it  was  known,  and  proceeding  to  work  by  the 
rules  of  this  art,  till  at  laft  the  quantity  fought,  or 
fome  powers  thereof,  be  found  equal  to  fome  given 
quantity,  and  confequently  itfelf  becomes  known. 

2.  Like  quantities*  are  thofe  that  confift  of  the 
fame  letters-,  as  a*  4a*  —  3^  Alfo  bb*  sbbs 
—i\bb*  alfo  2abc*  i$abc*  — abc\  &c. 

3.  Unlike  quantities*  are  thofe  confiding  of  dif- 
ferent letters,  or  of  the  fame  letters,  differently  re- 
peated.   As  a*  b,  2c,  —  %d*    Alfo  a,  2aa,  — $aaa. 

4.  Given  quantities*  are  thofe  whofe  values  are 
known. 

5.  Unknown  quantities,  are  thofe  whofe  values 
are  not  known. 

6.  Simple  quantities,  are  thofe  confiding  of  one 
term  only  ;  as  ^b*  $azc*  i^dcc,  &c. 

7.  Compound  quantities,  are  thofe  confiding  of  fe- 
veral  terms,  as  a+b*  2a — 3^  a  +  2b — $d%  &c, 
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8.  Tofitive  quantities,  are  thofe  to  be  added. 

9.  Negative  quantities,  are  thofe  to  be  fub- 
tracted. 

10.  Like  /igns,  are  either  all  +>  or  all  -*s  (See 
the  Characters.) 

1 1 .  Unlike  figns  af e  +  and  — . 

12.  T&*  Coefficient,  is  the  lumber  prefixed  to  any 
letter  or  letters  in  any  term.  As  3  is  the  coeffici- 
ent of  $aa.  If  no  number  be  prefixed,  then  1 
muft  be  underftood,  as  a  a  fignifies  vaa. 

13.  A  Binomial  Quantity,  is  one  confiding  of  two 
terms,  as  2  a  +  3  b.  A  "Trinomial  of  3  terms,  as 
a  -f-  b  —  c .  A  Quadrincmial  of  four,  &JV .  A 
Refidual\%  a  binomial,  where  one  of  the  quantities 
is  negative. 

14.  Power  of  a  quantity,  is  its  fquare,  cube,  bi- 
quadrate,  &c. 

15.  An  Equation,  is  the  mutual  comparing  of 
one  thing  with  another,  by  the  fign  of  equaliry  put 
between  them. 

16.  A  dependent  Equation,  is  an  equation  which 
may  be  deduced  from  fome  others. 

17.  An  independent  Equation,  is  one  that  cannot, 
by  any  means,  be  produced  from  the  others. 

18.  Pure  Equation,  is  an  equation  containing  but 
one  power  of  the  unknown  quantity  •,  as  a  fimple 
tquaiion,  a  pure  Quadratic,  a  pure  Cubic,  &c. 

19.  An  affebled  Equation,  is  that  which  contains 
ieveral  powers  of  the  unknown  quantity  •,  and  is  de- 
nominated according  to  the  highett  power  in  it;  as 
an  affected  Quadratic;  an  affecled  Cubic  ;  an  offered 
fourth  Power  ;  &c.  Thus  a  fimple  equation  con- 
tains only  the  fimple  quantity  itfelf.  A  quadra- 
tic, a  quantity  of  2  dimenfions  •,  a  cubic,  a  quan- 
tity of  %  dimenfions  -r  a  biquadratic,  of  4  dimen- 
fions i  £s?c. 

20.  index  or  Exponent,  is  the  number  fet  over 
a  letter,  fhcwiog  what  power  it  is  :  as  a*  ;  here  3 

(hews 
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fhe^ws  it  is  the  third  power  •,  or  that  a*  is  equiva- 
lent to  a  a  a.  And  thus  a*  is  the  fame  as  a  a  a  a  * 
#5  the  fame  as  aaaaa*  Sec.  the  index  always 
fhewing  how  oft  the  letter  is  repeated. 

21.  A  Fraction*  confifts  of  two  quantities  placed 

one   above   another,  with  a  line   between   them, 

a 
as  t;  the  upper  (a)  is  called  the  numerator ,  the 

Jower  (3)  the  denominator. 

22.  A  Surd,  is  a  quantity  that  has  not  a  proper 
root,  as  fquare  root  of  a  (\/a)*  cube  root  of 
bb  {l/Tb)*  &c.  Roots  of  compound  quantities  that 
contain  other  furds,  are  called  Universal  Surds. 

23.  A  rational  quantity,  is  a  quantity  that  has  no 
radical  fign. 

Characters  ufsd  in  Algebra. 

+  more*  to  be  added*  being  the  fign  of  ad- 
dition. This  is  called  an  affirmative 
fign.  Thus  a  +  b  Ggnifres  b  added 
to  a, 

—  lefs*  abating*  the  fign  of  fubtradion. 
This  is  alfo  called  a  negative  fign. 
Thus  a  —  b  figriifies  b  fubtracted 
from  a. 

Thefe  figns  always  affect  the  quan- 
tity following  •,  and  are  always  to  be 
interpreted  in  a  contrary  fignirlcation. 
Jf  +  fignifies  upward*  forward*  gain* 
increafe*  above*  before*  addition*  &c. 
then  —  is  to  be  interpreted  down- 
ward *  backward*  lofs*  decreafe*  below, 
behind*  Jubtraftion*  &c.  And  if  -+•  be 
underftood  of  thcie,  then  —  is  to  be 
interpreted  of  the  contrary. 
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<y>  difference  \  as  a  oo  b,  fignifies  the  differ- 
ence between  a  and  b. 

X  multiplied  by  \  as  a  X  £,  fignifies  0  mul- 
tiplied by  b.  Likewife  a  b,  fignifies 
a  multiplied  by  b.  Ail  letters  joined 
together  fignifies  a  multiplication.  For 
brevity's  fake  points    are   often   ufed 

72-*- 1.  n — 2 
inftead  of  x>  asfl* — —    -— »     fig- 


1     n — 2 

nifies  n  X X~- — • 

2  3  '  . 

->     divided  by,  as  a  -~b,  fignifies  #  divided 

by/'.  And  -7-  fignifies  the  iamc. 

rr:     ^^  /0,  as  a  -\-  b  zz  2d,  fignifies  a  and 

b  equal  to  2^/. 
c     greater   tban9    as   *z   cr   £,  is   #   greater 

than  Z>. 
C-     /^^  /&iM*,  as  a  n_  £,  is  ^  lefs  than  £. 
^/     a  root.,  as  v^*  is  iquare  root  or  a ,  {/#, 

cube  root  of  a\  i/a,  fourth  root  oi  a-9 

&c.  It  is  called  a  Radical  Sign. 
@>     involved  to:  as   &  2t    involved    to   the 

iquare  •,  ©^   3   involved  to  the  cube  9 

{Si. 
tm      extra5led:  \w  2,  fquare  root;  \w  3,  cube 

root  -,  &c. 


>„jrv^-c,  a  line,  or  vinculum,  drawn  over  feveral 
quantities  a,  b,  c,  denotes  that  com- 
pound quantity  to  be  confidered  jointly 
as  a  fi mple  quantity. 

EXPLANATION. 

a  a  — bb  +  zed,  fignifies  bb  fubtracled  from 
aa>  and   3  c  d  added. 

a  a  —  bb  —  cd  —  dd,  fignifies,  that  cc  —  dd  is 

Jubtrackd  from  a  a  —  b  b,  

a  a  +  2  ab 


EXPLANATION. 


aa+  2abv*  rr — s s>  fignifies  the  difference 
between   aa-\-2ab  and  rr —  s  s. 

ab  c c  fignifies  the  product  of  a  and  b  and  c  d 

a  -f-  b  X  a  a,  fignifies  the  ium  of  a  +  b  mulji- 
pjied  by  a  a> 

a  +  b  x  a a,  fignifies  the  product  of  b  into  a  a 
is  to  be  added  to  a, 

a  a  —  2  a  by  fignifies  the  fquare  of  the  com- 
pound quantity  a  a  —  2  a  b. 

v  b  b  4-  c  c  fignifies  the  fquare  root  of  bb  -f-  c  t\ 

V  2  a  b  —  ccj  fignifies  the  cube  root  of  2ab — cc* 

- — 71  fignifies  a  a  divided  by  a  —  b. 

a — b      °  J 


j- 


fignifies  the  fquare  root  of  a>  di- 

vided  by  x  x  —  a  a. 

a1  fr  fignifies  aaa  X  bb,  or  the  cube  of  a  mul- 
tiplied by  the  fquare  of  b. 

£ax  —  x  x  \/  5  a  x,  fignifies  the  fquare  root  of 
5  a  x  multiplied  by  3  ax  —  xx  •,  and  fo  of  others. 

Quantities  that  have  no  fign  prefixed,  muft  be 
underftood  to  have  the  fign  +  ;  leading  quantities 
feldom  have  the  figns  put  down,  when  they  are  af- 
firmative. 

If  A  B  and  C  D  be  two  lines ;  then  ABxCD, 
in  a  geometrical  fenfe,   fignifies  the  rectangle  made 
by  the  lines  A  B  and  C  D, 
AB 

Alfo  7~T\>  fignifies  the  ratio  that   A  B   has   to 

CD. 

NOTATION. 

1.  In  the  computation  of  problems,  put  the  firft 
letters  of  the  alphabet,  £,  c,  d,  /,  g,  b,  &c.  for 
known  quantities,  and  the  lad  letters  of  the  alpha- 
lien  foi   unknown  ones.     Yet  ibme  put  vowels  for 

B  3  unknown 
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unknown  quantities,  and  the  reft  of  the  alphabet 
for  known  ones. 

2.  For  general  forms,  put  the  capitals  A,  B,  C, 
D,  i£c.  for  the  general  quantities, 

3.  Or  in  univerfai  forms,  let  the  quantities  be 
denoted  by  the  Greek  capitals,  r,  A,  Z,  G,  A,  n,  2, 
T,  $,  y,  XI,  and  indices,  coefficients,  tSc.  by  the 
fmall  letters,  ^  *,  >,,  G,  a,  p,  *,  x,  t,  p. 

4.  In  cafe  of  necefiity,  make  ufe  of  any  other  fort 
of  letters,  or  of  any  characters,  that  have  names, 
as  £,  %,  * ,  o,   ?,   $,  d,  a,  a,  £,  K,  &c. 

AXIOMS. 

1.  If  equal  quantities  be  added  to  equal  quanti- 
ties, the  fums  will  be  equal. 

2.  If  equal  quantities  be  taken  from  equal  quan- 
tities, the  remainders  will  be  equal. 

3.  If  equal  quantities  be  multiplied  by  equal 
quantities,  the  products  will  be  equal. 

4.  If  equal  quantities  be  divided  by  equal  quan- 
ties,  the  quotients  will  be  equal. 

5.  The  equal  powers  or  roots  of  equal  quantities, 
are  equal. 

6.  If  to  or  from  equal  quantities,  unequal  ones 
be  added  or  fubtracled  •,  the  fums  or  remainders 
will  be  unequal. 

7.  If  equal  quantities  be  multiplied  or  divided 
by  unequal  quantities  ;  the  products  or  quotients 
will  be  unequal. 

8.  Quantities  feverally  equal  to  a  third,  are 
equal  to  one  another. 

9.  The  whole  is  equal  to  all  the  parts  taken  to- 
gether. 

10.  If  a  quantity  be  added,  and  the  fame  quan- 
tity iubtractcd,  they  deilroy  one  another,  and  are 
both  reduced  to  nothing. 

BOOK 
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BOOK       I. 

The  fundamental  Principles  of  Algebra. 

SECT.     I. 

The  primary  Operations  of  Algebra  in  Integers. 

PROBLEM       I. 

5T*  add  fever al  Quantities  together. 

i     RULE. 

IF  the  quantities  are  like  and  have  like  figns  -, 
add  all  the  coefficients  together,  for  the  coefr 
hcient  to  that  quantity,  and  prefix  the  fame  fign. 

Ex.   i. 

to  4-  54  to — i6ab  to  +  ^a-^gx 

add  +   7  a  add  —    5  a  b  add  +  5  a  —     x 

•  add  —    2  a  b  add  +  a  —  5  x 

Sum  -{-12  #  '  ...  .-  .■   ■     ■ 


—  23  #£     Sum  +  104— r9  # 
£*.  2. 

to  +  135  ab%  —  202X  xy* 

add  +     1  j  abb  —  io$xxy* 

-H       %abb  —     ijxxy* 

+  *££ 


—  424.x  xy 


Sum  +  156  abb 

2     RULE. 

In  like  quantities  with  unlike  figns  •,  add  all  the 

i.iative  coefficients,  into  one  iiim  ;  and  all  the 

U  4  nega- 
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negative  ones  into  another;  fubtraft  the  leffer  fum 
from  the  greater,  and  to  the  difference  prefix  the 
%n  of  the  greater,  with  the  proper  quantity. 

Ex.  3. 

to  +  6  a  —  16  d  3  a  —  7  b 

add  —  3  a  +    3  d  —  3  a  +  $  b 

Sum  +  3a  —  13d  o     +     i 


Ex.  4, 

—  1250  £  +  34- xy 

—  37  a  b  —  8  xzy 
+  ab  —  xzy 
-}'     ggab  +  92  xxy 

2 1  —  67  xzy 

—  lozab  ' 

+  \oo  ab  -\-\26xly 

Sum—    te^b  —  76xly 

+  5°x%y. 
Ex.  5.  % 

—  2tf*z —    gbcd  +  dd+2e 
4-  74^  —  20  bed  —  dd  ■+■  $e 

~+-  3  aa  -f-     4.b c d 

Sum    +  8  a  a  —  25  b  c  d 4-  7  e 

3     RULE. 
Set  down  all  the  unlike  quantities  with  their  pro- 
per figns. 

Ex.  6. 

-}-  2  a 
+   3b 

+      d 


Sum   2J+'3i"rf +  rf 


Sect.  I.  ADDITION.  9 

Ex.  7. 

•+•  13  a  a  —  2  a 

—  \ab  —  3  a 
+        be  +  $a 

—  2dd+  6d 

^   Sum  -f  13  a  a —  4-ab+be— 2dd+6d. 
Ex.  8. 

2.ee+  %ef—  ff+17     . 
—  Zee  +  5ef  +  '*ff—  n 
+  6ee—     ef  +   ff—    3 

Sum  +  5**  +  lef '  +  *ff  +    3 

The  reafon  of  this  rule  is  evident  for  like  figns ; 
and  in  unlike  figns,  it  follows  from  the  nature  of 
affirmative  and"  negative  quantities,  that  the  diffe- 
rence ought  to  be  taken,  to  make  up  the  total.  As 
if  a  man  owes  10/.  then  1.0/.  ought  to  be  deduct- 
ed from  his  flock  to  find  his  real  worth. 

Cor.  1 .  When  fever  al  quantities  are  to  be  added  to- 
gether,  it  is  the  fame  things  in  whatever  order  they 
are  placed. 

Thus  a  +  b  —  c  zz  a  —  c  +  b  zz  —  e  +  a  +  b 
zzb  +  a  —  c>  &c.  for  all  thefe  are  the  fame. 

Cor.  2.  Hence  the  fum  of  any  number  of  affirmative 
quantities,  is  affirmative  \  and  the  fum  of  any  number 
of  negative  quantities,  is  negative. 

PROBLEM     II. 

To  fubtracl  quantities  from  one  another. 

RULE 

Change  the  figns  of  all  the  quantities  to  be  fub- 
tracted  -,  and  then  add  them  all  together  by  Prob.  I. 
and  the  fum  will  be  the  remainder  fought, 

Ex. 


io               SUBTRACTION*           B.  I. 
Ex.   t. 

+  Sa                       16b                     —  iir 

+  3a                   *—  5&                      +3' 

Rem.  8<z — \  $a 
or        5*  ^ 

i6b  +  $b       — \\c —  %c 

or;i^                 or  —  14  r 

—  20 

—  6 

—  20+6 
or —  14 

Ex.  2. 

from       6  a  —  3  #  +  6y  -—  7 
take  4-  80  +  4*4-  6>  4-5, 
Rem,  —  2a  —  7*4-0  —  12 

Ex.  3. 
from  d  4-  b  a  +  b 

take  0  —  b         —  a  +  b 


2a 


Rem.  +  2b 

Ex.  4. 
from  0^4-  2a  b  -\-  bb 
take  4-  4  #  b 

Rem  00  —  2  ^  £  4-  b b 

Ex.  5. 
from  aa  —  bb 
take  ££  —  d  d 
Rem.  0tf 


£/, — cc  +  dd 


Ex.  6. 

from       34 tf  —  2a  -\-  c d—  dd    — // 
take  —  2  aa~*~  5  a  —  ab  —  9.  d  d 

Rem.      $ <z a  4-  3  <*  +  < '^  4-  ^4-  dd—ff 


Cor, 
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Cor.  Hence^  To  fubtrciU   one  quantity  from  ano- 
ther, is  the  fame  thing  as  to  add  them  together*  when 
all  the  figns  of  the  (ubtrahend  are  changed, 
a  —  —  b  zz  a  -\-  b. 

For  ic  is  the  lame  thing  to  fubtract  — ,  as  to 
add  +  ;  and  to  add  — ,  as  to  fubtraft  +.  For 
iiippofe  a  man  to  owe  10/ ;  becaufe  it  is  a  debt  it 
muft  be  writ  —  10/.  therefore  if  any  body  would 
take  away  this  —  10,  it  is  the  fame  thing  as  if  he 
added  4-  10  to  his  (lock  :  but  before  it  is  difcharg- 
cd,  this  -*- 10  is  the  fame,  as  4-  10  deduced  out 
of  his  (lock. 

PROBLEM     HI. 

To  multiply  one  quantity  by  another. 

RULE. 

Multiply  every  particular  term  (or  fimple  quan* 
tity)  of  the  multiplier,  into  every  term  of  the  mul- 
tiplicand, one  after  another;  fo  that  the  coefficients 
be  multiplied  into  the  coefficients  ;  and  the  letters 
into  the  letters,  by  placing  them  all  together,  like 
letters  in  a  word.  And  prefix  4-  to  products  of 
like  iigns,  and  —  to  unlike  ones.  The  fum  of  all 
is  the  product  fought, 

Ex.  1. 


+  a 
+  b 

—  a 

—  b 

+  ab 
Ex. 

4-  3a 
—  2b 

—  4« 

+  5d 

+  ab 

—  6  ab 

—  20c  d 

2. 

a  -f  b  a  +  b 

a  4-  b  a  —  b 


aa'+  ab  aa  +  ab 

4-  a  b  *4-  b  b  —  ab  —  bb 


a  a  4-  2  ab+bb         a  a  —  bb  Ex. 
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Ex.  3. 

3a  —  2  b 


15  aa  —  10  ab 
+  i2ab—  $bb 

i$aa    +     2  ab  —  8  b b 

Ex.  4. 

aa  +  ab  —  bb 

a  —  b 

41  +  aa  b  —  abb 

—  aab  —  ab  b  -f  bl 

a>  —  2abb  +  *5 


Ex.   £, 

ab  —  3  c  d  +  r s 
5r—yd 


5  rab  —  1  zrcd  4-  tprs  —  yabd  -f  2  J  edd  —  jrsd 


Ex.  64 

$aa  —  2  db  -\-  5 
a  a  •+-  2  #  #  —  2 


jpbba*  —  ^aabb+  10  a  b 

» — 9  a  a       4-    6  tf  £ — 15 
# *  -+•  4^4 J —  4 ^tf tf  —  4  tftf  -r  iy>  ab  —  15 

JEv.  7. 

aa  +  ££ 

ff  —  dd 


c  c  aa  +  a^ 

—  ddaa  —  ddb  b 


cc  aa  —  dd  a  a  +  a^  —  d  db  b 

Ex. 
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Ex.  8. 

a*  4  b* 

a1  — gfc 


a>  — 12  b* 

That  every  term  in  the  multiplicand  muft  be 
multiplied  by  every  term  in  the  multiplier,  is  thus 
made  evident.  Let  a  -}-  b  be  multiplied  by  c  +  d\ 
it  is  plain,  a-\-b  muft  be  taken  fo  often  as  there  arc 
fuppofed  units  in  c  and  d%  that  is,  as  often  as  there 
are  unics  in  c,  and  alfo  as  ofc  as  there  are  units  in  d. 
Therefore  the  product  will  be  a  +  bxc  +  a+bxd. 
But  for  the  fame  reafon  a  +  bXczzac+bc, 
alfo  a-j-bxd  —  ad  +  b  d.  Whence  the  pro- 
duel:  will  beac  +  bc  +  ad  +  bd-,  that  is,  the 
fum  of  all  the  products  of  every  term  multiplied 
by  every  term. 

'  That  like  figns  give  -f,  and  unlike  figns  — ,  in 
the  product,  will  appear  thus. 

Cafe  1.  Let  4-  a  be  multiplied  by  -f-  b.  Then 
fince  this  multiplication  fuppofes,  that  -f-  a  is  to  be 
fo  often  added  together  as  there  are  units  in  +  b  ; 
and  the  fum  of  any  number  of  affirmatives  is  affir- 
mative, therefore  the  whole  fum  is  affirmative,  that 
is  +  ax  +  b  zz  +  ab. 

Cafe  2.  Let  +  a  be  multiplied  by  — b.  Now 
fince  this  implies  that  +  a  is  to  be  as  often  fub- 
tracled  as  there  are  units  in  b ;  and  the  fum  of  any 
number  of  negatives,  is  negative,  therefore  that 
whole  fum,  is  negative,  that  is,  +  a  X  —  b  zz\ 
—  ab. 

Cafe  3.  Let —  a  be  multiplied  by  +  b.  It  is 
plain  here,  that — a  is  to  be  fo  often  taken  as 
there  are  units  in  b\  and  the  fum  o;  any  number 
of  negatives  being  negative,  therefore  the  whole 
fum  is  negative  \  that  is,  —  a  x  +  b  —  —  ab. 

Otberwiftt 
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Otherwife,  Let  d  —  a  be  multiplied  bjr  *$»  j  3 
then  (Ctf/*  w)  the  product  will  be  bd  together 
with  — ■  a  x  +  b  •  but  £  ^  is  too  bigr*  as  being 
the  product  of  d  by  b,  inftead  of  d—a  by  B 
(d  —  a  being  leis  than  d),  therefore  bd,  being 
too  much,  the  product  —  a  x  +  H  mud  be  fub- 
tracked;  that  is,  the  true  product  will be db—abi 
and  confequently  —ab  —  —  aX  +  b. 

Cafe  4.  Let  —  a  be  multiplied  by  — b.     Here 

—  a  is  to  be  fubtracted  as  often  as  there  are  units 
in  b  :  but  fubtracting  negatives  is  the  fame  as  add- 
ing affirmatives  (Cor.  Prob.  2.)  j  consequently  the 
product  is  +  ab. 

Or  thus.     Since  a  —  ^zo,    therefore  a  —  a  X 

—  b  zz  o,  becaufe  o  multiplied  by  any  thing  pro- 
duces o ;  therefore  fince  4-  a  —  a  X  -*-  b  zz.  0$ 
and  the  fir  ft  term  of  the  product  is  —  a  b  (Cafe  2)  ; 
therefore  the  laft  term  of  the  product  muft  be 
-f-  ab,  to  make  the  fum  o,  or  —  ab  +  ab  zzo* 
that  is,  —  a  X  —  b  zz  +  ab. 

Otherwife.  Let  d  —  a  be  multiplied  by  —  £. 
Then  (Cafe  2.)  the  product  will  be  —  bd  toge- 
ther with  —  a  x  —  b  ,  but  —  bd  the  quantity 
to  be  fubtracted  is  too  big,  being  the  product  of  d 
by  —  b9  inftead  of  d  —  a  by  —  b,  (d  —  a  being 
lefs  than  a)  ;  therefore  the  quantity  —  bd  to  be 
fubtracted  being  too  much,  fomething  muft  be 
reftored,  that  is  —  a  x  —  b  muft  be  added  ;  ao/1 
the  true  product  will  be  —  b  d  +  ab,  and  there- 
fore +  ab  =  —  ax—  b. 

Cor.  1.  If  fever  al  quantities  are  to  be  multiplied 
together  ,  it  is  the  fame  thing  in  whatever  order  it  be 
done.  "Thus  abc  zz  acb  Z2  cab  zz  be  a,  &c.  for 
all  thefe  are  equal. 

Cor.    2.    The  powers  of  the  fame   quantity    are 

multiplied  together,    by  adding   their  indices.    Thus 

az  x  <*»  zz  a2  +  izz  a\ 

Cor. 
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Cor.  3.  Any  odd  number  of — ,  multiplied  together 
produce  —  -,  and  any  even  number  of  — ,  pro- 
duce  +. 

SCHOLIUM. 

In  the  multiplication  of  compound  quantities,  it 
is  the  bed  way  to  Tec  them  down  in  order,  accord- 
ing to  the  dimenfions  of  fome  of  the  quantities. 
And  in  multiplying  them,  begin  at  the  left  hand, 
and  multiply  from  the  left  hand  towards  the  right, 
the  way  we  write,  which  is  contrary  to  the  way  we 
multiply  numbers.  But  this  will  be  mod  expedi- 
tious, and  the  ieveral  produces  will  by  this  means 
be  fo  ranged  under  one  another,  that  like  quantities 
will  fall  in  the  fame  places,  which  is  the  -safieft  way 
for  adding  them  up  together. 

In  many  cafes,  the  multiplication  of  compound 
quantities  is  only  to  be  performed  by  writing 
their  fums,  each  under  a  vinculum,  and  putting 
the  fign  (X)  of  multiplication  between.  As  if 
the  fquare  of  a  a  —  x  x  was  to  be  multiplied  by 
ag  —  bh,  and  that  by  ac  +  bd,  it  may  be  writ- 

ten  thus,  ax  —  x  x  X  ag  —  b  h  x  a  c  -\-  bd, 

PROBLEM     IV. 

*1q  divide  one  quantity  by  another* 

1     R  U  L  E. 

In  fimple  quantities,  which  will  divide  without 
a  remainder;  divide  the  number  by  the  number, 
and  put  the  anfwer  in  the  quotient.  Then  throw 
out  all  the  letters  in  the  dividend  which  are  found 
in  the  divifor,  and  place  the  remaining  letters  in 
the  quotient.  And  like  figns  produce  -f ,  and  un- 
like figns  — ,  in  the  quotient. 

Ex. 
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aa)aab(b 
aab 


a  a)  a  ah  ( —  b 
aab 


Ex.  i. 

$ab)  i$aabcd  (gacd 
i$aabcd 


Ex.  2; 

, « — Zdb) — \$aabcd  ($acd 
— \$aabcd 


Ex.  3. 

—  3  cdd)  —  Sccdd  (+  2f 
—  6  ccdd 


Ex.  4. 

4-  6^2)"—  18  J*0'^*  {~^abcdi 
'   —  \ZbWdH 


0 

£*.  5. 

—  5W) 

10  axbb  d  (- 
10  azbb  d 

—  2 

*<* 

O 

Ex.  6. 

$*>)- 

-gxlyzb  (- 

-  9  #y  j 

•7^ 

Ex. 
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Ex.  7. 

—  Exx)  —  16  &  (+  2  }<? 
—  16  xl 


2     RULE. 

In  compound  quantities,  range  the  terms  of  the 
divifor  and  dividend,  according  to  the  di mentions 
of  fome  letter.  Then,  by  Rule  1,  divide  the  firft 
term  of  the  dividend  by  the  firft  term  of  the  divi- 
for, placing  the  reiult  in  the  quotient.  Multiply 
the  whole  divifor  by  the  quotient,  and  fubtract  it 
from  the  dividend,  to  which  bring  down  the  next 
term  of  the  dividend,  call  this  the  Dividual. 

Divide  the  firft  term  of  the  dividual  by  the  firft 
term  of  the  divifor;  then  multiply  and  fubtrad  as 
before,  and  repeat  the  fame  procefs  till  all  the  quan- 
tities be  brought  down.  This  is  in  effect  the  very 
fame  rule  as  is  315 fed  in  arithmetic. 

Ex.  8. 

a )  a  b  +  a  c  — -  q  (b +  c  —  I  the  quotient 
ab 

+  ac 
-\-  ac 


Q 
Ex.  9. 

2  b  —  3  0  2ba a  —  3  caa  (a a 


2  b aa  —  3  c a  a 
C 
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Ex.  10. 
a  +  b)ae  +  bc  +  ad  +  bd(c  +  d 
ac  +b  c 


+  ad  +  bd 
+  ad  +  bd 

Ex.  ii. 

"p- 

■4)^  —  3^  —  4^+  12  ( 
y%           —W 

—  zyy         +12 

—  %yy          +  «* 

o 

£#.  12; 

##  +  ab 

;           — ^£ —  ££ 
—  d£ —  £# 

o 
Ex.  13; 

jg — #)  30? — 12^ — &m+io*£ — ibb  (aa-~4a  +  20 
zai  — baa 


—  naa         -\-10ab 
t—l2aa  +  4ab 


+  6ab — 2bb 

+   dab — ibb 

o 


3    R    U    L    E. 

When  the  divifor  does  not  exactly  divide  the  di- 
vidend ;  place  the  dividend  over  the   divifor,  in 

form 
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form  of  a  fradtion  ;  throwing  out  fuch  letters,  as 
are  found  in  all  the  terms  of  both  the  dividend 
and  divifor, 

Ex.  14. 


a —  x)  a 


( the  quotient. 

\  a — x 


Ex.  15. 

\       1       /ax4-xx       a-\-x 
ax—xx)ax+xxl — J_  =  -4-  quote. 
\ax — xx       a — x 

Ex,    1 6. 
i—x)\       (1  +x+xx+xi+x*  -i-  &c.  fmefint. 
1 — x 

x—Xx       (or  1+X+XX+X1+  -1_. 


^-xx 

XX — x* 


Xl x* 

+X*  &C,' 

Ex.  17. 

aa  —  ee)  aae  (e  +  —  +  JL  +       g7 

a  a       a±       a6 — eed* 
aae — e* 


aa 


+ 

aa 

+ 

e^ 
aa 

— 

a*> 

e7 

+ 

a* 

Rem 

C 

2 

Thii 
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This  and  fuch  like  examples  will  be  better  under- 
ftood  after  the  next  feciion. 

Ex.  18. 

a*)  2a*  (—  zz  la*. 
V  a* 

Ex.   19. 

&-  **)  18  ^6  /—  l!|1  -  _  9k 

£#.  20. 


2 s . 

#  #  —  xx)aa  —  xx   (a  a  —  xx 


5 
aa  —  xx 


That  like  figns  give  +*  and  unlike   figns  — <, 
in  the  quotient,   will  appear  thus.     The  divifor 
multiplied   by  the  quotient  muft  produce  the  divi- 
dend.    Therefore,  1.  When  both  are  +,  the  quo- 
tient is  -f ,  becaufe  then   +  X  + 

1.  +  )  +  (  +     muft  produce  +  in  the  dividend. 

2.  — ) — (-h     2.    When   they    are    both    — ,   the 

3.  -J-) — ( —     quotient  is  +  again,  becaufe  +X— 

4.  — )  +  ( —     muft  produce  —  in  the  dividend. 

Again,  3.  When  the  divifor  is  + 
and  the  dividend  — ,  the  quotient  is  — ,  becaufe 
—  X  +  muft  produce  —  in  the  dividend.  4. 
Laftly,  If  the  divifor  is  — ,  and  the  dividend  -f-, 
the  quotient  will  be  — ,  becaufe  —  X  —  produces 
+  in  the  dividend. 

Cor.  1.  One  power  of  a  quantity \  is  divided  by 
another  power  thereof-,  by  fubtratting  the  index  of 
the  divifor ',  from  the  index  of  the  dividend.  Thus, 
^5  5—3 z  \6b  __  4$i— 3  __  4#— 2  __    4 

a1  "  I2^»""      3  3     ~~  zbh. 

Cor, 
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Cor.  2.  Hence  any  power  of  a  qtuiK;ify  may  he  ta- 
ken out  of  the  denominator  and  put  into  the  numerator^ 
and  the  contrary  \  by  changing  the  fign  of  the  index* 

TbusJL-ftl.     And-L  =ba\ 
2bz  2  ar~* 

Cor.   3.  Hence  —  divided  by   +,   or '4-  divided 

by — ,  give  the  fame  quotient ',  viz.  — .  That  is > 

-—a  _      a     a 

T~~—b~~~~b' 

PROBLEM     V. 
To  involve  a  quantity  to  any  power. 

i     R    U    L    E. 

Multiply  the  quantity  fo  of:en  into  itfelf  as  the 
index  denotes.  And  where  the  root  is  +,  all  the 
powers  are  +.  And  where  the  root  is  — ,  ail 
the  odd  powers  are  — ,  and  all  the  even  pow- 
ers +. 

Ex.  1. 


a 

root 

a*  root 

a  a 

fquare                  a±  fquare 
cube                    as  cube 

tf 

4th  power          as  4th  power 
&c.                   &c. 

_ 

ia*    root 

4- 

4a6   fquare 
8a?   cube 

+ 

i6alZ  4th  power 
&c. 

Jlx,  2. 

ah  root 

—    3  a  b  b 

root 

aabb  fquare 
&b*   cube 

-+•     9  a  a  b± 
—  27  a1  b6 

fquare 
cube, 

&c 

• 

&c. 
C  3 

£.*. 
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&x.  3. 

Involve  a  +  I  to  the  cube  or  $A  power. 

a  +  h 


a  a  -f-  ah 

-\-  ah  +  ltj 

fquare      aa+ial+hh 
a  +  h 

a*  +  2aah-\-ahh 

-}-     a  a  h  +  2  a  h  I  +  I J 

cube     at+zaah  +  zahh  +  htj 

2    R    U    L    E. 

Multiply  the  index  of  the  quantity,  by  the  index 
of  the  power,  and  make  the  figns  as  in  Rule  1. 

Ex.  4. 
root    a    or    a1  — •  2  hh a;  or  ihza 

fquare  ax  Xz  or  a*        -J-  4  f  X2  a  1 Xz  or  +  ^ha% 

cube  a1**  or  a*        —  8  J2*VX3  or  —  8£6^ 
^  power   *w  -2axnn 

Ex.  5. 

root      # — x* 

r  2x2       4 

fquare  a — x        or 


a — x 
■2x3        6 


cube      <s — x        or  tf — .* 

th  2Xw         j«j 

m    power  a — at        or  a — x 


3    RULE. 
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3      RULE. 

In  a  binomial.  The  power  will  confift  of  1  term 
tnore  than  the  index  of  the  po^er  The  higheft 
power  of  both  is  the  index  of  the  given  power,  and 
the  index  of  the  leading  quantity  continually  de- 
creafes  by  one  in  every  term,  and  in  the  following' 
quantity,  the  indices  of  the  terms  are  o,  1,  2, 
3,  4,  &f<?. 

Then  for  finding  the  uncise  or  coefficient".  The 
firft  is  always  1;  the  fecor-d,  the  index  of  the 
power.  And  in  general,  if  the  coefficient  of  any 
term  be  multiplied  by  the  index  of  the  leading 
quantity,  and  divided  by  the  number  of  terms  to 
that  place ;  it  gives  the  coefficient  of  the  next  fol- 
lowing term. 

Laftiy,  When  both  terms  of  the  root  are  +,  all 
the  terms  of  the  power  will  be  -j-  •,  but  if  the  fe«* 
cond  term  be  — ,  then  all  the  odd  terms  will  be 
+,  and  all  the  even  terms  — . 

Ex.  6. 

Involve  a+c  to  the  §th  power* 
The  feveral  terms  without  the  coefficients  will  be 
a^  a%  a*ee9     aze*>     ae\       es ;  and  the 

„.  .  5x4     IOX3     10x2     5*1 

coefficients  1,5, >  * > > 

°*     2  3  4  5 

that  is,    1 ,  5,    10,     10  ,       5  ,         1. 

And  therefore  the  5th  power  is 

«s  +  5&*e  +  10  a*ee  +  10  a%e*  +  5  ae*  +  **• 

Ex.  7. 

Involve  a  —  x  to  the  \lh  power. 

thepower  is  **— 4a*  x +12S-3  aW  —  _***+  H-VV 

\  3  4 

that  is,     a*  —  \tfx  +  Gazxz  —  40**  +  xK 

C  4  4    RULE. 
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4     RULE. 

In  trinomials,  quadrinomials,  &?£.  Let  one  ' 
letter  remain,  and  put  another  letter  for  the  relt 
of  the  quantities  •,  then  involve  this  binomial  by 
Rule  3  •,  then  inftead  of  the  powers  cf  the  affum- 
ed  letter,  find  (by  Rule  g.)  the  powers  of  the 
compound  quantity  it  reprefents,  which  put  in  its 

ltead. 

Ex.  8. 

Involve  a  +  b  —  x  to   tbi  third  power. 

Put    e  for- 1  —  x,    then  the  cube  of   a  +  e  is 

^   +   3^^   +   3^^  +  ^'     (Rule  3),  that  is, 

ai  4. ^xi^  +3«X$=*-r  5— **    But  (Rule  3.) 

t—xzz  bo—ilx  +  xx,  and  J— x  :=£3— 3^  +  3^ 

— x>.    Therefore  a  +  b— x  =  a*  +  *$aal  —  iaax  + 
lahk—balx+sazx+fr — $hhx  +  zbxx— x>. 

Cor.  1.  Ihe  n* power  of  a  +  e,  that  ii9 
^7e  -c?  +nan~*e  +nx%=±  *n~2  ee  +  »  X^i 

x  ti^^^+.x2=lxi±!  x*=2a-*e*+fk€. 

3  234 

This  rule  is  proved  by  involving  a  +  e  as  far 
as  you  will,  for  the  fsveral  powers  will  always  ag>ree 
with  the  rule. 

Cor.  2.  All  powers  of  an  affirmative  quantity,  are 
affirmative,  dnd  all  0 ad  powers  of  a  negative  quan- 
tity, are  negative  ;  and  all  even  powers  affirmative. 

Cor.  3.  The  index  of  the  power  of  any  quantity, 
is  the  produil  of  the  index  of  the  power,  and  index  of 
the  quantity.  . 

Cor.  4.  The  nth  power  of  any  prodiiol,  ts  equal  t9 
the  nlh  power  of  each  fall 'or ;  multiplied  together. 

abl   zza    y,b* 

PRO- 
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PROBLE  M     VI. 
*To  extraft  the  root  0)       \  quantity* 

Evolution  is  juft  the  rtverfe  to  involution  ^  and 
is  performed  as  follows. 

1     RULE. 

For  fimple  quantities  •,  extract  the  root  of  the 
coefficient  for  the  numerical  part,  and  divide  the 
index  of  the  letter  or  letters,  by  the  index  of  the 
power,  gives  the  index  of  the  root. 

Ex.  1. 

3 

The  cube  rcot  of  a*  is  ar  or  a. 

4- 

thefquare  root  of  25a*  is  50'-  or  §aa. 

the  fquare  root  of  iazb5  is  a*  bx  \/z. 
or  ab'y/z. 

the  cube  root  of — ii$b    is — $bl  or— $fr. 

2      RULE. 

For  the  fquare  root,  of  a  compound  quantity ; 
range  the  terms  according  to  the  dimenfions  of 
fome  letter.  Then  find  the  root  of  the  firft  term 
(1  Rule),  and  fet  it  in  the  quotient:  fubtract  its 
fquare,  and  bring  down  the  next  term,  which  di- 
vide by  double  the  quotient,  and  let  the  anfwer 
in  the  quotient.  Multiply  the  diviibr  and  quo- 
tient by  this  laft  quotient,  which  fub  racl  from  the 
dividual.  Proceed  thus,  juft  as  in  common  arith- 
metic. 

fir. 
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Ex.  2. 

Extraft  the  fquare  root  of  aa+^ab+^bb—iax-^ 

A^hnc    1  '  XX» 

aa+4ab+4bb—2ax~4bx+xx  (a+2b— tf  root 
aa 


2a+2b)  4ab+^bb 
4ab+4.bb 


ia+4b—'X)  —2ax<—4bx+xx 
-+-2ax — 4bx+xx 


Ex.  3. 

Extratt  the  fquare  root  cf  aa—6na+2za+()mi^ 
6nz  +  2*. 

aa  +2za-6nz(a+z 
aa  +zz 


— o«  \  o  —  6#  — 6nz 

*a+z)     +2za+zz 

—  6n    +qnn 

+  22    — 6nz 

+zz 


Zti 
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Ex.  4. 

Extraft  the  fquare  root  of  aa  +  xx. 

aa-t-xx/       .XX      x±        x6 

ao         (  a  + o-+-2 &c> 

ff \  2a     8a>     i6a\ 

xx  \ 
2a+—)o+xx 

aaJ       ,        ,   x± 

+xx-i 

4.aa 


xx      #+  \            x* 
2tf-| --Jo  —   


a  +  ) 


X*         X6  ji     x*i 
4.aa     80S     64a6 


o  4 


8a+     64^ 


3     RULE. 

In  higher  powers.  Find  the  root  of  the  firfl: 
member,  which  place  in  the  quotient :  fubtract  its 
power,  the  remainder  is  the  refidual.  Involve  this 
root  to  the  next  lower  power,  and  multiply  it  by 
the  index  of  the  given  power,  for  a  divifor ;  by 
this  divide  the  firft  term  of  the  refidual,  the  quo- 
tient is  the  next  term  of  the  root.  Then  involve 
the  whole  root  as  before,  and  fubtrad  :  and  repeat 
the  operation,  till  all  the  terms  of  the  root  be  had. 

Ex.  5. 

Extraft  the  cube  root  of  x6 +6x* — 40^5+96^—64. 
x6  +  6x$ — 40#3+96# — 64  (xx+2x~ 4  root. 


X* 

3*4)   6x*  (  +  2x 

X6  +  6x*  +  \2X*  +  $X*Z 

3 

Z.XX+2X. 

3**)  0 

12*4(  —  4 

*6-t-6*s 

— /\.QX3-\-gbx- 

-64~x^+2x- 

-4. 

Q 

Ex. 
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Ex.  6. 

Extract  the  4th  root  of  i6a*—$6a*b  +  2  i6aabb 

1 6a* — $6tfb +2i  6aabb~  2 1 6al%  +  8 1  b*(  la — \b 
1 6a  +  root. 


24«5J  o  — g6a^b  ( — \b 

1 6a* — $6a'b  +  2i6aabb — 2  tGafr  +  8 1 


4    R    U    L    E. 

The  roots  of  compound  quantities,  may  fome- 
times  be  difcovered  thus.  Extract  the  roots  out  of 
all  the  fimple  powers  or  terms  in  it;  then  connect 
thefe  roots  by  the  figns  4-  or  — ,  as  you  judge 
will  beft  anfwer.  Involve  this  compound  root  to 
the  proper  power ;  then  if  it  be  the  fame  with  the 
given  quantity,  you  have  got  the  root..  If  it  only 
differs  in  the  figns,  change  fome  of  them,  till  its 
power  agrees  with  the  given  one  throughout, 

Ex.  j. 
<Fo  extraft  the  cube  root  of  a'i-*-6a7-b+i2abz — SbK 

Here  the  root  of  aVis  a9  and  the  root  of  — 8b* 
is  — 2#.  Then  a — 2b  is  the  root,  for  its  cubs 
is  d3 — 6alb  +  \2abz — Sb\  as  required, 

Ex.  8. 
Extract  the  4th  root  of  16a* — g6a^x  +  2i6azxz 
*—  2i6axz  +  $ix*. 

The  roots  of  16a*  and  Si#4,  are    2a  and   3*. 
Therefore   if  2a+$x    be  made  the  root  and  in- 
volved^ 
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volved,    it    is    i6a4+()6a*x+2i6aaxx  +  2i6ax%  + 
8ix+,  which  differs  in  the  figns,  from  the  quantity 
given.     Therefore  make  ia — 3*  the  root,  which 
being  involved  iucceeds  ,  the  power  being 
x6#*  —  y6a*x  +  2i6aaxx —  2i6ax*  +  81  a**. 

5     R    U    L    E. 

When  the  quantity  given  has  not  fuch  a  root  as 
is  required,  fee  it  cown  in  form  of  a  furd. 

Ex.  9. 

Square   root   of    a\    is  \/a*. 
Cube  root  of  i$aa9   is  {/  j  §aa% 
4th  root   of  iaex\    is  {/  2a*xK 

Ex,  10. 
The  cube  root  of  at — 6azb+i2abh+%b\  is 
y/  a> — ba'-b  +  i2abt?  -\-xt?\ 

Ex.  11. 
What  is  the  5th  root  of  & — &. 
the  root  is  1/ a-, x$. 

Cor.  1.  The  [quart  root,  or  any  even  root,  of  an 
affirmative  quantity,  may  be  either  +  or  — . 

For  the  iquare  root  of  a  a  may  be  +a  or  —  a9 
for  -{-aX+a  —  aa,  and  — aX — azzaa  :  alfo  the  4th 
root  of  a*  is  4-/3  or  — a9  for  the  4th  power  of 
—a  is  4-rt+,  as  well  as  of  -\-a. 

Cor.  2.  Any  odd  root  of  a  quantity,  will  have  the 
fame  fign,  as  the  quantity  itfelf. 

For  the  root  of  -\-a*  and  — a^,  will  be  -\-a  and 
— a;  for  4-*  cubed  is  -\<a\  and  — a  cubed  is 
— a\ 

Cor. 


3° 
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Cor.  3.  The  fquare  root,  or  any  even  root,  of  a 
•negative  quantity,  is  impojfible. 

For  neither  +#X  +a,  nor — aX — a,  can  pro- 

duce  — aa. 

Cor.  4.  The  nth  root  of  a  produft,  is  equal  to  the 
nth  root  of  each  of  the  faflors,  multiplied  together  : 
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SECT.     II. 

Of    FRACTIONS. 

TH  E  operations  of  algebraic  fra&ions  are  ex- 
actly the  fame  as  thofe  of  vulgar  fradions  in 
arithmetic ;  therefore  he  that  has  made  himfelf 
mafter  of  vulgar  fra&ions,  will  eafily  underftand 
how  to  manage  all  forts  of  algebraic  fractions*  as 
in  the  following  problems. 

PROBLEM    VII. 

To  reduce  a  given  quantity  to  afratlion  of  a  given 
denominator. 

RULE. 

Multiply  that  quantity  by  the  given  denomina- 
tor, and  under  the  produft  write  the  fame  de- 
nominator. 

Ex.  i. 

Let  a+b  have  the  denominator  #• 

a+bxx         ax+bx        r 
=  — \ — ,  anfwer* 

x  x 

Ex.  2 

Let  xx — yy  have  fhe  denominator  il 


xx — yyXi       '  xx- 


~2Z,  anfwer. 


Ex.  3. 

Let  ~  have  the  denominator  b — ce 
b 

b__^ b_ 

b—c        —     i)_mC»  anfwer. 


Cor* 
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Cor    7 he  va-'ue  of  a  fratlion  is  not  altered^  by 

multiplying   both  numerator  and  denominator  by  the 

r  *•*         err         ra^        rabd    ~   ab 

Lame  quantity.     Thus    —  —  ~  —  •• 

re        red      .  c 

PROBLEM     V1IL 

To  reduce  a  mixed  number  to  a  fratlion* ' 

RULE. 

Multiply  the  integral  part  by  the  denomina- 
tor of  the  fraction,  and  to  the  product  add  the 
numera.jr,  under  which  write  the  common  deno- 
minator. 

Ex.  i. 

Lit  a  —  —  be  given.     Then  ..  ~.  is  the 
c  c 

fraction  required. 


Suppofe  a — x  + 


aa  —  ax 
x 


T,       ax — xx-\-aa — ax         aa — xx  .     . 

Here - ,  or  is  that  re- 

x  x 

quired. 

PROBLEM     IX. 

To  reduce  an  improper  fratlion  to  a  whole  or  mixed 
number. 

RULE. 

Divide  the  numerator  by  the  denominator,  as  far 
as  you  can,  gives  the  integral  part;  and  place  the 
remainder  over  the  denominator  for  the  frac- 
tional part. 
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Ex.  1. 

Given  ±=2.        »  «b-aa  (  a~  *±  anfwer. 
b  ab  \  b 

—aa 
Ex.  2. 


aa+xx 


a- 
a~ 

( 

tf£ &X 

a+ 

"Tax-\- 
-\-ax — 

XX 
XX 

rer« 


+  2  xx 

PROBLEM     X. 

To  find  the  great  eft  common  'divifor>  for  the  terms 
ef  a  fraction^  or  for  any  two  quantities. 

RULE. 

The  quantities  being  ranged  according  to  the 
dimenfions  of  fome  letter  *,  divide  the  greater 
by  the  lefTer,  and  the  laft  divifor  by  the  laft  re. 
mainder,  and  fo  on  continually  till  nothing  remain  ; 
then  the  lad  divifor  is  that  required.  But  obferve, 
firft  to  throw  out  of  each  diviior,  ail  the  fimple  di- 
vifors,  (or  others)  that  will  divide  it  -9  and  then 
proceed.     The  fimple  divilbrs  are  had  by  inflection. 

Ex.  1. 

Let        T. —  be  the  fraflion  prcpofed. 
aac + aad  J  r   tJ 

cd  -f-  dd)  aac  -}-  aad  ( 

or    c  +  d  j  aac  -f-  aad  [aa 

aac  -f  aad 


D  There 
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Therefore  c+d  is  the  greateft  common  divifor, 

,x   cd  +  dd  d 

c  +  dy -  ==  — • 

jaac  +  <wd      a& 

Ex.  2. 

aa  +  zab  +  bb 
ta  +  lab  +  bb)  a>  —  abb  (a 

a^  +  iaab  +  a'bb 

—iciab — 2abb  remainder. 

—laab — 2abb)  aa+iab+bb  ( 
or  a  +  b    )  aa+iab+bb  (a  +  b 
aa+ab 

+  ab+bb 
+  ab+bb 

o 
Therefore  a  +  b  is  the  greateft  common  divifor. 
Ex.  3. 

ai~~b*)  tf5 — bba*  {a 
as — faa 

rem.  —bba>+b*a)  a*~b*( 
or        aa  —  bb)  a><—fa  {aa  +  bb 
^4 — bbaa 

+bbaa — I* 
-±-bbaa — h+ 


o 

the  common  divifor  is  aa  —  bbi 


PRO- 


Sed.  II.        FRACTIONS.  35 

PROBLE  M     XI. 
To  reduce  a  fratlion  to  its  lowefl  terms. 

RULE. 

Find  the  greeted  common  meafure  (Prob.  X), 
by  which  divide  both  numerator  and  denominator 
or"  the  fraction ;  the  quotients  will  be  the  numera- 
tor and  denominator  of  the  fraction  required. 

Ex.  i. 

cc-\-dd     7  r  . 

Let be  propofed. 

aac-\-aad 

the  greateft  common  divifor  is  c  +  d.   Therefore 

c  +  d\ — .  zz  —  the  fraction  required. 

Jaac+aad       aa 

EX.     2r 

_  M       tf—jibb       _  -  , 

Let  — — . — -  be  propofed. 
aa  +  iab+bb 

Here  a+b  is  the  greateft:  common  divifor  :  then 

7\     a*> — abb           aa—ab    ,     r    n- 
a+b  \ . — _.  —  «, the  fraction 

Jaa  +  iab+to        a+b       fought. 
Ex.  3. 

Suppofe —  to  be  given. 

r™    a*—bba>  6 

the  greateft  common  divifor  is  aa — lb  5  then 

l2\   a* — b*  /       ad+bb    ,      r    JCV. 
aa — bb  j — r— 77— (   s:  — ■ —  the  fraction  re- 
J#-b*aA  *  quired# 

Da  PRO- 
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PROBLEM      XII. 

To  reduce  fractions  of  different  denominators,  to  frac- 
tions of  the  fame  value,  having  a  common  deno- 
minator 

i      RULE. 

Multiply  ea<  h  numerator,  into  all  the  other  de- 
nominators, for  a  new  numerator ;  then  multiply 
all  the  denominators  together  for  a  common  de- 
nominator. 

Ex.  i. 

T       a      a  +  b    , 

Let  -—,  .  be  given. 

b  c 

,    r    .  ££     ab+bb 

theie  become  — ,  — = —  • 

£#.  2. 

Let  -ar,    ~,    —  be  propofed. 
b       d       g 

i  ad?     cbg     fbd 

they  become  ~f-,   —£.,  Vj-- 

•  b  dg     b  dg     o  dg 

2     RULE. 

Divide  the  denominators  by  their  greatefl:  com- 
mon divifor,  then  multiply  both  numerator  and 
denominator  of  each  fraction,  by  all  the  other  quo- 
tients, which  will  produce  as  many  new  fractions. 

Ex.  3. 

o  ^  r      a        c       d 

2b        2      1 

2a    2bc     4-bd    .   . '     '■  .     _ 

—rr  ■  -T-.»   —Tj  the  fractions  required. 

a       be      zb d 
2bb'>  2bb*  2bb%  •  Ex. 
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Ex,  4. 

Given .  ,  ^ • 

aa—ab  2ac 


a — b  2c 


^tiac  ?,nb-—ibb  X  a — b 


that  183 


laac — 2abc         iaac  —  2abc 

^aac  ^aab — ^abbA-ifa 

2aac  —  iabc         icac —  2abc 

PROBLEM     XIIL 

To  add  /rational  quantities  together. 
RULE. 

If  the  fractions  have  not  a  common  denomina- 
tor, reduce  them  to  one  (Prob.  XII);  then  add 
the  numerators,  and  under  the  fum,  write  the 
common  denominator. 

Ex.  p. 

Add   —  to   -j- 
b  d 

reduced  — ,  and  S ;  then  *  7;     ■=.  fum, 
bd  bd  bd 

Ex.  2. 
Add  ~  ,   -- ,  —  together. 

reduced  ^-H'M'\  <*» ^*f +^=lum, 
bdg     bag     bag  Pag 

Ex.3. 
Addd-=±  to   2*^H 

the  fum  =  *-l+2>-^-'  -  l-W+d, 

D  3  Ex'. 
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Ex.  £ 

aa 
To  a- -j 

a—b 

add  b  +  —— 
c 

ab — bb — caa 
fum  a  +  b  + -t • 

PROBLEM    XIV. 

To  fubtraft  one  fraftion  from  another. 

RULE. 

Reduce  them  to  a  common  denominator ;  then 
fubtraft  the  numerators  :  and  under  the  difference* 
write  the  common  denominator. 

Ex.  i. 

a-\-b  c 

From  —r-  fab  tr  aft  -:• 

a+b — c 

— 2 =5  difference, 

Ex.  2. 

a+b       ab+bb 

rm  —  --bT 

a  a        cad 
fubtratl  -j   =  jj  i 

ab+bb — aad 
then  jj zz  remainder, 

Ex.  3. 

a — b       ,      ib — 4a 
From  take   ~. 

c^ad—cbd     6bc — uac 

reduced  '-. — ■  >  3 —  . 

i$cd  i$cd 

.  $ad — d?d — 6bc+\2ac 

remainder — - -, —■•  r 

i  $cd  Ex. 
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From  a  --  —  ,  ov  a —  _ 
b  be 

a — b  7    .  ab — bb 

take  b  +   —>  or*  +  ~^— 

v/y-  — aae — ab+bb 

difference  a — b  -t-  -7 — -— - 

be 

PROBLEM      XV; 

<To  multiply  fraftions. 

1     RULE. 

In  fra&ions,  multiply  the  numerators  together 
for  a  new  numerator;  and  multiply  the  denomi- 
nators together  for  a  new  denominator. 

Ex*  i. 

Multiply    -j  h  -2  • 
a  X  c        a  c 

then   Txl  or  id  r  Produa- 

Ex.  2. 

i    ,     a  +  i 
Multiply   -  V   jqpy- 

here     f     *    j  +  ,         be  +cc     v 

Ex.  3. 

aa — bb    ,     aa+bb. 
Multiply   -%-  by   Tf7- 

then  *£p«  X  "±£?  =  £=£,  produfh 

P  4  2    R  U  L  E. 
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2  RULE. 

When  the  numerator  of*  one,  and  denominator 
of  the  other,  can  be  divided  by  fome  common  di- 
vilbr,  take  the  quotients  inftead  thereof. 

Ex.  4,- 

T  ^     c         1  .  .    aabh 

Let    —  multiply , 

aa  %cdd 

J  J         *        v>        ^  W  1       ft 

reduced   —  X  — r,  zz  — ,  product, 
i        3^      sda    r 

-  Multiply — 3—  £y    - — = . 

rj        cd—dd         J    a  +  h 

1       j   ^+5    >   d  ad+hd  ,    « 

reduced   _  X  —   =  — ' — -,  product. 

c—  a        1  c-r-  a 

3  R    U    L    E. 

If  a  fradlion  is  to  be  multiplied  by  an  integer, 
which  happens  to  be  the  fame  with  the  denomina- 
tor •,  take  the  numerator  for  the  product. 

Ex.  6. 

_  ,  .  .  ,    aa — lib   T  r 

Multiply —  lya—l. 

a — b 

quotient  aa  — -  tlh. 

4  R    U    L    E. 

When  a  fra&ion  is  to  be  multiplied  by  an  inte- 
ger j  multiply  the  numerator  by  the  integer. 

Ex.  7. 

Multiply     -—£—  hy  xx. 
3c  d 

*        aaxx+Mxx         aa  +  ibb  . 

then  ~ 1  or  — T *  ,  xx  zz  the  proa. 

3cd  lcd  Ex. 
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Ex.  8. 

Multiply    — ~  —  by  a  +  X 

2.04 2XX  ,      r, 

then         7 =;  product. 

Ex.  9. 

l  —  c 

Multiply  a  +  - — — -  . 

By      I-  — 

n    T      11 — Ic       ab+ac      bl~-cc 
produft  ah  +  —j- -d 7r: 

SchoL  By  this  rule,  a  compound  fraftion  may  he 
reduced  to  afimpie  one* 

PROBLEM    XVI. 

To  divide  one  frattion  ly  another* 

1    RULE. 

In  fra&ions,  multiply  the  denominator  of  the 
divifor  by  the  numerator  ot  the  dividend,  for  a  new 
numerator ;  alio  multiply  the  numerator  of  the  di- 
vifor into  the  denominator  of  the  dividend,  for  a 
new  denominator.  , 

Ex.  1. 

Divide     %-  h  -7  • 
o         a 

-r^-T-Yr-  the  quotient. 

Exl 
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Ex.  2. 


Let    !+£. divide  f±f. 
# —  b  a 

a+c  \  a+b  /aa — bb 


quotient. 


a, — b/     a      \aa-\-ac 

2  RULE. 

If  the  fractions  have  a  common  denominator; 
take  the  numerator  of  the  dividend,  for  a  nume- 
rator ;  and  the  numerator  of  the  divifor,  for  the 
denominator. 

Ex.  3. 

-r..   .,    aa — bb   ,     lab — bb 

Divide T  by   _* 

a+d  a+d 

aa — bb 
quotient  — ; — —• 
n  lab—bb 

Ex.  4. 

_.        aa  +  iab+bb    3.  .,    a% — abb 

£et    1 --! —   divide  — , 

c — d  c — d 

,  a% — abb 

then ; — -    =  quotient. 

aa+2ab+bb 

or     — H_  zz  quotient  reduced. 
a+b  n 

3  R    U    L    E. 

When  fractions  are  to  be  divided  by  integers  5 
multiply  the  denominators  of  the  fra&ions,  by  fuch 
integers. 

Ex.  5. 

Divide    ly  d. 

c       * 

quotient  is  aJ=±.  ^ 
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Ex.  6. 

Let  #  +  3  divide r—  . 

# — 0 

aa — ihb  aa — lib 

then  ==r-==:  z= — ,  quotient. 

a — bxa  +  b         aa — bo 

4    R    U    L    E. 

When  the  two  numerators,  or  the  two  denomi- 
nators, can  be  divided  by  fome  common  civifor  j 
throw  out  fuch  diviibr,  and  proceed  by  Rule  1. 

Ex.  7. 

a — I  aa — bB 

Let    — --  divide > 

cd  c+d 

,        ,      1    \  a+B   .acd-^Bcd  .     ' 

reduced     — ■ ■  )  —^-,  / ■— j-  ,  quotient* 

cd  J  c  +  d\    c  +  d        n 

Ex.  8. 

aa+aB    ,.   .,         ax—b*       2     • 

Let    -—  divide — -i 

a — b  aa~~-zab-\-bb 

,        .   a  \  a*—axb+abb — b>  (  a* — aab+alb — b* 

reduced — ) [ - 

i  /  #— b  x  aa — ab 

the  quotient* 
that  is,  the  quotient  zz  a  -\ .  • 

From  hence  may  be  deduced  the  following  co- 
rollaries. 

Cor.  1 .  The  value  of  any  fractional  quantity  is  not 

at  all  changed)  by  changing  all  thefigns  of  both  nu- 

,  ,         .  ^,       ab — ac       ac  —  ab 

merator  and  denominator ,     Thus — • 

r — c  c — r 

Cor.  2.  The  value  of  any  compound  fraclional 
quantity ,    is  equal  to  the  Jum  of  all  the  particular 

fimplc 
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fimplef "rations ',  that  compofe  it.     Thus 
rx  +  2cx — nrz  rx  icx  \\r%    . 

37"—  2x         ~~  2r — 2X       2r — 2x       3r — 2X 
Cor.  3.     If  a  fraction  be  multiplied  by  any  given 
quantity  •,  it   is  the  fame  thing  whether  the  numerator 
be  multiplied  by  that  quantity,  or  the  denominator  di- 

. ,  7  7     .       dab        ,       dabd        dab 

vided  by  it.     -—  X  d  zz  — —  zz.  . 

dc  dc  c 

Cor.  4.  The  product  of  two  fractions,  is  equal  to 
the  fraction,  that  has  the  produft  of  the  numerators 
for  the  numerator  \  and  the  product  of  the  denomina- 
tors for  its  denominator.       

a  r — c  __  aXr — c        ar — ac 

b  +  x  x  b+xxx  ""  bx+xx 

Cor.  5.  If  a  frafiion  is  to  be  divided  by  fome 
quantity  ;  it  is  the  fame  thing  whether  the  numera- 
tor be  divided  by  it,  or  the  denominator  multiplied. 

_       2az  2az       A     ,  iar  ia 

For r  r  zz •  And  —  -j-  r  zz  —  . 

x  rx  .*>  x 

Cor.  6.  If  any  fort  of  quantity  is  to  be  divided  by 

a  fraction  \  it  is  the  fame  thing,  as  to  multiply  the 

faid  quantity,  by  the  fraction  inverted.     Thus 

r         7       s         A   .    a         b 
a b  -. =«ix-.    And ■ or 


V  _   a         r   __  ar 


PROBLEM     XVII. 

To  involve  fractional  quantities. 

RULE. 

(ovolre   tht   numerator  into  itfelf,  for   a  new 

numerator:  and  the  denominator  into  itfelf  for  a 

new  denominator  -9  each  as  often  as  the  index  of 

ihe  power.  Ex. 
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Ex.  i. 

-    and 


Involve 


root         — 
b 

c  a  a 

fquare     -^ 

cube         — 
fa 


4th  power 
&c. 


a* 

Jo 


i 

a  a 

i 

I 
a* 

I 
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Let 
root 

fquare 

cube 


Q,bc 

20~d* 

?>bc 

2ad 

gbbec 

4aadd 
2jb*c* 


&c. 


Ex.  2. 

— ad 


and 


Atbb 

ad 


,  be  involved. 


Abb 

aadd 

i6b± 

a?d* 

64b* 


Ex.  3 


Involve    to  the  fquare,  &c. 

rf+ —  2aahc -\- bbec      .     , 
aa  +  zac  +  cc      '  the  ft™"- 
a*  —  %a*bc  -f-  ?azbbcc  —  fro 


a1  +  ?azc  -f-  30c1  -f-  cl 


,  cube,  &c. 


-Ex. 
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Ex.  4. 

&**"  X 

Involve    — -—  to  the  4th  power. 
2b 

k    .    a* — ^x-^Saaxx — 4ax*+x* 

it  is ~ — ■ j —  • 


.       a — a 

or  thus  — • 


a — x 

or  -—- 

i6£+ 


PROBLEM    XVIII. 

To  extratt  the  root   of  a  frafiion. 

RULE. 

Extract  the  proper  root  of  both  numerator  and 
denominator,  if  it  can  be  done.  If  not  let  the 
radical  fign  ( \/ )  before  one  or  both  of  them, 
as  they  happen  to  be  furd. 

Ex,  i. 

Wh*t  is  the  fqu&re  root  of    £—  . 

aabb 
root    Z—y . 
id 

Ex.  2. 

~,7       ,       ,  r  &— i*xb  +  vh%—  b* 

what  the  cube  root  of ^— ; — : — - — -  . 

a*  +  za*b+3abz—fi* 

.  .    /?— b 

the  root  is . 

a+b 

Ex.  3. 

Ibefquare  root  of  —  ,  is  J  — -  or  — } . 

Ex. 
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Ex.  4. 

What  is  the  cube  root  of  . 

— 3^5 
the  root  is 


v/  a"— ii 
Ex. 

What  is  the  cube  root  of 


Ex.  5. 

a*+*\abd — iJ 
VaF& 


.             •    3  ya^+±ald — is  \/  a3  +  4ahd — dl 

the  root  is  ;/_Ll ,  or  ~ 


8#6£*  2aab 

Ex.  6. 

#+— — y^ 

#^tf/  is  the  Ath  root  of  - — = — ~ . 

+  J    Kax^—Wyy+y* 

the  root  is  t/ 


x* — y* 


Sax' — $xlyy+y+* 


</x* — y* 

or      _      ^         J 


\/$axz— 8xy+y*°-J 

Cor.  The  nth  power  or  root  of  a  fraclion,  is  equal 
to  the  nth  power  or  root  of  the  numerator,  divided 
ly  the  nth  power  or  root  of  the  denominator. 

_|    -~.   And  y  ~  —¥—. 

x        xn  x       jyx 
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SECT.      IN, 

Of     S   U   R   D   S. 

*     I     H  ■■!  I  I  I.I      .    I  II        I  II..  II         l  .., 

J'1  V  RD  S  are  fuch  quantities  as  have  not  a  pro- 
per root.     Simple  Surds  are  thofe  which  confift 
but  of  one  term,     Compound  Surds  are  thoie 
which   confift  of  ftveial  fimple  ones-     And  Uni~ 
verfal  Surds  are  thofe  •  confiding  of  feveral  terms 
qnder  any  radical  fign. 

Surds  are  faid  to  be  comnnnfurab7e,  when  they 
are  as  one  number  to  another  -,  and  incommcnfura- 
ble,  when  their  proportion  cannot  be  expreiled  in 
numbers. 

PROBLEM    XIX. 

1o   defignate    or  exprefs   the   roots  of  quantities  by 
fractional  indices. 

i     RULE. 

Divide  the  index  of  the  quantity  by  the  number 
expreffirig  the  root  *  the  quotient  is  the  index  of 
the  root  required. 

Ex.  i. 

Let   the   quantity   a   be  propofed. 

then  y/a  =  a*5   {/a  zz  a\    S/a  s=  a\  &x. 

Ex.  2» 

Let  $abl  be  prcpofed. 

x/ ^f"  —  ^abb\z zz  a" by/ ^    ]/$ab%  zzd'b't/i- 


?  T 


Ex* 
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Ex.  3. 
Let  at  be  given. 

i    3  / —      c  5. 

then  \/tf  zz  az9  V  a*  zz  a  or  0,  y/a*  zz  <?%  &c« 
Ex.  4. 
Let  aa  —  xx  be  prepofed. 
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then     s/  aa  —  xx  zz  aa  —  xx 

1/ aa  —  xx  zz  aa — xx\  &c, 

Ex.  5. 

Let    be  given. 

x 

then^i-zz    V^-Lzz^y-i-    * 

v    #  xi     v   *  XT  x  x% 

&c. 

Ex.  6. 

Let     -— —  be  given, 
abbe*        * 

,  .a — b       a — b2  a — b        a — P      0     . 

then  sZ-rj-  zz  -=— r  .    y-7-7—  =  -r—  >  &c. 

abbe1       a*  be*  a^Qi       a~b^c 


Ex.  7 


Let    —  be  propofed. 
bl 

,aa        a  a  a       a^      .  Maa        a2 


Ex. 
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fir.  8. 

Let      *  "*"  2%    be  prcpofed. 
a  a  —  xx 


a+7x  _  a  +  2x-  a  +  ?y  __   *-f  ?* 


d  +  2-v 


aa  —  xx 

2      RULE. 


When  any  aiurrttlty  is  in  the  denominator  of  a  frac- 
tion •,  fet  it  in  i  "atcr,  ami  change  the  fign  &f 
the  index. 

Ex.  9. 


a  at  1 


Ex*  10. 

I  I  I  I  I  0  r  • 

Let    — ,    — ,    — ,    --,     — ,    Sec.  be  grjez. 
a         aa       a1       a*       a* 

then    they    become    a1,  a 2,    a'\    a*,    a'*,     &c, 

respectively. 

Ex.  11. 


j iv en     

This  becomes  abx'2yl. 

Ex.  12. 

v» 

1                   1 

£4  — 

»                 1  5                 3  > 
03  —  XX        aa  —  xx 

—1     -             —2                    j 

&c. 


£*. 
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Ex.  13. 

aab  aab  aab 

Let    i   : z ,  -  be  given. 

a  +  x      a  +  x       a  +  x 

they  are  aab  X  a  +  #     ,  ^  X  «  +  #     > 

##£  X  #  +  #~~3. 

In  order  to  explain  this  ;  let  there  be  a  rank  of 

{)owers ;  as  i,  <z,  aa>  aaa>  aaaa>  aaaaa^  &c  the 
ame  will  ("by  Def.  20.)  be  denoted  by  1,  <r,  a*9 
a*,  a\  ast  &c.  Now  thefe  quantities,  a7  a1,  a\ 
&c.  are  in  geometrical  progeffion,  and  their  in- 
dices, in  arithmetic  progreifion,  as  is  plain.  Now 
fince  1,  tf,  #%  a\  &c  are  geometrical  propor- 
tionals, therefore  thefe  will  alfo  be  geometrical 
proportionals, 

1,  \A>  Va%*  \Z**>  \AS  s/a**  sfa6i  \ZaJ> 

v/^8>  &c. 

that  is  1,  v/tf,  a,  \/a*;  aa%  v/^S  a\  v/^7>  a**  &*c* 
33  33  3 

and   1,  y/^,   v^*  ^»  v/^4>    v/~S   *%   v/^% 

{/*%  &c. 

4-  4.4  4  4- 

and    1,    {/**    \/^J'    v^*S    a->    \/a*i    v^5* 
y/^7,  tftf,  &c.  and  fo  on. 

Therefore  by  the  rule  of  rinaibgy,  the  indices  of 
all  thefe,  are  alfo  in  arithmetic  progrdiion, 

Take  any  one  of  thefe  feries  as  1,  y/a^^/aa, 

3  .  .         i  '■.-.-   '» 

a%  s/a*->  &c*   thefe   will    be   equivalent   to    t,.*1 

a\  a,  a\  &c. 

Suppofe  now  the  feries  r,  a,  a*,  #>,  &c.  con- 
tinued backwards,  the  powers  of  a  will  come  in- 
to the  denominator;  and  the  indices,  which  con- 
tinually decreafe,  will  then  become  negative,  and 
will  Hand  thus: 

E  2  Powers 
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Powers     —,—,—,.      i,     ay    a\  a\a*,hc. 
a*      a2-      a 

Indices     —3,  — 2,  — i,      o,     1,2,    3,  4,  &c. 

therefore  *r-3,  a~~z^  a~\     a°,    a\  0%  a\  a\  &c. 

will  represent  thefe  powers;  that  is, 

III  o 

ZZG,— 3,    —    —  6~ 23    —  ~  GT-\    I   2T80,    &C. 

,  4  4. 

In  like  manner,  let  the  feries  1,  a??  ^  %  ^T,  a\ 
&c.  be  continued  backwards;  thefe  powers,  and 
their  indices  will  be  as  follows  : 

III  T  If"',  A 

A  2  1  I         2  4       0 

—  Z,  —  I, , ,    O,     —       -jf,     -,&C* 

3  3  3  '6       3  3 

Then, 


— 1 


t      1       4 


will  denote    the   far.ie   powers ;    that   is, 
#°  zz  J>  &c.     And  therefore  the  feries, 

I  I  I  I  3 

-rzrz:  *  "m  >  "T-  >  -r-  »  r>  ^ 

y/  ^^7^     ^/  c.aa     \/  aa     ^/  a 
33  3 

y/aci)  </aaay  y/aaaa9  &Ci  may  be  exprefied  thus, 

I  I  T        !  I  3  3  I 

1 — ,    - — 1  — ■  >  T~i    i»  v^  V«S   v^^» 
x/a*     s/cfi     s/c?     s/a 
{/a*,  &C 

Or  this, 

4,       —1       ^1       -r»  .    *>  *5  *7»  *7>  ^  &c* 

or 
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or  thus,  a      ,    a      ,    a     %    0     r,    ^°,   ^r5   ^T,   #T, 

#\  &c>  and  the  lame  is  equally  true   of  any   of 
the  other  feries. 

Cor.  1.  The  powers  of  any  quantity  are  a  Jet  of 
geometrical  proportionals  from  1  ;  and  their  indices? 
a  Jet  of  arithmetic  proportionals  from  o. 

.3,  powers     1,   a,   a*i  a\  a\    ~     increafng. 
indicts    o,    1  j    2,    3,   4,     ,\r  increafing. 

a]fo,  powers     1,    -,—,—>—>      —    decreaf. 

indices     os—  i, — 2,-3. — 4,    rr    decreaf,- 

Cor.  2.  £fe#f£  /#£  double,  triple,  quadruple,  &c. 
/Z>?  ijftfcx  cf  any  quantity,  is  the  in.  he  fjuare9 

cube,  biquadrate,  &c.  0/  /&£/  quantity. 

Cor.  3.  Hence  alfo,  the  index  0/  the  producl  of 
any  two  powers  {whole  or  (railed,)  of  any  quantity, 
is  equal  to  the  fum  of  the  indices  of  thefe  powers.  And 
therefore  to  multiply  any  tmo  powers  together,  is  to 
add  their  indices.  Thus  azXazzza\  a1xa~2zza~I9 
&c. 

Cor.  3.  The  index  of  the  quotient  of  two  powers* 

dividing  one  another,  is  equal  to  the  index  of  the  di- 
vidend —  the  index  of  the  diuifor  ;  whatever  v  the 
indices  be.     A -id  therefore,  to  divide  by  powers ,  is  tfi 

ai 
fub tract  their  indicts.     Thus  —  rz  a1,  and 

a 

-   =  *-3.     Afo     —  zz  a\  c:c. 
a'>  7       a— - 

Cor.  4.  Any  power  is  mt  of  the  denomina- 

tor,  and  put   into   the   numerator^   by   changing   /.-.. 

fign  .  :,;:.s 

1  b 

—  a-i,    —zzba-\     „ 


ai 


j.  a1  b-i  =  J      , 
by 


Cor 
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Cor.  5.  In  /rational  indices ,  the  numerator  Jhews 
the  power t  and  the  denominator  the  root, 

SchoL  In  all  the  following  problems,  it  will  be 
the  beft  way  to  reduce  the  furds  to  fractional  in* 
dices. 

PROBLEM    XX. 

¥0  reduce  a  rational  quantity  to  the  form  of  a  furd* 

RULE. 

Multiply  the  index  of  the  quantity,  by  the 
index  of  the  furd  root  given ;  to  which  fet  the 
radical  fign,  or  index  of  the  furd. 

Ex.  i. 

Reduce  6  to  the  form  of  s/ '5. 

Here    61*2    or    6Z   zz  36,    and    y/*^    is    that 
required. 

Ex.  2. 

Reduce  a  to  the  form  of  {/b. 
Here  a1*3  zz  a\  and  l/a*  is  the  anfwer. 

Ex.  3. 
Reduce  a  +  b  to  the  form  of  s/bc. 
Anfw.  *#.+  £*,  or  \/aa  4-  2ab  +  bb. 

Ex.  4. 

Reduce  - — —  to  the  form  of  y/d. 
b  y/  c 


Anf.     ^  ff.  is  of  the  form  s/d. 


PRO 
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PROBLEM     XXI. 

To  reduce  quantities  of  different  indexes*  to  other  equal 
ones*  that  fa  all  have  a  common  index  given. 

RULE, 

Divide  *he  indexes  of  the  quantities  by  the  gi- 
ven index  *,  the  quotients  will  be  the  new  indexes 
for  thefe  quantities.  Over  theie  quantities  with 
their  new  indices,  place  the  index  given, 

Ex.   i. 

Reduce  12*   and  7 1  to  the  common  index    — • 

2 

L\  1  (  1  firft  index,    )         _,|         _., 

2  /  4  V   2  (then  12^-     and7^2are 

1  \  L.  /JLfecond  indexyheciUantkiesrequircd- 

Ex>  2. 
Reduce  a%  and  bh  to  the  common  index  4. 

—  \  _  /  6  firft  index.  )         '    *  _x 

3  /    1    V  £then<z6|3,  and^3arethe 

L\A(  ?.  fee.  index.  \  furds' 
3  J   2   \  2  J 

PROBLEM    XXII. 

To  reduce  quantities  of>  different  indices*  to  others  equal 
to  them*  that  faall  have  the  leajt  common  index. 

R    U     L    E. 

Reduce  the  indices  of  the  given  quantities,  to 
a  common  denominator,  in  the  lead  terms.  Then 
involve  each  quantity  to  the  power  of  its  nume- 
rator •,  and  take  the  root  denoted  by  the  com- 
mon denominator. 

E  4.  Est- 
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Ex.  i. 

Reduce  b*  and  c^  to  the  leaft  common  index. 

—  and  —-  are  zz  ~  and  •— ,     Therefore 
46  12  12 

V  zz  £r%  and  cz  zz  c^ . 

or  b*  and  ?  become  b*\lz  and  cz\  T\   or 

W£T*  and  cc\iz. 

Ex.  2. 

Let  P  and  del  9  be  given. 

2  2  o  o 

—  and  —    are  reduced  to  —  and  . . 

3  9  9  9 

■2.  -—2l  6  2 

Therefore  Is  and  dc9    become   P   and   dc\ 
or  ¥\ f  and  jS*      or  Pft  and  3Q^ 
jE*.  3. 

if/  V^-f-5.  ^i  \/^ — xx  le  ptopofed. 
Tbefe  are  a  +  V  and  aa-*~lw3.     The   indices 

are  reduced  to  -§-  and  — .     Therefore  the  furds 
b  6 

become    #+  j*)i    and    aa—xx^i         or 

v'+^aab+^abb-^b^i  and  #4 — iazxx~Yx^.}   or 

Ya*st-3aat.+2aM+t}9    and  v7^ — «-.*  **#+**. 

PROBLEM     XXIII. 
7<?  r<?aW  /«r<&  /<?  //^f/r  wy?  >&»/>/*  terms. 

RULE. 

Divide  by  the  greateft  pow^i  contained  in  it,  and 

the  furd  containing  the  remaiiv 

quantities.  Ex. 
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Ex.  i. 
Reduce  s/a$  to  a  fimpler  form. 
^48  ~  v/Tx  16  =  4v/3  the  furd  required. 

JZtX »     2  • 


Z>/   v/^4^^   ^   prop  fed. 
s/ b^aa  z=.  8a.     Then  v/64^fc  =z  Sa^/bc. 

Ex.  3. 


Reduce  a'x  —  0*  **■*. 

Here  </aa  zz  a9  and  the  furd  becomes  aXax+x%*9 

or  ^v/tftf —  xx. 

■ 

£#.  4. 

2>/      / ! —  be  given. 

**  cc 


The  furd  is     /*»-4*«+46*  x  ^     And 

Jaa-^a+jlh  _  a-*5  ^     Therefore  the  furd 
^  cc  c 

becomes   x  y/ao%  or    y/ab. 


Ex.  5. 


_,          *27a*b*            3    27^^  X  a 
Given  s/^ -.  =  1/ 

reduced,   becomes  - — -  \/ 


PRO- 
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PROBLEM     XXIV. 

To  find  whether  two  furds  are  commenfurable  ar  not. 

R     U    L    .E. 

Reduce  them  to  the  leaft  common  index,  and 
the  quantities  to  a  common  denominator,  if  frac- 
tions, except  when  like  terms  are  commenfurable. 

Thendivide  them  by  the  greater!  common  divifor, 
(or  by  fuch  a  one  as  will  give  one  quotient  ratio- 
nal 0  then  if  both  quotients  be  rational,  the  furds 
are  commenfurable  j  other  wife  not. 

Ex.  i. 

Let  s/ 18   and  ^/J    be  propofed. 

Thefe  are  v/2  x  9  and  v/2  X  4.  D;vide  by  2, 
and  the  quotients  are  v^9>  and  \/4»  taat  1S>  3 
and  2  5  therefore  they  are  commenfurable, 

JlLX  »     2* 

Let  the  furds  he  s/—,.  arid    */!—  • 
16  25 

Thefe  are  3^5?    and    S^Z*  .     Divide    by     2, 
4  _5 

and  the  quotients  are  ^25  and  v/36,  tnat  *s  5 

and  6  •,  and  the  furds  become  —  ^/i    and   —  \/2% 

4  5 

and  are   therefore   commenfurable,   being   as  ~- 

6 
to     —  . 

5 

£*.  3. 

J,£/  v/18  &#^  \/&  ^  propofed. 
Divide  by  8,  the  quotients  are  y/6  and    v/1    or 
1  ;  therefore  they  are  incommenfurable, 

En* 
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Ex*  4, 

Let    —  1      and    —  1    be  given. 
c                    b 

.Here    —  1    and    £j     are   reduced   to    — 
c                 b                                       c 

and    £j*    and  thefc  to    — 1     and    S-\  . 
h                                cfr                 cb>  l 

Pi- 

vide   bv    —  ,  and  the  quotients  are  J4f    and 
cbz 

f4l%   that  is,  bb  and  cc\  therefore  the   furds 
commenfurable. 

are 

Ex.  5. 

Suppofe  s/  a^+aabh  and  V  aabb  +  £«■ 

Thefe  are  ^tftf  X  tftf  +  <^>  and  ^ bb  X  aa  +  ££• 
Therefore  dividing  by  tf£  +  bb9  the  quotients  arc 
^/rftf,  and  y/bb9  or  0  and  b9  and  therefore  they 
are  commenfurable. 

Ex.  6. 

_  .i6##        y      .oaa    . 

Le/     4/ and  \/+—r  be  given. 

v  14b  v   8*         * 

That  is,  -H-    and     J&-  .     Divide  the  de- 
nominators    by     2,    then    they    are    reduced    to 

-~t  and  -4—     or    — y7,   and   are   therefore   in- 
v/7&  v/4^  2v/^ 

commenfurable. 


v 


PRO' 
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PROBLEM     XXV, 

To  add  furd  quantities  together. 
RULE, 

Reduce  quantities  with  unlike  indexes,  to  ihofe 
of  like  indexes. 

Alio  reduce  fractions  to  a  common  ina- 

tor,  or  elfe  to  others  that  have  rational  cU nomina- 
tors (or  numerators). 

Then  reduce  the  quantities  to  the  fimplefl  terms 
(Prob.  23.)  This  being  done  ;  if  the  furd  part 
be  the  fame  in  all,  annex  it  tc  the  fum  of  the  ra» 
tional  parts,  with  the  fign  (X)  of  multiplication. 

If  the  furd  part  is  not  the  fame  in  all,  the  quan- 
tities can  only  be  added  by  the  figns  +  and  — . 

Ex.  1. 

Add  y/6  to  2^/6. 


The  fum  is  1  +  2  X  \/6  or  3  y/6. 

Ex.  2. 
Add  y/%  to  \/$o. 
y/3  =  2V^2,   and  y/^o  zz  5v/2,  and  the   fam 

Ex.  3. 


Add  v/i00  t0  v/ioS. 
v/500  is  v/4X  I25  -  5C/4.     And 
^/ioS  =^/^Tx"27  =  gv/4.     Therefore  the  fum 
=  5  "I-  J  X  \A  =  *V4- 

£#.  4. 

yfJi  y/^a^b  to  s/i,aab*. 
They  are  reduced  to  ^aay/jb  and  ahx/^b. 
And  .     T^Xs/^.  £#' 
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Ex.  5i 

4 

Given  \/\a   and  y/a6. 
^/4^  n  4^2  zz  444  =  i&w ;  zz  \/i6aa  zz 

4-  4-  4- 

2^/aa.     A';d/^6zV^     And   their   fum 
=:a  +  2X  \/aa  zz  J+T  X  \/a. 

Ex.  6. 

^i  1/—  to  <y— . 

25  3 

Thcfe  reduced  to  a  common  denominator,  be- 
come  v/i?  3nd  ^5_°  cr  ^i*!*  and      3x25 

75  75  75  75 

that   is,    6v/—    and    5*/— ,    whofe   fum   is 
75  75 

ir\/— • 

75 

Or  /to, 

Alfo    s/1    =  ^/l    zz  ^.     And   their   fum 
£__  9  3 

=  i-+^Xv/orz!iv/6z=iiv/i. 
5  3  15  5  3 

Ex.  7. 

^U    v/-L   to    V-> 

4  27 

Thefe  become  J/J-  and  v/li,  or  */-L 
4  108         v    4 

and 
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3   i  4.  3    i 

that  is  v/—  and  -^-i 
4X27_  4  3       4 

A  3    I  7      3     I 

tthofe  fum  is  1  +  ~  X  \/—  ==  —  v/~  • 
3  4         3        4 

Or   thus, 

yl  =t/ii  =  3;/—  =  ^v/4-s 

v  4         v  108  4X27  3        4 


*dy*=*£g  =4^ 


27 

And  the  fum    =z    -(/- 
3       4 


4X27 


=  4i/ 


^  ill1  to  s, 


Thefe  are  reduced  to 


and-£ 
^3 


or 


__  ^/-L  and  —  s/-t-  •      And  their  fum  is 
b      be         b       be 

bb  +  cc    j  1     ^  bb  +  cc 

b  be    '       b^bc 

Ex.  9; 

■  r  ,  J..' 

'^J  Vccddaa—ccddxx^/ z  to  s/d+aa — dwx^/i* 
They  are  reduced  to  cd\/  aa—xx^/iy    arid 

rfi  y/^  —  xxy/29  and  the  fum  is 

cd  +  dd  X  \/aa  —  xxy/i* 

Ex.  10. 

To  tyaa  —  ^/a}  4-  v/*3- 
Add    i/*A  +  i%/*  —  l/'im 


Sum  3;/^— .y/^i  +  v/l3  +  2\/^~" V7- 

PRO- 
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PROBLEM     XXVL 

To  jubtratf  furd  quantities. 

RULE. 

Reduce,  as  in  the  laft  rule ;  then  fubtrr.fr.  the 
rational  quantities,  and  annex  the  difference  to 
the  common  furd,  with  the  fign  (X)  of  mul- 
tiplication. 

Examples. 

i.  Subtradl  y/6  from  2\/69  the  remainder  is 
2—1  X  \/6  zz</6. 

2.  x/$0  —  \/S  zzz  $y/z  —  2^/2  ZZ  2%/2. 

3.  y/soo  —  5/108  -5i/4-3/4=2  v/4, 

4.  ^/^Sa^b  —  s/^aab*  zz  \aas/$b  —  ab\/$h 

zz  A.aa  ■ —  ab  X  v/^- 

5.  -£/*  6  —  v^4^  —  s/a*  —  \/A®  =  a  s/a  -** 

2y/^  =  a  —  2  X  \/a. 

25       v   3         V  75       V  75  75 

2  2 

24  ,2  24  6 

27  4         3        4  4 

L^l.     Or  thus,  ^-^l^     6* 
3        4  v  27        v   4 


4  3  4  4  3         4- 


7  4  4X  27 

3       4 


I. 


H 
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B.I. 


S. 


c 
«e       T 

T  x  17 


1  £<:  I 


bb  —  cc         I 


9.  vccddaa—ccddxx-—*  s/d±aa  — d^xx   zz 
td^/aa — xx  —  dd  s/aa — xx  zz  cd — dd  x  \/aa — xx* 

10.  From  2{/aa  —  y/cfi  +  s/Ty 

take       y/aa  +  2\fa —  ^/y. 

rem.     \/aa  — .  */&  +  y/i  3  —  2  v/^  +  v/;. 

PROBLEM     XXVII. 

To  multiply  furds. 

i     RULE. 

Surds  by  furds  ;  if  they  have  not  the  fame  index 
already,  reduce  them  to  the  fame ;  then  multiply 
the  quantities  under  the  common  index. 


Ex,  1. 

Multiply  \/$  by  s/$. 

the  product  y/15. 


v/5 
v/3 


Ex.  2: 

Multiply  y/™L  by  v/2£l 
%c  lb 

product  5=  ^aaU  -  ^3^ 
tobc  v      c 


Ex. 
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Ex.  3. 

Multiply  ^/d  by  ^/ab. 
Reduced  to  d6l*  and  aabb\*  \  the  producl 
=z  aW\6  =  JaabbdK 

Ex.  4. 
Multiply  a%  by  a% 
\     Produft    af  X  a*  zz  £*+i  ±:  /\ 

2  R    U    L    E. 

A  furd  by  a  rational  quantity  ;  conned  them 
with  the  fign  (  X )  of  multiplication  •,  or  elfe  re- 
duce the  rational  quantity  to  the  form  of  that  furd, 
and  multiply  by  Rule  1. 

Ex.  5. 

Multiply  s/ \a  —  3*  by  2a. 

The  producl:  is  20  X  \/^a —  3* 

Or    2a  zz  s/^aa^    then    the    product  zz- 
V'iOtf5  —  i2aax. 

3  RULE. 

When  rational  quantities  are  annexed  to  furds  ; 
multiply  the  rational  by  the  rational,  and  the  furd 
by  the  furd. 

Ex.  6. 


Multiply    -7  s/a  —  x  by  c  —  a  </ax. 
The  produd  =  f^Z^_,Xaje     _ 

2£  — 

ac  —  ad     . 

7 —  >/ aax  —  axx 

2b 

F  Ex. 
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Ex.  7. 

Multiply  ~</ax  by    B  —  x  s/~  . 
b  b 

a  a        —  1 1        a        & 

Here  -7-  s/ax  zz  -j  X  ax    =  ~r  X  *Wl  * 




And  £  —  *  v/—  =^-^X 

ax1, 

T 

^_-^x"^r.     Therefore 
bb 

i 

JL  X&xVx  into  £  —  x  X  dd* 
b                                              bb 

ah  —  ax       a^x^  _  ab  —~  ax    6  a^x?   _ 
b~       lb         "         b~  ^Ib 

«lzr™       f*X  the  produdt. 

b      *  V   bb  * 

Ex.  8. 

Multiply  a  +  s/b  —  d 
bv     a  —  s/b 


aa  +  a  s/b  —  ad 

—  as/b  —  b  +  ds/b 

product  aa  —  ad  —  b  +  d  s/b 

Ex.  9. 

Multiply  la—ias/d 
by     %€ — zcs/d 

6ac  —  gacs/d 

—  \ac  s/d  +  bac  s/dd 

prodnft  6ac —  i^acs/d  +  6acd 


Ex. 
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Ex.  io. 

Multiply  y/a  —  y/ T^/z 
by    s/a  +  s/b  —y/j 


Jaa  _  a  y/  b—^/i 


product  -v  / ^_jt 

or   \/aa~  b  +  y^- 

&&0/.  If  impoflible  or  imaginary  roots  be  mul- 
tiplied together,  they  always  produce  — ,  other- 
wile  a  real  product  would  be  raifed  from  impofli- 
ble factors,  which  is  abfurd.  Thus, 
y/ — aX\/ — b—y/ — aB9  and  y/ — ax~  y~-bzz 
—  y/m—ab)  &c.  Alfo  y/  —  a  X\/  —  a  —  —  a, 
and  y/—  ax  —  y/ — a  —+&,  &c. 

PROBLEM     XXVIII. 

$0  divide  furds. 

1     RULE. 

In  furds  of  the  fame  fimple  quantity  5  fubtraft 
their  indices  from  each  other, 

Ex.  1. 

Divide  a*   by  a*. 
quotient    **~*  =  *f. 

I  I 

Divide  a  "  by  a  m. 

I       '     I  7W—  ft 

quotient    0 *     *    2  tf  —  • 

F  2  2RULE, 
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2     R    U    L    E. 

If  they  be  different  quantities ,  reduce  them  to 
she  fame  index,  if  they  are  not  fo  already.  Then 
divide  the  quantities  under  the  common  index. 

Ex.  3. 

Divide  v/'5  h  v/5- 

5)  15  (y/3  the  quotients 


Ex.  4. 

^.    .,       /Ctaad     t       ,2ab 
Divide  y/2 —  ,  by  y/ 

c  $c 

Ex.  5. 

Divide  Z/aabbd*  by  \/d. 
y/d  =  x/^3-    ^5)  aabbd^  (y/aahb  ~  y^ab,  quot* 

3     RULE. 

If  rational  quantities  are  annexed  ;  divide  ra- 
tional quantities  by  rational  quantities,  and  furds 
by  furds. 

Ex.  6. 

Divide  Vi6fl5  —  i2aax  by  2a. 

quotient    -vio^  —  1  iaax  —  \/ 1 — 

2a  ^aa 

V \a  —  3*. 


Ex. 
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Ex.  7. 

-~.   .j  ac —  ad^/ ,      a  K/ — > — * 

Divide vtftf*  —  rfXtf  £y   — .\f a  —  x. 

2b  2D 

a  \  ac  —  ad  /  c  —  d  >.  /.  * 

__) (  .     a  —  x)  aax —  axx  (\/ax* 

2b'      lb      \      \ 

Then  c  —  dX  s/ax  z=  quotient. 

Ex.  8. 

^.   .7    ah  —  ax  „    6/a<x'i    ,     7       ~  3  .ax^ 
Divide  . x  V-—  by  b  —  #  ^/_  . 

h  bb  p 

*&&  6,aax6 

7  ,  ^  ^ *#    v    f  ^  a^X6  \  G*x%  (  a% 

Then  the  quotient 

ax  6ya*        ax    .a        a    , 
=    -v/--  =?  Tv/-  =  Wax. 

b      x*         b      x         b 

Ex.  9. 

Q  —  \/b)aa  —  ad — b  +  d^/b  {a  +  </b  —  i 
aa  —  ay/h  quotient. 

+  as/b 

+  ay/b  —  b 


o     — ad 

—  ad  +  d  ^/b 


F  3  fif. 


7P 
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Ex.  10. 


aa  +  a %/lc)  a*b  —  abbe  {ah  —  b y/bc 
a*h  +  azbs/lc 

—  azb  \/lc  —  abbe 

—  alb  \/bc  —  abbe 


o 
Ex.  ii. 

Divide  \^aa — b+^Z  h       a—\/b — x/3. 

a—s/b—^/l)  aa—b+^/z  (V^tf+V^^v^i 
aa — as/ b — y/g 

+as/b—K/$ — b+s/s 
O 
Ex.  12. 

"Divide  \/bbea + \/ aab—bc—*/ abc 
by     s/bc-\-y/a 

\/bc  +</a)K/bbca  -f-  \/aab—bc~</abc(^/ba  —^/lc 
^bhea+^/aab 

>i         '         ■  i— § 

O     — bc—s/abc 
— be — s/abc 

o 

4      RULE. 

When  the  quantities  will  not  divide,  fet  them 
down  in  form  of  a  fradtion. 

Ex. 


&a.  hi.         surds.  n 

■  Ex.   13. 

Divide  bed  +9</abb  by  y/ab  —  y/^tc 

m              -              V  bed  4-  \/abb 
The  quotient  is ^  v 

PROBLEM     XXIX. 

tT<?  involve  furd  quantities  to  any  power* 

1     RULE. 

Multiply  the  index  of  the  quantity,  by  the  in- 
dex of  the  power  to  be  railed. 

Ex.   1. 

Let  s/z  be  cubed* 

y/2  zz  2  i2.     Then  22    *  or  2""  is  the  cube, 
that  is  y/25  or  y/8  zz  the  cube  of  y/z. 

Ex.  2. 

3 
/^iw/  is  the  Square  of  ^y/bec* 

2\/icc  33X  bccW     Its  fquare  zz 
9  X  bec?  zz  c,\/bbc+  zz  gcy/bbc. 

Ex  3. 


/F#tf /  IJ  /fo   f «fo   0/  ^v/^  —  X. 


ay/ a  —  xzza'Xa —  *  ;  cubed  it  is  a*Xa  —  x 
tl  at  is,  the  cube  zz  a  va> —  2a  x  +.  $axx —  x> 


F  4  Ex, 
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Ex.  4. 

a      y  la 
What  is  the  4th  power  cf  —  v    _r  • 

Here  £  *£  =   *  X  J£?     And  its   4th 


2^         t'— 3  2  3         ^ A 


4 


.     a  2a 

power  is  —     x 


X 


il\         ^  —  £        "  i6£+        ^  —  b 


4a6  a6 


!6£+x^ — ^  4^+X  ^ — 2bc  +  bb 

2  RULE. 

If  quantities  are  to  be  involved  to  a  power  de- 
noted by  the  index  of  the  furd  root  \  take  away 
the  radical  fign. 

Ex.  5. 

4ab 

Lei    \/- —   he  fauared* 
cc 

t      r             I     4*3 
Its  fquare  is 

£*.  6. 

What  is  the  cube  of  (/V>  —  3J  +  ifiy/abb. 
Anfwer,  at  —  b>  +  ^b^/abb. 

3  R    U    L    E. 

Compound  furds  are  involved  as  integers,  obferv 
ing  the  rule  of  multiplication  of  furds. 

Ex.  7. 

Let  3+s/5  le  faucrcd.         3^£ 

9+3\/5 


the  fquare       14  +  6^5  £x, 
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Ex.  8. 
Let  a—s/b  ie  cuie^  a?~X/I) 


aa — a^/t? 
—a^/h+b 

aa — la^/b+b 
a—s/b 


ai — 2aa<yb+ab 
—  aa  y/l+'iab — bs/b 

the  cube  tf* — ^aa^/b+^ab — b\/b* 


PROBLEM     XXX. 

To  extract  any  root  of  a  furd. 

RULE. 

Divide  the  index  of  the  quantity  or  quantitieSj 
by  the  index  of  the  root  to  be  extracted. 

Ex.  i. 

Extracl  the  fquare  root  of  a\ 

The  root  zz  ar-  zz  y/dK 

Ex.  2. 
Ext  raft  the  cube  root  of  ab\ 
The  root  is  a'F  zz  ^/abb. 

Ex.  3. 

What  is  the  \th  root  of  %aa. 

The  root  is  a*  s/Z  =  **  v^3  —  s/a  *  \/3* 

Ex. 
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if 


Ex.  4. 

What  is  the  cube  root  of  \/ aa  —  xx. 


— ix4 


The  root  is  aa — xxz'  J  —  aa — xx°  zz  y/aa — xx. 

2     RULE. 

When  the  index  of  the  root  to  be  extra&ed,  is 
the  fame  as  the  index  of  the  power  bf  that  quan- 
tity ;  take  away  that  index,  and  the  quantity  itfelf 
is  the  root. 

Ex.  5. 

What  is  the  Jquare  root  of  $*a\ 
Anfw.  30,  the  root. 

Ex.  6. 


What  is  the  cube  root  of  §ax —  3 aw 
Anfw.  sax  —  ^xx,  the  root. 

3     R    U    L    E. 

Compound  furds  are  extra&ed  as  integers,  due 
regard  being  had  to  the  operations  of  fimple  furds. 
When  no  fuch  root  can  be  found,  prefix  the  radical 
fign. 

Ex.  7. 

For  thefquare  root  of  aa  —  4.a\/b  +  4b. 
aa  —  4-ay/b  +  4b  (a  —  2\/b 
aa 

2a  —  2  y/  b)  o  —  Ws/b  +  4b 
—  W^/b  +  4^ 


Ex. 
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Ex.  8. 

What  is  the  cube  root  of  aa  —  \/ax  —  xx. 

3   ______ -■■■*■   —■ — . 

Anfw.  v/^  —  \/ax  —  xx,  the  root. 

PROBLEM       XXXI. 

To  *&Mg*  0  binomial  furd  quantity  into  another. 

RULE. 

This  redu&ion  is  performed  by  an  equal  involu- 
tion, and  evolution.  Involve  the  binomial  to  the 
power  denoted  by  the  furd  or  furds,  then  fe*  the 
radical  fign  of  the  fame  root  before  it. 

Ex.  i. 

To  transform     2  +  ^3    to  another. 

Its  fquare,         4  +  3  +  4V3  =  7  +  4  y/j 

the  fquare  root,     \/y  +  4  ^/o 

Ex.  2. 

Reduce    ^2  +  v/3    to  a  univerfal  furd. 
Its  fquare  2  +  3  +  2  y/6  =  5  +  2v/6 
the  root        y/5  +  2^/6. 

Ex.  3. 
Z*/    ^  —  2  ^/a:    ^  ^rw  #  to  reduce. 
The  fquare     <z  +  4*  — 4v/**. 

the  root  v/«  +  4^_4v/; 


*#. 


£#.  4. 
Z*/     y/4  +  v/£   fo  £71^//. 

The  cube       a  +  3K/aa5  +  3v/^  +  & 

the  root        J/     ,       *T*Z  \      

v  a  +  3\/**£  +  3\/*W  +  J. 


Ccr* 
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Cor.  \/a+^/b  —  */y/a  +  v/^*  >    &4   f#  ge~ 

T         T         n/~JT     =£? 
neral  an    +  h  n     zz       an   -\-  b  n    . 

PROBLEM     XXXII. 

To  extract  the  fauare  root  of  a  binomial  (or  refidual) 
furdy  A  +  B,  or  A  —  B  ;  or  a  trinomial^  &c. 

i     RULE,    for  binomials. 

Take  \/AA  —  BE  -  D.     Then  v/A~T~B  = 
A+D  A-D 

s——  +  v—~  • 

and  y/K=*  =  v/i+E  _  Vb=R  . 

2  v  2 

For  if  y/L±J±  +  ^AziE  be  involved  by 


Prob.  29.    it  will   produce  A  +  v/AA   —   DD, 

that  is  A  +  B,  as  it  ought.     And  v/i^-tJ?  — 

2 

v/ will  alfo  produce  A  —  B. 

£#.  1. 

7*  extraft  the  root  of  7  4-  ^20. 

Here  A  zz  7,  B  zz  ^20,  and  v/a  A  —  B  B  = 
v/29  =  D. 

Then  the  fquare  root  of  7  +  ^20  = 
vyv/7  +  v/29    +    v/V/7  —  v/29  ^ 

J.    ■       m 
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Ex.  2. 

What  is  thefquare  root  of  3  —  2  v/2. 

Here  /aA- SB  =  y/i  =  1  -  D,   and 
A  +D  ..  _     A— D 


57 


2 

v/7 


zz  1.     And 


-  2y/2  zz  v/2  —  ^/i  —  v/2—  i,  the  root. 

Ex.  3. 

To  extra  fi  the  root  of  27  +  v/704. 
\/AA  — BB  zz  ^25  zz  D  zz  5.     And   the 
root  zz  v/^  +  v/—  that  is, 

2_  2 

v/27  +  v/704  =  v/16  +  v/j  1  -  4  +  v/i  1. 

Ex.  4. 

/Fto  **  /£,?  fquare  root  of  6  —  2^5, 

Here  s/ A  A  —  B  B  zz  ^36  —  20  zz  D  zz  4. 

And  y/±±2  zz  v/5,  and  */*=£  1.  , 
2  2 

And  the  root  zz  ^5  —  1. 

Ex.  5. 
Extratt  the  root  of  y/21  -f  v/-. 
v/AA-BB   zz  s/T6  zz  D  zz  4.     And 
A  +  D  =t/2i+4         A  — D  _v^i— 4 
2  2  2 2 • 

And   the   root   v/\/21  +4    +     yy/21—  4 


£* 
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Ex.  6. 

Ext  raft  the  root  cf  az  +  ix\/aa  —  xx. 

Here  A  zz  aa,    B  zz  2X\/aa  —  xx.     Then 

\/Aa — BB  —  \/aa — 40V +4*4  zz  an  —  ixx  zzD. 

™        A  +  D                            ,A-D  , 

Then  — JL —  zzaa  —  xx9  and =  #x,  and 

2  _  2 

the  root  zz  x  +  \/ax  —  xx. 

Ex.  7. 

What  is  the  root  of  6+^8—^/12—^24. 

Let     AZZ6  +  V/8,     Bzzv/^+v/^.         Thea 

v/AA— BBzzDzz  v/44  +  12^/8—36—2^12x24 

_     ,       A  +  D   _  /q     A  — D  _    . 

2 2 

And  the  root  zz  s/ $  +  y/^  —  v/3*     But 

n/3  +  v/8  zz  1   +  v/2>    (fee    Ex.   2.) ;     there- 
fore the  root  zz  1  +  ^/i  —  ^3, 

2     RULE,   for  trinomials,  &c. 

For  trinomial,  quadrinomial  furds,  i^c.  divide 
half  the  product  of  any  two  radicals  by  a  third, 
gives  the  fquare  of  one  radical  part  of  the  root. 
This  repeated  with  different  quantities,  will  give 
the  fquares  of  all  the  parts  of  the  root,  to  be  con- 
nected by  +  and  — .  But  if  any  quantity  occur 
oftener  than  once  ;  it  muft  be  taken  but  once. 

For  if  x-\-y-±-z  be  any  trinomial  furd,  its  fquare 
will  be  x1+y~  +  zi  +  2xy+2xz-\-2yx  •,  then  if  half 
the  product  of  any  two  rectangles  as  2xyX2xz  (or 
2xz)1)  be  divided  by  fome  third  lyz,  the  quotient 

*yz  zz  xx,  muft  needs  be  the  fquare  of  one  of 
2yz 
the  parts  •,  and  the  like  for  the  reft. 


Se<5t.  III.  SURDS.  y9 

Ex.  8. 
To  extracl  the  fquare  root  of 
6+v/8— v/i2— v/24. 
Here  ^^21  -If  and  S^Xv^f  =v/4^2 

2v/24  2v/l2  ^«— Z> 

Snd  X/l22^%/~  =  ^9  =  3-  And  the  root  is 
i+v/2  —  v/3. 

£#.  9. 
r*  jfoi  /£<?  y^r*  root  of 
1 2  +v/3  2— v/48  +  v/8o— X/24+V/40—V/60. 

Here     \/i2yX^  L      /H       .'  , 

-TTor  ^  v/—^    this   produces   no- 

2y/OQ  § 

thing.    Again,    v^L2*!?  _  ^l6  _  4#      And 

&c.  therefore  the  parts  of  the  root  are  ^4,  ^5, 
%/3*  v/2,  \/4>  &c.  and  the  root  2+^2  —  ^3 
-f\/5  i  for  being  fquared  it  produces  the  furd 
quantity  given. 

_  Cor.  1.  In  binomials,  if  D  be  a  rational  man- 
tity,  the  root  will  confifi  of  two  furds ;  and  the 
farts  of  each  under  the  radical  fign  will  conjlft  of  a 
rational  quantity  (D),  and  a  furd  (A). 

Cor.  2.  If  both  A  and  D  be  rational,  the  root 
wtll  confitt  either  of  the  two  furds,  or  elfe  of  a  ra- 
tional part  and  a  furd ;  which  is  tk  only  cafe  that 
is  ufeful  in  this  extraction. 

PRO- 
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PROBLEM      XXXIII. 

To  extrafi  any  root  (c)  of  a  linomial  furd  A  +  B* 
or  A  — B. 

RULE. 
Let  AA— BB=D,  take  Q  fuch,  that  QD=»^ 

C 

the   lead  integer  power.       Let^A+BXv/Qzzf, 

the  neareft  integer  number.   , 

Reduce  Av/Q  to  the  fimplefl:  form  p\/s. 

r  +  t 

T 

Let     'j-  zz  /,  the  neareft  integer. 

Then  the  root  =  h^jJEl,  if  it  can  be 

,^/Q  extracted. 

Note,  +   is  for  the  binomial  A  +  B,  and  — 
for   the  refidual  A-*-B. 

Ex.  i. 

What  is  the  cube  root  of  ^968  +  25. 

Here   D  zz  343  z=  7x7X7.     QX7'z=#%    and 


Qzzi,  nzzy.     Then  V/A+BXv/Q=V5°"+ 
=  r  =  4,     Ay/Q  zz  ^968  zz  22v/2  zzp>/st  and 

v/j  zz  v/2. L  zz zz  /  zz  2.     And 

2\/j  J      2^/2 

/v/jzz2v/2,  \///j— »z=v/8^7  =  i.    v^Qzzi: 

And  the  root  2^2  +  I  zz  2^2  +  1,     which 

fucceeds. 

Ex. 
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Ex.   2. 

Extratl  the  cube  root  of  68 — \Z4374- 
Here  0=2501=5X5X5X2.     And  5*X2*zz4D 

zz  QD  zz  n\  and  Q  zz  4,  n  zz  2  X  5  zz  10.     And 

v7 ATB  Xv/Qr  \/T34X2  =  6  zz  r. 
Ay/Q  =  136V/1  =py/s9  and  vVzz  1. 

—L  ==  Zi  =  ^  =  4  ±t.  t^szz  4, 

2^/s  2  0 

And  the  root 

ts/s  —  y/tts—  "n  ___  — v/j6 —  iq  _  4  —  y/6  ' 

_  —  .       «_.  —      -  ^ 

v/2  v/4  v/2 

for  its  cube  is  68  — 27v/6. 

Ex.  3. 
Ext  raft  the  $th  root  of  29^/6  +  Als/%' 
'.     Here  Dzz^,  /ZZZ3,  Qzz8i,  rzz^  y/szz>/6> 

2C 


i  =  1,  Vj  zz  v/6,  v///j— n  zz  v^*  v/Q^a/8* 

zz  4/9.     And  the  root  to  be  tried  7- — - . 

4/9 

Scholium. 

If  the  quantity  be  a  fra&ion  or  has  a  common 
divifor,  extracl  the  root  of  fche  denominator  or  of 
that  common  divifor,  feparately.  They  that  would 
fee  the  demonftration  of  this  rule,  may  confute 
Gravefande's  or  Mac  Laurirfs  Algebra.  For  as  ic 
fcldom  happens  that  iuch  quantities  have  a  proper 
root  ;  it  is  not  worth  while  fpending  any  mure 
time  about  them. 


PRO- 
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PROBLEM    XXXIV. 

A  compound  fur d  being  given,  confifling  of  two,  three, 
or  more  terms  \  which  are  furd  jquare  roots :  to 
find  fuch  a  multiplier  or  multipliers,  by  which  mul- 
tiplying the  given  furd  \  the  producl  will  be  rational. 

RULE. 

Change  the  fign  of  one  of  the  terms  in  a  bi- 
nomial, or  trinomial,  or  the  figns  of  two  terms 
in  a  quadrinomial ;  and  by  this  multiply  the  gi- 
ven furd. 

Ex.  i. 

Let  a  +  \/%  be  given. 
Multiply   by   a  —  -y/3 

produft  aa  —  3. 


Ex.  2. 
Given  ^/$  —  \/x. 
Multiply  by       ^5  4-  s/x 

product  5  —  x     rational. 


Ex.  3. 
Let  y/ 5+^/3 — s/i  be  given. 
Multiply  by  s/  5+\/3+\/2 

-hv/io-fv/6— 2 

-       -  -  -■ 

producl:        6  +  2v/i5 
multiply  by  —  6  +  2^15 


produft  60  —  36^24. 

Ex* 
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Ex*  4. 

There  is  given     \/a+\/b — ^/c+^/d 
Multiply  by     \/a+\/b+\/c — y/i 

product         a+b — c — d+2^/ab+2^/dc 

or  f+2\Zah+2y/dc. 

multiply  by        /+2y/#£ — 2^/dc 
product        //+  $f\/ab + ^ab*-^dc 

multiply  by    g — ^f\/ab 
product      gg—i6ffab 

In  this  procefs  /  is  put  for  the  rational  part 
a  +  b  —  c  —  d ;  and  g  for  //  +  \ab  *-*  4-dc. 

Cor.  A  binomial  becomes  rational  after  one  opera- 
tion, a  trinomial  after  two,  and  a  quadrinomial  after 
three,  &c. 

PROBLEM    XXXV. 

A  binomial  being  given,  confiding  of  one  or  two  fur ds, 
whofe  index  or  root  is  any  power  of  2  ;  to  find 
a  multiplier  or  multipliers  that  (hall  make  it  ra- 
tional. 

RULE. 

Multiply  it  by  its  correfponding  refidual  (that 
is  when  one  fign  is  changed) ;  and  repeat  the  fame 
operation,  as  long  as  there  are  furds. 

Ex.   1. 

Let  s/a  —  \/b  be  given. 
Multiply   by  ^/a  +  y/b 

product        a  —  b        rational. 

G  2  Ex. 
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Ex.  2. 

4  4 

Let    y/s  +  \/$  &e  propofed. 
Multiply  by  y/5  —  s/Z 

1  produft     v/5  —  s/$ 
multiply  by  x/5  +  vx3 

2  product     5  —  3  =  2,  rational. 

Be.  3. 

8  9 

/.£/  //for*  ^  given  s/a  +  \Z&» 

3  s 

Multiply    by  x/a  — </  b 

4-  4 

I  produft  \/a  —  s/b 

4-  4- 

multiply  by  v/<*  +  \/b 

— 

%  produdl  y/a  —  y/h 
mult,  by   y/a  +  s/b 

3  produdl      a  —  b        rational, 
Ex.  4. 

4- 

Let  a  +%/b  be  given. 

4 
Multiplier  a  —  \/b 

I  prod,  aa  —  \/B 
mult,   aa  +  \/^ 


2  prod,  a*  —  b 

Cor.  "The  number  of  operations  is  equal  to  the  power 
$f  2  in  the  index. 

PROB. 
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PROBLEM     XXXVI. 

Any  binomial  furd  being  given^  to  find  a  multiplier 
which  faa  11  produce  a  rational  producl. 

RULE. 

If  the  furds  have  not  the  fame  index,  reduce 
them  to  the  fame,  (Prob.  21.) 

Take  the  two  quantities  (throwing  away  the 
radical  fign  or  indtxj  ;  change  the  fign  of  01  e  of 
them.  That  done,  involve  rhefe  to  the  next  in- 
ferior power  denoted  by  the  index  of  the  root 
(Prob.  5.  Rule  3),  but  leave  out  the  unciae  or  co- 
efficients :  then  place  the  common  radical  fign  be- 
fore each  quantity,  but  after  its  fign.  And  this 
will  be  your  multiplier, 

Shorter   thusy 
Binomial     y A  ±  £/B. 

Multiplier  v/A*-1  ±  yAn~2B  +  J/A^3B4 

±yA"-~4B'  +  &c. 

The  upper  figns  mud  be  taken  with  the  upper, 
and  the  lower  with  the  lower  ;  and  the  feries  con- 
tinued to  n  terms. 

Ex.   1. 

3  3 

Let  x/7    +  s/i  be  given. 
3  3  3 

Multiplier  y/yxy —  <S7X3  +  s/WZ 

7  +  \/7*7><3 

-r-  ^7X7X3  —  vf7X3X3 

+  \/7XjXj-f3 

pr  jducl;     7   +  3   —   10,    rational. 

C  3  Ex 
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Ex.  2. 

Let  a—f/l  he  propofed.     —  l/tf—l/2. 

Multiplier    act  +  a\/i  +  (/2X2 

1      1        i 

produft         a1  —  2. 


Ex,  3. 
Let  \/a  +  l/b  he  propofed. 
Mult.    i/aa  —  i/ab  +  i/6k 

product      a  +  b 


Ex.  4. 
Let   V$  +  s/z  be  given. 
reduced  ^5  +  ^9,  given. 


Multiplier  yA*  —  >/5*X9  +  s/ '5X9*  —  vV 
product  _5 — 9  rz  —  4< 

Or   thusy 

Surd    v/9  +  v/5- 
mult.       v/93  —  \/92X5  +  y/9X5*  —  \/5? 
product       9         —  5 =4 , 

Ex.  5. 

Let    f/a1  —  {/P  he  given. 
Multiplier  £/a9  +  */afy  +  y/aW  +  !/b\ 


Or 
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Or    thus* 

Surd       V*'  —  y^3. 

mult.  aaX/a  +  a^/aaP  +  b{/a4b  4-  ^y'* 

pradud  <?3    —    h. 

Ex.  6. 

3 

Let  y/a  —  ^/b  be  propofed. 

6  6 

reduced   to   y/V — y^ 

put  *  —  a\  y  ~  ^5. 


Surd   v'*'  —  \/y 

6  6  6  6  6  6 

mult.  v/tYs4-v/^V+v/^^z4-y/y71+v/^M--v/),?« 
product     x  — y  zz  a3  —  bb. 


PROBLEM     XXXVII. 

A  fraElion  being  given  whofe  denominator  is  a  com* 
pound  furd ;  to  reduce  it  to  another  whofe  deno- 
minator is  rational. 

RULE. 

Find  fuch  a  multiplier  (by  Prob.  34,  35,  or  36), 
as  will  make  the  denominator  rational.  By  this 
multiply  both  numerator  and  denominator. 

Ex.  1. 

Let     A be  prcpofed. 

\Z5  —  \Zz 


Here     jXyA  +  yA 


n/5  —  y/1  X  y/5  +  n/2 

^l±^i=v/5+v/2. 

5  —  2  =  3 

G   4  £#. 


is  surd  s.  b.  r; 

J1>X.     2« 

Let  there  be  riven  ¥- 1 

v/7  +  n/3 

Multiply  both  terms  by  y//  —  ^3,    the  fraction 

becomes  ^— ~ —  . 

Ex.  3, 

Suppofe      v         . 
3  —  Vz 

Multiply  by  3  +  y/2,  then   ^- — -r—   is   the 

fraction  required. 

Ex.  4; 

Let    — —     •„      be  propcfed. 
a  +  s/bc        r   rj 

aal—2abs/bc+bz£ 
Multiply  by  a — ^/bc9  then —7 

is  the  fraction  fought, 

Ex.  5. 

£#    -12: r —  he  riven. 

,      5— v/3 

Multiply  by  5  +  ^3  ;  then 

I5s/a  4-  i(V£  +  3v^3^  +  2\/3^ 

25—3  ZZ22 


Suppofe 


Ex.  6. 
10 


Multiply  by  vV+\/7X5+\/5%  and  the  frac- 
tion becomes  igv^g_t  loC^35  +  »Qy/25   _ 
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? 


£#.  7* 


i,/— ^fi 


*/5  +\/3 


Multiply  by  v/5'  —  y/s\i  +  s/sf  —  v/3S 
And  the  fraction  is 

4  4  4  * 

4/125  —  ^/75  +  s/45  — \/2  7  ^3. 

5—3=2  r 

Or   /fc, 
Multiply  the  terms  of  the  fra&ion 


4  4 

by  Z/S  —  s/l*  a"d  it  becomes  \5  ~  ^  ^j. 

again  multiply  the  terms  of  the  laft  fraction   by 
,/5  +  ^3,  and  it  becomes 

5  —  3  =  2 

£*.  8. 

g 

L*/      --— ; #*  the  fraftion* 

Multiply  by  ^3+^/2—1,  and  the  fraction  will 
be W%  +  8v/2  —  8  s  4v/3  +  4>/2  — 4^ 
5  -f-  2v/b  —  1  2  +  */6 

Again,  multiply  by  — 2  +  */6,  and  it  becomes 
—  Wl~  8\/2  +  8  4-  4v/i8  +4y/i2  — 4x/6 
6  —  4  =  2 

—  4  +  2v/«8  4-  2v/i2  — 2v/6  — 4v/3— 4v/2 
=  4  -f  6v/2  +  4v/3  —  2y/6  —  4^3  —  4v/2 
r:  4  +  2\/2    —  2v/6. 

SECT. 
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SECT.      IV* 

Several  Methods  of  managing  Equations. 


AN  Equation  is  the  mutual  comparing  of  two 
equal  quantities,  by  trie  help  of  this  charac- 
ter (m);  the  part  on  the  left  hand  is  called  the 
firft  fide  of  the  equation  •,    that  on  the  right,  the 
fecond  fide.     And    the  fingle  quantities  are  called 
terms  of  the  equation. 

An  equation  is  either  two  ranks  of  quantities 
equal  to  one  another,  and  feparated  by  this  mark 
(~)-,  or  one  rank  equal  to  nothing.  And  they 
are  to  be  confidered  either,  as  the  laft  conclufion 
to  which  we  come  in  the  folution  of  a  problem  , 
or  as  the  means  whereby  we  come  to  it.  In  th- 
firft  cafe,  the  equation  is  compofed  of  only  one 
unknown  quantity  mixed  with  known  ones,  and 
may  be  called  the  final  equation.  But  thofe  of 
the  laft  fort  involve  feveral  unknown  quantities; 
and  therefore  they  are  to  be  fo  managed  and  re- 
duced, that  out  of  all  the  reft  there  may  emerge 
a  new  equation,  with  only  one  unknown  quantiry, 
which  is  that  we  feek.  And  this  is  to  be  made  as 
fimple  as  it  can,  in  order  ro  find  the  value  of  (he 
unknown  quantity. 

An  equation  is  named  according  to  the  dimen- 
sion of  the  higheft  power  of  the  unknown  quan- 
tity in  it.  A  fimpk  equation  is  that  which  con- 
tains only  the  quantity  itielf  ;  as  a  ~  b —  c.  \ 
quadratic  equation,  is  when  the  higheft  power  is 
a  iquare,  as  aa — bazud.  A  cubic  equation,  when  the 
left  power  is  a  cube,  as  a>  +  bal  —  ca  z=.  d.  A 
fourth  power  when  the  higheft  power  is  fuch,  as 
4+  _  2<g*  4-  a  zz  d%  &c. 

0  PRO. 
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PROBLEM     XXXVIII. 

To  turn  proportional  quantities  into  equations  \   and 
equations  into  proportions. 

In  the  folution  of  problems,  it  often  happens, 
that  we  have  feveral  quantities  in  geometrical  pro- 
portion, which  are  to  be  reduced  into  an  equation ; 
which  will  be  done  thus : 

RULE. 

Multiply  the  extremes  together  for  one  fide  of 
the  equation,  and  the  two  means  for  the  other 
fide ;  or  the  fquare  of  the  mean,  when  there  are 
but  3  terms. 

On  the  contrary  in  a  given  equation,  divide 
each  fide  into  two  factors ;  and  make  the  two  fac- 
tors of  one  fide  the  two  means ;  and  the  two  fac- 
tors of  the  other  fide,  the  extreams. 

Ex.  1. 

Jfa:b::c  +/:  d.     Then  ad  =.  be  +  If. 

Ex.  2. 

c     * r 

Let  a  +  b  \a  —  b  :  :  -jvaa  —  xx  :  — • 
a  s 


ar  +  br        ca — ch 


Then zz  — 1 — y/aa —  xx. 

s  a 


Ex.  3. 
If  ad  -be  +  bf.     Then  a  :  B  :  :  c  +/:  d. 


Ex. 


92  Managing  E  QUAT I  O  N  S.         B.  I, 

Ex.  4. 

7f    &r  +  hr    __    ca  —  eb    . 

Jf        ~  —  1 — -v aa — xx. 


lcn   a  -f  b     ca~eb       4/ : 

hen   — ! —  : •  •  V  aa  —  xx : 


Ex.  5. 
Let  be  -j-  bd  =  da  —  eg. 
Then      1  :  b  :  :  c  +  d  :  da  —  c** 

or  b  :  y/da  —  eg  :  :  \/ da  -^Tg  :  e  +  d. 

PROBLEM    XXXIX. 

To  reduce  an  equation. 
When  a  qneftion  is  brought  to  an  equation,  the 
unknown  quantities  are  generally  mixed  and  en- 
tangled with  the  known  ones  ;  and  therefore  the 
equation  mud  be  fo  ordered  that  the  unknown  quan- 
tity may  ftand  clear,  on  the  nrft  fide  of  the  equa- 
tion ;  and  the  known  ones  on  the  fecond  fide, 
Which  is  done  thus  ; 

1     RULE. 

When  any  quantity  is  on  both  fides  the  equation, 
throw  it  out  of  both. 

Ex.  1. 

Jf  3*  +  6bzz4c—d  +  9b. 
Throw  out  6b.     Then  3*  zz  4c  —  d  -fc  3*. 

2      RULE. 
When   the  known  and  unknown  quantities  are 
both  on  one  fide;  tranlpoie  any  of  them  to  the 
:ra»y  fide,  and  change  its  fign. 
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Ex.   2. 

If  $x  +  3#  —  rx  +  bd. 
Then  5*  zz  r*  +  bd  —  ^b. 
And    5* — rx  —  hd — 3b. 

For  to  tranfpofe  a  quantity  with  a  contrary  Ggn» 
is  the  fame  thing  as  to  add  it,  or  elfe  to  fubtradt  it 
from  both  fides  •,  therefore  the  quantities  on  each 
fide,  remain  ftill  equal,  by  Axiom  1.  and  2. 

3       RULE. 

If  there  be  fradlions  in  the  equation,  multiply 
both  fides  by  the  denominators. 

Ex.  3. 

Suppofeff  +  .-/zz^. 

Multiply  by  i9  a  a  +  cl  —fb  zz  — 

a 

multiply  by  a%  a?  +  bca —  I  fa  =z  bdx. 
This  procefs  is  plain  from  Axiom  3. 

4    R    U    L    E. 

When  any  quantity  is  multiplied  into  both  fides 
of  the  equation,  or  into  the  higheft  term  of  the 
unknown  quantity  5  divide  the  whole  equation 
thereby. 

Ex.  4. 

If  jba*  +  bcaa  zz  bcda. 

Divide  by  ba9  taa  4-  ca  zz  cd. 

J-   -j     u  *    ca  cd 

divide  by  7,         aa  4-  —  zz  _~. 


7  7 

The  truth  of  this  appears  by  Axiom  4. 


5  RULE. 
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5    RULE. 

If  the  unknown  quantity  is  affected  with  a  furd  ; 
tranfpofe  the  reft  of  the  terms ;  then  involve  each 
fide  according  to  the  index  of  the  furd. 

Ex.  5. 


If  s/aa  —  ba  +  c  zz  d. 

Then  y/aa —  ba  ~  d- — c. 
fquared,  aa  —  ba  zz  dd  —  2dc  -f  Hi 

This  procefs  is  plain  from  Axiom  5. 
6    R    U    L    E. 

When  the  fide  containing  the  unknown  quantity 
is  a  pure  power  ;  or  if  being  adfe&ed,  it  has  a  ra- 
tional root:  then  extrad  fuch  root  on  both  fides 
of  the  equation. 

Ex.  6. 

If  a*  zz  fa  —  bbc. 


Cube  root,  a  zz  1/b*  — bbc. 

Ex.  7. 
If    xx  +  6x  +  9  zz  2o#. 
Square  root    x  +  3  zz  ±  y/  20b. 
and  x  zz  ±  y/  20b  —  3. 

ScboL  All  thefe  rules  are  to  be  ufed  promifeu- 
oufly,  as  one  has  occafion  for  them,  till  the  equa- 
tion be  duly  cleared. 

PROBLEM     XL; 

7o  explain  the  nature  and  origin  of  adfefted  equations* 

1.  Any  adfe&ed  equation  may  be  confidered  as 
made  up  of  as  many  fimple  equations,  as  the  di- 

menfion 
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menfion  of  the  higheft  power  is.  Suppofe  x  zz  a9 
xzzh9  and  x  zz  c9  &c.  then  x  —  ^~o,  x  —  b  zz o, 
#  —  <:  zz  o.  And  if  all  thefe  be  multiplied  together, 

then  *  —  a  Xx— bx*  —  czzo-9  that  is, 

xi  — . axz  +  alx  —  abc  no,  a  cubic  equation, 

—  b    +  ac 

—  c    +Bc 
whofe  roots  are  a9  b,  c. 

In  like  manner,  x— a  X  x—b  X  #— -c  X  * — dzzo9 
produces  a  biquadratic  equation, 

x*  —  a  x>  +  ab  xz  —  abc  x  +  abed  zz  o, 
— b     +ac       — abd 
—c     ~\-bc       —acd 
— d     -\-da      — led 
+d5 
+dc 
whofe  roots  are  a9  l9  c9  d. 

Thefe  two  equations  may  be  written  or  de- 
noted thus,  xl  —  pxz  +  qx  —  rzo,  and 
*<■  — px*  -4-  qxz  —  rx  -\-  s  zz  o.  And  any  fuch  e- 
quation  being  found  in  the  folution  of  a  problem  ; 
the  bufinefs  is  then  to  refolve  it  into  its  original 
compounding  fimple  equations,  and  fo  to  find  the 
roots  a9  b9  c,  &c.  For  each  of  thefe  fimple  equa- 
tions gives  one  value  of  x9  or  one  root.  And  if 
any  one  of  thefe  values  of  x  be  fubftituted  in  the 
equation  infteadofx,  all  the  terms  of  the  equa- 
tion   will    vanifh    and    be    zzo.       For   fince 

x  —  aX  x  —  b  X  x  —  r,  &c.  zzo.  It  is  plain,  when 
one  of  the  factors  x — a  is  zo,  the  whole  pro- 
duel:  will  be  zz  o.  And  of  confequence  there  are 
three  roots  in  the  cubic  equation,  and  four  in  the 
biquadratic  •,  and  in  general  there  are  as  many 
roots,  as  is  the  dimeniion  of  the  higheft  power  in 
it,  and  no  more. 

2.  If 
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2.  If  it  happen  that  the  roots  a,  fr9  r,  &c.  be 

equal   to   one  another,  then   x  —  a  will  be  zz  o, 

or  x  —  a  s=  o,  &c.  and  x — a  is  had  by,  evolu- 
tion, fince  the  given  equation  is  generated  by  iii- 
•volution. 

3.  That  there  are  no  more  roots  than  thefe  is 
plain  ;  for  if  you  put  any  quantity,  as  /  for  x> 
-which  is  equal  to  none  of  the  roots  a,  b9  c9  &c. 
Then  fince  neither/ — a9  f — b%  nor / — r,  &c.  is 
o,  their  product  cannot  vanifh  or  be  zz  o,  but 
mud  be  fome  real  product  -9  and  therefore  /  is 
no  root  of  the  equation. 

4.  Since  the  fquare  root  of  a  negative  quantity 
is  impoffible  •,  therefore  if  we  have  fuch  an  equa- 
tion as  this,  xx  +  aa  zz  o,  or  ^  z  —  aa*  then 
#zz±\/ — aa*  which  are  two  impoffible  roots  of 
that  equation.  So  that  a  quadratic  equation  has 
either  two  impoffible  roots  or  none.  And  there- 
fore in  any  equation,  there  is  always  an  even  num- 
ber of  impoffible  roots  5  fince  each  quadratic  that 
goes  to  the  compounding  it,  mud  have  either  tw6 
or  none.  Therefore  no  equation  can  have  an  odd 
number  of  impoffible  toots.  Hence  therefore  the 
number  of  real  roots  in  a  cubic  equation,  will  ei- 
ther be  one  or  three •,  in  a  biquadratic,  four,  two, 
or  none.     In  a  fifth  power,  5,  3  or  1 3  &ff. 

5.  From  the  foregoing  equations  it  is  plain,  that 
the  coefficient  of  the  firft  term  (or  that  of  the  high- 
eft  power)  is  I.  The  coefficient  of  the  fecond 
term,  (or  next  hrgheft  power),  is  the  fum  of 
all  the  roots,  a,  b>  c,  &c.  with  their  figns  chang- 
ed. The  coefficient  of  the  third  term,  the  fum 
of  the  produds  of  every  two  of  the  roots.  The 
coefficient  of  the  fourth  term,  the  fum  of  the  pro- 
ducts of  every  three  of  them,  with  contrary  figns, 
&c.  The  odd  terms  having  always  the  fame  fign, 
and   the   even  terms  a  contrary  one.      And  the 

abfolutc 
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abfolute  number  is  always  the  product  of  all  the 
roots  together. 

6.  Hence  it  follows,  that  when  the  furrt  of  all 
the  negative  roots  is  equal  to  the  fum  of  all  the 
affirmative,  the  fecond  term  vanifhes,  and  the  con- 
trary. And  if  all  the  negative  rectangles  be  equal 
to  all  the  affirmative  ones,  the  third  term  vanifhes. 
And  if  all  the  negative  folids  be  equal  to  all  the 
affirmative  ones,  the  fourth  term  vanilhes,  out  of 
the  equation  •,  and  fo  forward. 

7.  But  the  roots  of  equations  may  be  either  + 
or  — ,  yet  (till  the  fame  rules  hold  good.  For  let 
the  fign  of  any  of  them  as  c  be  changed  into  — e9 
that  is,  let  x  -j-  c  zz  o  5  then  in  the  cubic  equation 
the  fecond  term  will  be—  a  —  b  +  c  •,  that  is,  the 
fum  of  the  roots  with  a  contrary  fign;  the  third 
term  will  be  -f-  ab  —  ac  < —  be ,  that  is,  the 
fum  of  the  products  of  all  the  roots  ;  and  fo 
of  the  reft. 

8.  Hence  alfo  in  every  equation  cleared  of  frac- 
tions and  furds,  each  of  the  roots,  each  of  the  rec- 
tangles of  any  two  of  the  roots,  each  of  the  folids 
under  any  three  of  them,  each  of  the  products  of 
any  four  of  the  faid  roots,  &c.  are  all  of  them 
juft  divifors  of  the  lad  term  or  abfolute  number. 
Therefore  when  no  fuch  divifor  can  be  found, 
it  is  evident  there  is  no  root,  no  rectangle  of 
roots,  no  folid  of  roots,  &V.  but  what  is  furd. 
For  in  the  cubic  equation,  a,  b,  cy  and  ab,  ac,  bc% 
are  all  of  them  divifors  of  the  lait  term  abc :  and 
fo  of  higher  powers. 

9.  In  any  equation,  change  the  figns  of  all  the 
terms  but  the  ft.  ft;  then  let. the  coefficients  of  the 
firft,  fecond,  third,  t£c.  terms  be  1,  p,  qt  r,  s> 
/,  v,  .&c.  refpectively. 

H  Then 
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Then  obferving  the  figns,  we  fhall  have 
p  -=  fum  of  the  roots,  a  +  b  +  c  &c. 

pA  +  2q  zz  fum  of  the  fquares  of  the  roots 

=  a%  +  bz  &c. 

pB  +  %  A  +  %r  =3  the  fum  of  their  cubes 

==  a*  +  fr  &c. 
pC  +  q  B  +  r  A  +  4*  ==  the  fum  of  the   biqua- 

d rates,  &c. 
Where  A,  B,  C,  &JV.  are  the  firft,  fecond,  third, 
ISc.  terms. 

For  -\~p  zza  +  b  +  c  &c.   zz  A. 

Alfo^Aor  a  +b  +  c '=:  a»  +£*+*«  +  2^  + 
2£c+2cdzzB  —  2y.     Therefore  Bz=^A+2j,  &c. 
To  go  through  the  calculations  of  the  fed  would 
be  tedious,  and  of  little  ufe. 

10.  In  equations  of  the  third  and  fourth  power, 
we  find,  when  the  roots  are  all  affirmative,  the  figns 
are  +   and  —  alternately  ;   fo   that   there  are  as 
many  changes  of  the  fines   as   is  she  index  of  the 
power,   or  as  the  number  of   roots.     But  if   the 
roots  are  all  negative,  the  figns  are  all  +  through- 
out, there  being  no  changes  of  the  figns.    Whence 
in  thefe  cafes,  there  are  as  many  affirmative  roots, 
as  changes  of  the  figns  in  ail  the  terms,  from  + 
to  — ,  and  from  —  to  +,      And  the  fame   rule 
holds  in  general,  that  is,  there  are  as  many  affir- 
mative roots,  in  any  equation  as  there  are  changes 
of  the  figns.     But  the  equation  is  fuppofed  to  be 
compleat,  that  is  to  want  no  terms,  and  to  have 
numeral  coefficients.     And  likewife  the  number  of 
negative  roots  is  known  thus  •,  as  often  as  two  of 
the  figns  +,    or   two  of   the  figns  —  (land  next 
one  another,  fo  often  there  is  a  negative  root.     It 
would  be  needlefs  to  trouble  the  reader  with  the 
proof  of  thefe  things  ;  fince  it  can  only  be  done 
in  particular  cafes,    and  not   in    a   general    way. 

And 


J 


/ 
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And  befides  when  impoflible  roots  happen  .to  lie 
hid  in  the  equation,  they  caufe  the  rule  to  fail. 

11.  When  the  roots  are  all  affirmative,  the 
terms  of  the  equation  are  alternately  -f  and  — 
through  the  equation  ;  but  when  the  roots  are  all 
negative,  the  figns  are  all  +  5  and  therefore,  as 
by  changing  the  figns  of  the  roots,  the  figns  of 
the  alternate  terms  are  changed  ;  fo  on  the  con- 
trary, changing  the  figns  of  the  alternate  terms, 
changes  the  figns  of  all  the  roots.  And  this  holds 
in  general,  as  will  be  evident  by  producing  two 
equations  from  the  fame  roots,  with  contrary  figns. 

12.  Since  any  adfected  equation,  as  xl — pxz  -j- 
qx —  rzzo,  is  made  up  of  fimple  equations,  fuch. 
as  x  —  a  zz  o,  x  —  b  zz  o,  &c.  Therefore  if  one  root 
as  a  be  known,  the  whole  equation  may  be  exact- 
ly divided  by  x —  a;  and  fo  reduced  to  a  lower 
dimenfion.  Alio  when  all  the  roots  a,  b,  c  are 
found  out,  then  will  the  continual  producl  of 
x  —  a,x  — b>x —  r,  exactly  produce  the  fame  equa- 
tion. It  is  no  wonder  that  an  equation  has  feveral 
roots  ;  becaufe  in  luch  cafes,  there  are  more  folu- 
tions  to  a  problem  than  one.  So  that  in  one  cafe 
of  it,  x  is  zz  a,  in  another  cafe  x  zz  by  in  a  third 
x  zz  c ,  &c.  and  they  are  all  comprehended  in  the 
general  equation.  And  hence  though  there  be  fe- 
veral roots  in  an  equation,  yet  only  one  of  them 
will  anfwer  one  cafe,  or  the  particular  queftion 
propofed. 

12.  That  any  root  fubftituted  for  x  in  the  given 
equation,  will  make  the  whole  equation  to  vanifh, 
by  deftroying  all  the  terms,  is  proved  thus.  Let 
the  equation  be, 

x*  —  a  xz  +  ab  x  —  abc  zz  o. 

—  b     -f  ac 

—  c     +  be 

II  2  And 
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And  let  the  roots  be  *z,  b*  r,  as  before.  Then 
fubftitute  any  one,  as  a,  inllead  of  x,  and  the 
equation  will  become 

a  —  a1        -j-  baa  —  abc  zz  o, 

—  baa     +  caa 

—  caa     -f-   abc 

Where  the  terms  manifeftly  deftroy  one  another. 
And  the  lame  will  happen,  by  fubftituting  b  or  c9 
for  x. 

13.  If  the  laft  term  of  an  equation  vanifhes  fas 
abc.  Art  \i)9  then  one  root  will  be  o;  for  then 
the  whole  equation  may  be  divided  by  the  un- 
known quantity  x  or  x  —  o.  If  the  two  lad  terms 
vanifh  (#£#  +  acx  +  bcx\  and  —  abc),  then  two  roots 
are  -  -  o ;  if  the  three  [aft  terms  vanifh,  then  three 
roofs  will  be  0  -,  &c. 

And  on  the  contrary,  if  one,  two,  or  three  roots, 
oV.  be  rr  o,  the  la  it  term,  the  two  laft,  or  the 
three  laft  terms,  &c.  will  vanilh  out  of  the  equa-. 
tion,  and  the  remaining  part  of  the  equation  will 
contain  the  reft  of  the.  roots.  Thus  in  the  equa- 
tion, Art.  12.  if  the  roots  b,  c  be  —  o  ;  there 
remains  only  x*  — a  +  b  +  c  X  atzzo,  or  x — azzo> 
an  equation  containing  the  remaining  root  a. 

14.  And  in  any  power  of  a  binomial,  if  each 
term  be  multiplied  by  the  index  of  the  unknown 
quantity  therein  ^  it  will  thereby  be  reduced  to  the 
next  inferior  power.  To  prove  this,  we  rriuft  ob- 
ferve,  that  the  coefficients  of  a  binomial,  are  the 
very  lame,  whether  you  reckon  forward  from  the 
beg.  or  backward  from  the  end  ;  that  is, 
the  firft  and  laft  are  the  fame  •,  the  fecond  and 
laft  but  one  j  the  third  and  laft  but  two,  &c. 
For  the  coefficients  of  any  power  of  x  +  b9  are  the 

of  b  +  x.    In  the  quadratic  xx  +  2bx  +  bb> 

the 
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the  coefficients  are  i,  2,  1.  Jn  the  cubic 
v3  +  Z^b  +  3^1  +  i\  they  are  J,  3,  3,  x,  In  the 
fourth  power  they  are  1,  4,  6,  4  1.  In  the  fifth 
power,    1,  5,    io,    io,   5,    1  •   and  fo  on. 

Therefore,  let   any  power,  of  *■  +  $  be  denoted 

thus,  X*  +  nxn"lb  +  — .  ~  l  x*--bb     + 


-  1    n  —  2    „    .,  0 

— ~  **-3£J  &c 


2  . 


3 


*  3  2 

0tf£*-i    +  J.  .     7i     bejng     tj,e     jndex     of    the     pQwe^ 

and^  let   i»  be  that  of  the  next  inferior  power,   or 
m  —  n—  1.     Now  ]et  each  term  be  muulpjjed  b 

the    index    of  x    in    each    term  ;    that    is,    by    n% 
n  —  1,   0  —  2,   &c.   and    we  fhali   have 


— *  *■**  &c + 

n  .n—  1  .  n  —  2      .  . 

-r  +  C     And  dividing  all  by  nx,   k  become* 
*"  +  TZTi .  ^b  +  !L~  i^ilZZl  ^     + 

; 2 

77, i«^4il    &C .     + 


■         ^r :  ^'-3  +  »  —  x  .  xb*-*  +  b»~*  i  jhat 


|,  reflwing  *,  v-,£  +  w  . 5  —^  ^^ 


+ 


~  1  .  m  _  2  

2—7 -X^-3^,1  &c -j-  ffl  -  w  —  1 

**+mxt>-*+tm9  which  is  manifcftl     jj       , 

r  of  x  -  * 

11  3  in.  Alii 


102  Nature  ^/EQUATIONS.         B,  X. 

15.  Alfo  if  the  equation  refulting  from  the  laft 
operation  be  taken,  and  its  feveral  terms  again 
multiplied  by  the  index  of  x  in  each  term  ;  it  will 
be  reduced  to  the  next  power  below  that,  and  fo 
on  for  more  operations.  And  therefore  after  each 
operation  one  root  will  be  deftroyed  ;  or  fo  many 
roots  will  be  deftroyed  as  there  are  operations,  and 
the  reft  will  remain. 

16.  And  further  :  If  there  be  feveral  equal  roots 
of  one  fort,  and  alio  feveral  equal  ones  of  another 
fort,  in  any  equation.  And  if  the  terms  of  that 
equation  be  multiplied  by  the  feveral  indexes  of  the 
unknown  quantity  in  each  term  ;  an  equation  will 
arife  wherein  one  of  the  equal  roots  of  each  fort 
will  be  deftroyed.  And  in  general,  whatever  roots 
there  be  in  any  equation,  if  the  terms  be  refpec- 
tively  multiplied  by  the  indexes  of  the  unknown 
quantity  therein,  an  equation  will  come  out  where- 
in one  root  of  every  fort  will  be  deftroyed,  whether 
there  be  equal  roots,  or  all  different.  But  thefe 
things  being  of  little  confequence,  I  fhall  not  de* 
tain  the  reader  any  longer  about  them. 

17.  As  impcflible  roots  are  fuch  as  are  produced 
from  the  fquare  roots  of  negative  quantities  :  fo 
impcflible  equations  are  thofe  produced  from  im- 
poilible  roots;  as  this  equation  a* — 4^+aa+ioa 
4-  22  no,  which  is  produced  from  thefe  two, 
aa  +  ia  4-  2  ~  o,  and  aa  —  6a  4-  1 1  =■  o  •,  the  for- 
mer produced  from  a  4-  1  +  ^/ —  1,  and  a  4-  1  — - 
y/ — 1  ;  and  the  latter  from  a —  3  4-  v/ —  2,  and 
a —  3  — v/"~7  2«  '^htfe  fort  of  equations  have  roots 
that  are  barely  impoftible. 

Likewife,  there  are  equations  tnat  are  doubly 
impoflible,  or  impoflible  equations  of  the  fecond 
degree.  And  thefe  are  produced  from  equations 
involving  two  degrees  of  impcflibility,  as  this 
a*+4ai-rSaa  +  $a-t-5  —  o,  which  is  produced  from 

the 
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the  equations,  aa  +  za  +  2  -fy/  —  l  ~  o,  and 
aa-\-2a-k-2 — ^/ — l-O,  Such  as  thefe  cannot  be 
reduced  into  rational  quadratics,  as  the  others  may* 

PROBLEM    XLI. 

To  increafe  or  diminijh  the  roots  of  an  equation^  by 
any  given  quantity. 

RULE. 

For  the  unknown  letter  fubititute  a  new  letter, 
—  the  given  increment,  or  +  the  given  decre- 
ment. And  fubftitute  the  powers  thereof,  in  the 
equation,  inftead  of  the  powers  of  the  unknown 
letter. 

Ex.  1 1 

Let  x*  — pxl  +  qx  —  rzzo^be  given  j  and  let  the 
roots  be  leffened  by  the  quantity  e. 

Suppofe  y  zz  x  —  e,  or  x  —  y  +  e.     Then 
#*  ~  y*  +  %eyz  +  %ezy  +  e* 
—  pxl  zz       —  pyz  —  2pey  — 
+  qx    zz 

is  the  equation  required. 


Jz  +  3ezy  +  e*    1 
>*  —  2pey  —  pez  I   ___ 

+  V   +  V    X 


o,  which 


Ex.  2. 

Increafe  the  roots  by  4,  of  this  equation 

a*  +  a1  —  10a  +  8  iz:  o. 
Suppofe  a  +  4  zz  £,  or  a  zz  e  —  4. 

Then.  a*    zz  *?*—  1 2ez  +  48*  —  64. 

+  az    zz  ee  —  Tie  +  1 6 

—  10a  zz  — 10^  +  40 

+   8    = +    S 

ei  —  iiee  ^  q0e  *  —  o,  the 
equation  required  j  reduced,  ez  —  ne  +  30=0,  a 
quadratic. 

H  4  Cor, 
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Cor.  i .  The  laft  term  of  the  transjormed  equation, 
is  the  very  fame  as  the  equation  given>  having  e  in 
the  place  of  r  (m  Ex.  i.) 

Cor.  2.  When  the  iaji  term  vanifhes,  the  number 
affumed   ( —  4,  Ex.  2.)  is  one  of  the  roots  in  the- 
equation  propofed. 

ScboL  By  this  rule,  all  the  roots  of  an  equation 
may  be  made  affirmative  j  by  increafing  them  by  a 
proper  quantity. 

PROBLEM    XLII. 

■To  multiply  or  divide  the  roots  of  an  equation^  hy  a 
given  number  or  quantity. 

RULE. 

AiTume  a  new  letter ;  and  divide  or  multiply  it 
by  the  given  number  ;  and  fubftitute  its  powers  in 
the  equation,  inftead  of  the  unknown  quantity. 

Ex.  i. 

Multiply  by  3,  this  equation  y*  -r*.y—  f_4T6  zz  o. 
Suppofe  j  =  4-z,    then  fubftituting  -J-2   for  j, 

we  have  —         —  z  —  —-  zz  o,  or  reduced 
27—9  27 

%*  —  122;  —  146  zz  o. 

Ex.  2t 
Divide  by  ^/^  the  equation  x>  —  2X  +  \/l  2:  O, 
Let  x  zzy^/s,  which  put  for  #,  we  have 

zy  V3— vV'i  +  v/3  ==  °> or  a?'— 2^  +  *  ==°- 

Cor.  By  this  rule,  fr anions  or  furds  may  be  taken 
out  of  an  equation  \  by  dividing  the  new  letter  by  the 
common  denominator  ;  or  by  multiplying  the  new  letter 
by  the  fur d  quantity. 

PRO- 
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PROBLEM    XLI1I. 

To  change  the  roots  of  an   equation  into  their 
reciprocals* 

RULE. 

In  the  given  equation,  inftead  of  the  root,  fub- 
ftitute  a  unit  divided  by  fome  other  letter. 

Example* 
Let  sy>  —  iy  +  1  —  o,  be  given. 

Put  y  =  JL,  then  1  _  L  +  1  =  o. 

2  2J5  fc 

reduced     3  —  2z2  +  2:'  zz  o. 
or  z>  —  2ZZ  +  3  z=  o. 

S^W.  By  this  rule  the  greater!:  root  is  changed 
into  the  leaft,  and  the  leaft  into  the  greater!,  &V. 

PROBLEM.     XL1V. 

To  compleat  a  deficient  equation* 

An  equation  is  compleat^  when  it  has  all  its 
terms,  or  thole  containing  all  the  powers  of  the 
unknown  quantity  -9  and  deficient^  when  any  power 
is  wanting. 

RULE. 

« 

Increafe  or  diminifh  the  roots  of  the  equation, 
by  fome  given  quantity  (by  Prob.  41). 

Example. 

Suppofe  a*  +  2#  —  5  zzo7  deficient. 

Let   e  +  1  zz  a>  then 

a1     >zz  e>  +  %ee  +  3*  +  1 
+  2a      zz  +  2^  +  2 

—  5      = —5 

e>  ~lr  see  -j-  $e  ~->  2  zz  o,  compleat. 

Scbol. 


io6  Fran/mutation  of  B.  If 

Sifoi.  An  equation  may  be  rendered  compleat, 
by  multiplying  by  the  fame  letter  with  fume  quan- 
tity added,  as  a  +  i  •,  but  then  it  raifes  the  equa* 
tion  a  degree  higher. 

PROBLEM    XLV. 

$0  deprefs  an  equation  to  a  lower  dimenfion  \  one  of  its 
roots  being  given. 

i     RULE. 

Put  the  equation  zz  o,  and  divide  it  by  the  un- 
known quantity  —  the  root  given. 

Example. 
Given  a*+a2 — iOfl-i-8-O,  one  root  a n— 4. 
£  +  4:= o)  a*+az—  ioa+8zzo  {aa — 30+23:0  the 
a*+$az  equation  req. 

—30* — 10a 
—Za% — l2a  * 

+  20  +  3 

+  20  +  8 


2      RULE. 

Put  a  new  letter  added  to  that  root,  equal  to  th* 
unknown  quantity;  and  fubftkute  that  and  it* 
powers  in  the  equation. 

Example. 
Let  a3+az—  1 00  +  8=0,  be  given,  and  azz—4- 
Put  a  zze  —  4.     Then 

+  a1  zz  0  —  12** +  48* —  64 
+  a7-  zz  +  ee  —  %e  +  *6 
—  100=  —  i°e  + 


+    8     zz  8 


o      zz  *' —  1 1/  +  30<?  +  ° 
reduced     <?*~u*  +  3°  =  ° 


PRO- 
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PROBLEM     XLVI. 

$o  find  how   many  roots    are   affirmative,    and  how 
many  negative^  in  a  given  equation,    ' 

RULE. 

Range  the  terms  of  the  equation  according  to 
the  dimenfions  of  the  unknown  quantity.  And 
if  the  equation  is  not  compleat,  make  it  fo  by 
Prob.  44. 

Then  obferve  how  often  -j-  follows  — ,  or  — 
follows  +,  that  is,  how  many  changes  of  the 
figns  there  are  -9  and  there  are  fo  many  affirma- 
tive roots  in  the  equation. 

Alfo,  as  often  as  two  like  figns  ftand  together, 
fo  often  there  is  a  negative  root. 

Ex.  1. 

Given  a4  —  x*  —  igxx  +  49X  —  30Z  o; 

Here    the    figns    are    + +  — ,    and 

there  are  three  changes ;  from  the  firft  to  the  fe* 
cond,  from  the  third  to  the  fourth,  and  from  the 
fourth  to  the  fifth  term  :  therefore  there  are  three 
affirmative  roots.  Alio,  in  the  fecond  and  third 
terms,  two  negatives  ftand  together,  and  in  none 
c\k9  confequently  there  is  one  negative  root. 

Ex.  2. 

Suppofe  x*  +  5x1  ~  jx*  —  29V  +  30  =.  o* 

The  figns  are     +     -f-    —    —    + 

roots  neg.  af.    neg.  af. 

So  there  are  two  affirmative,  and  two  negative 
roots. 


Exi 


jog  <franfmutation  of  B.  L 

Ex.  3. 

Let  the  equation  be  a*  — *ja  +  6  zz  o. 
This  equation  being  defective  is  to  be  compleated. 

a*  *  —  7^  +  6  zz  o. 
mult,  by     <?  +  1  zz  o. 

*«-    *  —  ja*  +  ba 

+  &  *     —ya  +  6. 

^4  -f  a<  —  ;^~h6z  o. 

So  there  are  two  affirmative,  and  two  negative' 
roots  in  this  laft  equation,  and  one  of  the  negative 
roots  being — 1,  (by  the  multiplication  oftor-f-'tbojj 
therefore,  the  given  equation  contains  two  affirma- 
tive roots,  and  one  negative. 

The  reafon  of  this  "rule  appears  from  Art.  10. 
Prob.  40. 


SCHOLIU 


M, 


This  rule  does  not  hold  good,  if  there  be  im- 
poffible roots  in  the  equation  ;  except  fo  far  as 
theie  impoffible  roots  may  be  taken  for  ambiguous 
ones,  that  is,  for  either  affirmative  or  negative  roots. 
As  in  the  equation  *•*  —  6xz  +  13*—  10  zzo,  which 
by  this  rule  gives  three  affirmative  roots,  but  in 
reality  it  has  but  one  root,  which  is  2,  the  reft  are 
imaginary. 

There  are  alfo  fome  rules  whereby  to  judge  how 
many  impoffible  roots-are  in  an  equation,  but  they 
arc  fo  very  tedious,  and  of  fo  little  ufe,  that  1  mail 
not  trouble  the  reader  with  them.  See  Ne%vUn'& 
Univerjal  Arithmetic,  p.   197. 


PRO- 
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PROBLEM    XLVII.. 

To  change  the  affirmative  roots  into  negatives,  and  the 
negatives  into  affirmatives* 

RULE, 

Place  cyphers  for  the  deficient  terms,  if  there  be 
any  ;  then  change  the  fignfs  of  all  the  even  terms, 
that  is,  of  the  fecond,  fourth,  fixth,  &SV.  terms  o£ 
the  equation. 

Ex.  i. 

Given    #i  +  Sx  +  24  =-  o. 

That  is,        #?  +  0  +  Sx  +  24  =  0. 
transformed  x>  —  o  +  8*  —  24—0. 

In  the  given  equation  xzz—2,  in  the  transform* 
ed  equation  ^-  +  2, 

Ex.  2. 
Suppofe    +*+  — 4*5  —  19**  +  io6#  —  120  =to0 
transformed  +  **  +  4**  — 19**  —  iofo— 120  =  o. 

In  the  former  equation  the  roots  are  2,  3,  4 
and  —  5  ;  and  in  the  latter  5,  —  2,  —  3,  and  —  4. 

The  reafon  of  this  procefs  is  plain  from  Art.  1  t. 
Prob.  40.  and  may  be  demonftrated  thus.  In  the 
given  equation,  we  have  +  x  for  the  root.  Now 
luppofe— x  to  be  a  root.  Let  this  be  fubftituted  in  the 
given  equation,  and  it  produces — x* — Sx  +  24=0, 
that  is,  *>  +  8*  —  24  =z  o,  as  in  Exam.  1.  And 
*++4*5  —  19X1—  106.V— 120=0,  as  in  Exam.  2. 
For  it  is  plain,  all  the  odd  powers  of  x  will  now 
be  negative,  which  before  were  affirmative,  the  reft 
remaining  as  before.  Whence  the  figns  of  all  the 
odd  powers  will  be  changed,  according  to  the  rule. 

SECT. 


no 

SECT.     V. 

Ranging  the  terms ;  working  by  general  forms  % 
fubjlitulion  and  rejlitution ;  taking  away  any 
term  of  an  equation ;    extermination  of  un- 
known quantities ;  the  defignation  of  quantities 
by  letters ;  regi/iering  thejieps. 


PROBLEM    XLVIII. 

tfo  range  the  terms  of  an  equation*   or  difpofe  of  theni 
in  the  beft  manner  for  any  operation. 

R    U     L    E. 

TH I S  is  done  by  placing  thefe  terms  foremoft 
that  contain  the  higheft  power  of  the  un- 
known quantity ;  and  in  the  following  places, 
thofe  of  lefs  dimenfions  ;  fo  that  the  powers  in  the 
feveral  terms  may  continually  decreafe  from  the 
higheft,  according  to  the  feries  of  the  natural  num- 
bers. But  in  many  cafes,  the  contrary  method  is 
to  be  followed,  and  the  lowed  power  taken  firft. 


Ex.  i. 

Let  az*  +z*  —  bz*  —  b*  +  ah  zz  o. 
Place  it  thus,  z+  -f-  ax**  *  *  +  ab*  zs  o. 
—  b  —  b* 

Ex.  2. 

Suppofe  x4+ax*+bx1—bxi  +  cxzz dx — afa+bK 
ranged  x*  -f-  ax*  -J-  bxx  +  a-f-  ab*  zz  o. 
—  b  —  d  —  b* 

PRO. 
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PROBLEM     XLIX. 

To  work  by  a  general  form. 

RULE. 

Write  down  each  letter  or  quantity  in  the  ge- 
neral form,  and  after  it  (with  the  fign  zz),  each 
letter  it  teprefents  in  that  particular  cafe;  which 
will  give  feveral  equations. 

Then  caft  your  eye  over  the  general  form,  and 
obferve  the  general  quantities  therein,  and  look  for 
them  on  the  firft  fide  of  the  equations  •,  and  what 
you  find  them  equal  to,  on  the  right  hand,  write 
down,  inftead  of  them,  each  one  by  one,  till  you 
have  gone  through  the  general  form  5  and  you  will 
have  the  folntion. 

When  the  quantities  are  many,  it  will  be  the 
beft  way  to  write  down  the  general  form  firft,  and 
the  particular  one  under  it,  each  quantity  under  its 
correfpondent  •,  then  it  will  appear  by  infpe&ion 
what  letters  to  fubftitute. 

Ex.  1. 

To  involve  aa  —  xx  to  the  $th  power. 
This  is  to  be  done  by  the  general  form  in  Cor,  1. 
Prob.  5.  therefore  we  have 

Ia~  aa      * 
e  ~  — xx 
n-  5, 


Whence    a  +  ezzaa  —  xxzzaa    +  5  X  a  a  X 
—  xx  +  5  x  ^Z-i  x  ~a  X  *<•  +  5  X  5~  *  X 


3  234 

*aXx*+5X^l  X  ^Zl  X  £=J  X  5— 

2  3  4  5 

X  —  *10  =  ato  —  5a*  x%  +  ioa6x*  —  loa+x*  +  $aax* 
—  xl%  the  power  required,  Ex. 
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Ex.  2. 

Ex  trail  the  fquare  root  of  zS  — V^oo. 
This  is  to  be  done  by  the  form  in  i  Rule,  Prob.  32* 
Here  Az:28,  B=zy/^oo9  D=lV/'784— 300=22$ 

S— v/— - 5>    s/— 


<i%  —  22 


*/ — =v/3 ,  Therefore  >/A  —  B  =  5  —  ^3, 

the  root  required, 

£x.  3. 

"To  find  a  quantity  ^  by  which  if  \/i  —  {/6  be  muU 
tipliedy  the  product  will  be  rational. 
This  is  to  be  done  by  Prob.  %6* 
Here  n  zz  5,  A  n  2,  B  z=  6.    And  the  multiplier 

v/16  +  v/8  X  6  +  v/4  X  36  +  y/2  x  216  + 

5 
v/1296. 

mult.  y/i6+^/Sx6+\/4X3^+\/2X2 1 6+y/i  296 
by    v/2  —  v"6 

\/32  +  >/96  +  \/8  X'  36  +  ^/4  X  2 16  +  vA592 

—^96—^/8x36— v/4X2 16—^/2592—^/7776 

« '     '''■  ■ "       '"  ■  ■" *'» 

2  —  6  5:  —  4,     product. 

PROBLEM    L. 

To  fhorten  the  work  by  fubftitution  and  rejlitution. 

In  any  operation,  when  the  quantities  grow  very 
numerous,  or  very  much  compounded,  it  will 
make  the  work  very  tedious ;  and  therefore  it 
ought  to  be  made  fhorter  as  follows. 

RULE, 
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RULE. 

Aflume  a  new  letter  to  reprefent  or  fbnd  for  any 
number  of  given  quantities-  and  likewife  fomfc  dif- 
ferent letter  to  ftand  for  the  coefficient  of  any  power 
of  thj  unknown  quantity  ;  do  fo  fo*  as  many  of  the 
coefficients  as  are  compounded  Likewife,  put  let- 
ters for  the  numbers  concerned  ;  then  work  with 
thefe  inflead  of  the  or  ginal  quantities,  which  will 
make  the  work  eaiier.  And  this  is  called  Sub/ti- 
tution. 

When  the  operation  is  over,  each  number  or 
compound  quantity  muft  be  reftored  again  inftead 
of  us  letter  9  and  this  is  called  Rejtitution. 

Ex.  i. 

Let  aa  +  ba  —  ca  -f  da  z=  dc. 

Put  s  -=.  b  —  c  -f-  d.    Then  the  equation  becomes 

aa  +  sa  zz  dc, 

Ex.  2. 

,        / bx    ; 

Let  a  —  2xxs/aa  —  xx  =  Cx> -*dx% +  cx* 

Put  c  —  dzzp.     Then 

bx 

a— 2X^aa  — xx  zz—-^. 

multiply  by  pxx  +  ex.     Then    

apXx  —  2pxl  -+-  acx  —  itxx  X  \/aa  —  xx  ~  bx. 
Put  ap  —  ?.c  zz  q.     Then 
qxx  —  2px*  +  acx  X  \/aa  —  xx  zr  bx. 
or   acx  -h  qxx  —  ipx*  X  y/aa  —  xx  =z  bx. 

fquared  acx  -+-  qxx  —  2/wa  X  aa  —  xx  zr  hbxx,  &c. 
where  the  values  of  p7  q7  may  be  reitored. 

I  PRO- 
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PROBLEM      JLI. 

To  take  away  the  fecond  term  of  an  equation* 

RULE. 

Divide  the  coefficient  of  the  fecond  term  by  the 
index  of  the  higheft  power ;  annex  the  quotient, 
with  its  fign  changed,  to  fome  new  letter,  which 
fubflitute  for  the  root,  in  the  given  equation. 

Ex*  i. 
Suppoje  a*  +  aa  —  10a  +  8  zz  o. 
Put  e  —       zz  a.     Then 


j 

a3  zz  e'  — 

r 

+  7  +  5 

4-  aa  zz      4- 

ee 

2                 I 

""    3    _  9* 

~-IO£  zz 

to 

—  10*  +  y 

4-  8    zz 

+  8 

o     zz  e*  * 

-i©£"+  II, 

required. 

£#.    2. 

2>/  jy4  —  8*?'  +  a*  zz  o,  fo  £/w#. 

Let  y  zz  #  4 zz  x  +  20.     Then 

4 
^*  zz  #*  +  8tf#*  +  24.a1xz  4-  32^^  +  10a4- 
—  8#j?  zz     —  $axl  —  \%azxz  —  g6a*x  —  64a4- 
4-     a*  zz  4-      ** 

o        zz  %+    *    —    2^azxi  — 6^x  —  4/'^4zzo. 

Sflfo/.  Hence  by  this  and  the  43d  problem,  an 
equation  may  be  found,  which  wants  the  laft  term 

but 
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but  one.  For  if  the  fecond  term  be  taken  away  by 
this  problem,  and  the  equatio  transformed  by 
Prob.  43,  you  will  have  the  equation  required. 

P  F  O  B  L  E  M    LII. 

To  take  away  any  term  out  of  an  equation. 
RULE. 

Take  a  new  letter  for  the  root,  to  which  add  an 
unknown  quantity  ;  and  fubftitute  this  fum  and  the 
powers  thereof,  into  the  given  equation.  Then  any 
term  put  equal  to  nothing,  w;!i  determine  the  va- 
lue of  that  aflumed  unknown  quantity. 

Ex.  1. 

Suppofe  x*  —  %x%  +  %xz  —  ex  —  2  zz  o. 

Putjy  +  e  zz  x.     Then 
**    ~  y*  -+-  4.y'e  +  6yyee  4-  4ye>  -f  e* 

—  %x*  zz      —  3JJ  —  gyve   —  gyez —  3*1 

+  y?  =  +  W     +  fye  +  3e*  }—o. 

—  5xzz  —by—Se 
+   2    ±  +2 

Then,  if  the  fecond  term  is  to  be  taken  away, 

make  $ye — 3yl  zzo>  or  4^1=  3  ;  therefore  ezz~. 

4  • 

Ex.  2. 
The  fame  fuppefed  •,  to  take  away  the  third  term. 

Here  we  (hall  have  6yzee—^yze  +  %yy  zz  o  ;  re- 
duced, iee  —  3^+1  =  o,  the  refolving  of  which 
quadratic  equation  gives  the  value  of  e,  Theny  +  e 
gives  the  value  of  x,  fo  that  the  third  term  may 
vanifh. 


J  2  Ex. 
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Ex.  3. 

The  fame  thing  JIM  fuppofed ;    to  take  away  the 
fourth  or  fifth  term. 

For  the  fourth  term,  4^  —  gez  +  6e —  5=0,  a 
cubic  equation  whofe  root  is  e ;  andjy  +  e  znx* 
makes  the  fourth  term  vanilh. 

For  the  fifth  term,  e*  —  3^  +  %ez  —  y  +  2  zz  o,  a 
fourth  power  whofe  root  is  e.  Then 
j  4-  e  zz  x,  which  fubftituted  in  the  equation, 
makes  the  laft  term  vanifh. 

Cor.  1.  Hence  the  third*  fourth*  fifth,  Szc.  term* 
may  be  taken  out  of  the  equation  *  by  refolving  a  qua- 
dratic* cubic*  fourth  power,  &c.  equation. 

Cor.  2.  Hence  if  the  laft  term  of  an  equation  (as 
?+  —  3^  -f-  %ee —*  $e  +  2)  be  zz o,  then  one  root  (x)  is 
=z  o  ;  for  then  #  >-  o,  or  x  will  divide  the  equation. 
If  two  of  the  latf  terms  be  z:  0,  two  values  of  the  root 
will  be  zz  o,  and  [0  on.  But  if  the  laft  term  does  not 
vanifh*  there  is  no  root  zz  o. 

Schol.  After  the  fame  rule  any  term  may  be  made 
equal  to  any  given  quantity  ;  by  putting  the  faid 
term  equal  to  that  quantity, 

PROBLEM     LIII. 

To  exterminate  a  Jingle  letter*  or  a  quantity  of  one  di- 
menfion*  out  of  fever  al  equations. 

1     R    U    L    E. 

Seek  the  value  of  the  quantity  to  be  expelled, 
in  two  equations  ,  and  put  thefe  values  equal  to 
one  another. 


Ex. 


Se&.V.    EXTERMINATION.  117 

Ex.  1. 

Let  a  +  x  =  h+y?    t0  atmninaU 
and  2x  +  y  zz  30       ^  J 

By  tranfpofing  £,  a  -f-  x  —  b  zzy,  and  by  tranfpo- 
fing  2#,  yzz^b — ix.     Therefore  a  +  x— Izz^b— 2X. 

And  by  reduction  %x  zz  \h  —  a^  and  x  zz  7,       .    . 

3 

Ex.  2. 

Let  aX-2by~abl    tg  exUmimt 
and    xy  zz  bb9  S 

T  T  7  7  j  ax  —  ah 

Here  ax  —  ab  zz  2by,  and  y  zz . 

2b 

Alfo  y  zz  —  •,   therefore  GX~a    _.  —  ?   ancj  re- 

X  2b  x 

ducmg  xx  —  bx  zz  —  • 
a 

2    RULE. 

Find,  by  reduction,  the  value  of  one  unknown 
quantity,  in  one  equation  ;  and  fubftitute  that  va- 
lue for  it,  in  all  the  other  equations.  Proceed  thus, 
with  another  unknown  quantity,  &?V. 

Ex.  3. 

Let  a  +  x  zz  2b  — y  }  ,7 

and  3axly*  =  2      y\  to  t*ptll3. 

By  the  fir  ft  equation  y  zz  2b  —  a — tf,  put  this 
value  in  the   fecond  equation  ;    then 


?qx  —  xx  2b  —  a  —  x  zzd,  that  is,  iax —  2bx  -{-  ax 
'+  xx  zz  d,  or  ^ax  —  ibx  +  xx  =;  d. 

I  3  Ex, 
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Ex.  4. 

Suppofe    x  +y  +  zzza  ^ 

3y  —  #4-  2Z>  to  expunge  z  dndy. 
az  zzxy  J 

By  the  firft  equation,  z  zz  a  — # — yy 
By  the  fecond  equation,  gy  zz  x  +  2a  —  ix  —  2y% 
By  the  third,  a  X  a  —  x—y  zz  xyy 
or     aa —  &x  —  ay  —  xy. 

The  former  reduced,  57  =  2*  —  x. 
and  fince  aa  —  ax  —  ay—  xy. 

From  tbefe  to  expunge  y. 

By  the  former  y  zz  — —  >  and  by  the  latter 

5 
<w  —  *x  =  tfjy  +  *y,  and  j  zz  ^~^ •    Therefore 

2^  —  *  —  aa~ax  5  in  whkh  equation  there  is  only 
one  unknown  quantity  x. 

Cor.  1.  i?y  each  given  equation*  one  unknown  quan- 
tity may  be  taken  away.  And  consequently  when  there 
are  as  many  equations  as  unknown  quantities?  they  may 
be  all  taken  away  but  one. 

Cor.  2.  If  there  be  more  unknown  quantities  than 
equations',  there  will  remain  in  the  laft  equation  more 
unknown  quantities  by  1,  than  that  excefs  amounts  to. 

PROBLEM     L1V. 

"To  exterminate  an  unknown  quantity  of  feveral  di- 

menfwns. 

1      RULE. 

Find  the  value  of  its  greateft  power  in  two  equa- 
tions ;  then  if  they  are. not  the  fame,  multiply^ 
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lefler  power,  lb  that  it  may  become  equal  to  the 
greater.  Th  n  put  thele  valuer  equal  to  each  other, 
and  there  vv;ll  come  out  a  new  equation,  with  a  lefs 
power  of  tne  unknown  quantity.  And  by  repeat- 
ing this  operation,  the  quantity  will  at  lad  be  Ta- 
ken away. 

Ex.  1. 

Let  aee  +  be  -f  c  —  o  ?    , 

j  *     .  7  r  to  expunge  e. 

ana  fee  +  ge  +  h  zz  o  )  r    6 

By  tranfpofing  and  dividing,  —  ee  zz    e      C,  and 

a 

-ee=Z±±t.     Therefore  *L±£  zz  IL+*  . 
/.  *  / 

And  multiplying,  bef  ^-cfzzage  +  ah,  and  by  tranf- 
pofing,   bfe  —  age  zz  ah  —  <:/,     and    dividing, 

e  zz       .".""v..     And  multiplying  by  — ?, 
bf—  ag 

-eezz~ahe  +  cfe .     Whence  !i±i=rf*l±^. 
bf—ag  a  bf—ag 

And  multiplying  alternately,v££/<?  -f-  ^r/* —  dfo* —  age 
zz  acfe  —  aahe.     And    tranfpofing    and    dividing, 

t  =  — - *ff     — L .     Therefore 

bbf  •—  ##£  — ■  acf  +  ### 

ah  —  cf  __ age  —  bef _,  . 

*/^  -  «f=7^  _  acf  +aah'  l  ne"  muIci" 
plying  and  reducing,  hhaa  +  egga  +  ££/£  zz  o, 

—  a#  —  Ag/f 

—  bgb    +  rry7 

2     RULE. 

For  two  quadratic  equations. 

ax1  +  hx  +  c  zz  o,  7    , 
and  /#*   +  £*  -M  =0,  S    ^  terminate  x. 
Here  4  />,  r,  /,  ^  ^  are  either  giyen  quantities 

I  4  or 
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or  compofed  of  given  quantities,  and  fome  other 
unknown  quanrtyjy,     Thus 

make  bf —  ag  zz  A,  bh  —  egzz  B,  and  cf —  ah 
zzD,  then  AB  +  DD  zz  o. 

To  prove  this  rule,  we  have  —  xz  zz    x       .  — 

a 
&■%  x  b  —— —  _ — . 

— 7 — ,  which  reduced  is  bf — agxx  +  cf—ahzzo-, 

that  is,  Ax  +  D  zz  o.     Whence  A**  +  Dx  zz  o; 

D  v        bx  —I-  c 
therefore  —  xx  zz  -rl  zz  . — -I— ,  which  reduced 
A  a 

rA  Dx 

is'y  zz — •    In  like  manner  —  xx  zz  —  zz 

aD  —  bA  A 

€fjl_  ,  which  reduced  is  x  zz .  Whence 

/  /0~gA 

fA        =  _:Ji .     And   this  reduced  is 

aD  —  bA       fD—gA 
^abxD+bb—cgxAzzo,  that  is  AB+DDzzo. 

The  Newtonian  Rule  is, 


abxab  —  tg—2cf  +bf  xbh  — eg +cXagg+cff  zzo< 

3     R    U    L    E. 

for  a  cubic  and  a  quadratic  equation, 

ax7*  +  bxz  +  ex  -h  d  zz  o, 
and     fxz  +  gx  +  *  =  °- 

Make  JT^7h  zz  D,  y£  —  *£  zz  A. 


For,  multiplying  the  firft  equation  by/,  and  the 
lccond  by  ax*  and  fubtrafling  one  from  the  other, 
we  have  bf—agXx1  +fc  —  abxx  +fd  zz  o  -,  and 
fince/**  +  gx  +  b  zz  o,  thefe  two  equations  come  un- 
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der  thelaft  rulemaking  azzbf—ag9  bzzfc^-ah.czzfd. 
And  A=fXfc^al>—gXbf--ag,Bzzbxfc--ab—fdgi 

T)  —ffd  —  h  X  £/ —  4?. Whence  by  that  rule, 

fxtc  —  nh  —g  X  bj  —  ag  X  A  X  A  —  a£  — /<fe  + 
j5^  —  h  x  ^/ —  cig,  —  o,  that  is,  according  to  thg  pre- 
fent  defignation  of  the  letters  A,  B,  C  j/D  — gA  X 
hV  —fdg  +ffd—hAz  zz  o. 

The  Newtonian  Rule  is9 


ahh  yeah  —  bg  —  icf  4-  hfh  Xbh  —  eg  —  2df 
+  eb  —  agxagg  +  eff  +  dfx  $agb+bgg+aff 
4     RULE. 
For  a  quadratic  and  a  fourth  power  * 
ax*  4-  bx%  +  ex2-  +  dx  +  e  zz  o, 
and         fxz  +  gx  4-  b  zz  o. 
Make  A  zz  bf —  ag9     D  zz  cf —  ah. 


zzo. 


Then  dp  —gfP+gg—fkx  A  X  dhff—egff—hbA 
+  */*  +^A  —fbDf  —  o. 
For,  multiply  the  firft  equation  by  /,  and  the  lat- 
ter by  tfxtf,  their  difference  will  be  bf  —  agX  *3  + 
cf—abX  xz  +  dfx  +  efzzo.  Or  A*5  +  Dx1  +  dfx 
+  ef—o.  And  fince/**  +  gx  4-  £  zz  o.  Therefore 
thefe  two  equations  come  under  the  laft  rule  •,  in 
which  writing  A  for  a,  D  for  b9  df  for  ey  ef  for 
d\  and  laftly/D— ^A  inftead  of  A,  and  ffd—  hA 
for  D,  you  will  get  the  rule,  as  above. 

The  Newtonian  Rule  is9 
afaXah —  bg —  2<r/4-  bfhh  X  ^  —  eg — idf 
+  *|g  4-  <:/  x  f  £&  —  dgb  +  *g£  —  2<?/£ 
+  <//&  X  3/y£  +  fog  +  #  r  =°* 

-\-effX2ak,  :b —  dfg  +  eff  \ 

—  efgb  X  tg  +  lab  3 

*     RULE. 


1  - 


122  EXTERMINATION.  B.  I. 

5    R    U    L    E. 

For  two  cubic  equations. 

ax*  4-  bxl  4-  ex  +  d  zz  o, 
andi/#*  +  £**  4-  hx  4-  £  zz  o. 
Make  A  s±  */—*£,  C  =  df—  ak9  D  =  cf—  ah; 
and  P  =  *Aa  —a  AC  —  MD  +  aDD, 
QzzcAC  —  aCC  —  dAD, 
R  zz^AA  — MC+^CD. 
Then  PQ  +  RR  =  o. 

For,  multiply  the  firft  equation  by  /,  and  the 
latter  by  a,  and  their  difference  will  be  found 
[f—  ag  x  x"  +fc—abxx  +fd—ak  =  o  •,  that  is, 
A**  4-  D#  4-  C  zz  o.  And  fince  ax*  4-  £**  +  ex  +  d 
zz  o-,  thefe  two  equations  come  under  the  third  rule; 
in  which  writing  A,  D,  C  for/,  g9  b,  refpefiively  ; 
and  likewife  c A  ~- *C  for  A,  and  bA  —  aD  for  D  j 
the  rule  will  be  evident. 

$he  Newtonian  Rule  is, 


4-  ah  —  bg  —  icfx  adhb  —  achk 

4-  Idfh  x  ah  +  hh  —  eg  —  idf 

+  aakk  xbk  —  ak  +  2gc  4*  $df 

4-  bbfkxbk —  idg  ■ 

4-  cdh  —  ddg  —  cck  4-  ibdk  X  agg  4-  eff 

+  3*ib  +  bgg  4-  dff—  zafkx  daf 

+  befk  X  eg  4-  # —  3**  —  bb 

—  agk  X  bbk  4-  Qfidh  +  cdf  zzz  o. 

6     R    U    L    E. 

For  a  cubic  and  a  jourth  power, 
ax*  4  hx*  4-  cxz  4-  ^  4-  c  zz  o, 

rt»i       /v5  4-  £#*  4-  £*  4-  k  zz  o. 

Make  A  -fb  -+agt  C  zzfd  —  ak,  D  zz  cf—nh. 
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Then  put 
p  =zCxfD—  Jax— AXfJJ^JK  xj^kk  — 
D  x/D—jA  x/C  —  bA  +  A  xfC  —  bA\ 
Qui  C  xfD  —  gA  xffe—kA  —  A  xffe  —  kA^ 

—  efxfD  —gAx/C  —  bA^ 

RzzefxfO  — £A2  —  D  X  fD—  gA  X  ffe  —kA 
+  Axffe  —  kAxfC  —  bA. 
Then  PQ  +  RR  =•  o. 

Or  thus, 
Put  E  zzfD—gA,  F  zzfe  —  kA,  G  zz/C  — £A, 
P  zz  Ch  — AFx£  + AG  — DExG, 
Q  zzCE  — AF  X  F—  feEG, 
R  zzfeh  —  DF  X  E  +  AFG. 

Then  PQ  +  RR  zz  o,  as  before. 

For,  multiplying  the  firft  equation  by/,  and  the 
laft  by  a,  the  difference  is  Ax *  +  Dxz  +  Cx  +  efzz  o. 
And  fince/*3  +  gx"  "h  bx  +  £  zz  o  •,  it  will  come  un- 
der Rule  5,  in  which  write  A,  D,  C,  */,  for  #, 
£,  r,  ^  refpedlively ;  and  likewife  /D— ^A, 
ffe  —  kA,  and/C  —  A  A,  for  A,  C,  D,  refpedive- 
ly  ;  and  the  rule  will  appear. 

.£*•.  2. 

Let  xx  +  5*  —  3;7  zz  o, 
tf«^  3*,#  —  2yx  +  4  —  05, 
to  exterminate  x. 

By  Rule  2,  *  zz  1,  b  =  5,'  •  *  =s  —  ;{j>',  /r=  3, 
£:=  -^2v,  &zz  4,  and  A  zz  15  +  2ft  B  zz  20— 6y\ 

P  =:  —  9_yy  —  4- 

Then  AB  4-  DD  zz  15  -f  27  X  20  -|L  6y3  + 

—  W  —  4'  =  3°°  +  497  —  9°?*  —  1 2^+  +  %4  + 
7?/-  +  i&  zz  o. 
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Ex.  3. 


Suppofe  y*  —  xyy  —  3*  zz  o, 
and  yl  4-  *>y  —  xx  +  3  zz  o, 

/<?  expunge  y. 

Here  by  Rule  3,  isi,  j= — *,  czzo,  dzz-^3*. 
and    f  zz  1,  g  zz  x,  b  zz  —  ;  v  +  3. 
alfo  Az  —  *  — *  zz  —  2*,  D  zz  xx  —  3. 

yD  —  gA  zz  xx  —  3  +  2xx  zz  3**  —  3, 

£D— fdgzz— x*  +  6xz— g  +  ^x'zz—  x^  +  gx1— 9 

Jjf_  £A  zz  —  3*  — 2*?  +  6jg  =  3*  —  **?- 

Then  3**— 3X—  x*+9*x— ^  +  i^—  ^5I2  =0. 

Or,  —  3*6  +  27**  —  27^  +  3^—27^  +  27  +  9** 

—  1 2#+  +  4*6  zz  o. 
And  reduced  x6  +  18*4-  —  45**  +  27  zz  o. 

2s#.  4. 

and  2y*+'xy%  —  4xi=o9)  r    £>    J 

By  Rule  6,  *=i,  5zzo,  ;zzo,  ^=—3**,  ezz? 
/  zz  2,  g  zz  *,  £  zz  o,  k  zz  —  4**. 

Then  A  zz  —  *,  Cz:  —  zx\  D  zz  o.     Whence 
E  zz  **,  F  zz  12  —  4*+*  G  zz  — 4**.     And 

p  zzz —  2XS  +  12*  —  4*5  X  x*  +  4^4-  X  — 4*5 

ZZ  I2*<  6^7  l6*7  —  I2*3 22*7, 

Q  —  —  2*5  -+-  12*  —  4*5  x  12  —  4**  +  24^s 

=    T2*  —  6*5  x  1 2  —  4#+  -1-  24*5 
zz  144* — 96X*  -f-  24*% 

R  zz  6**  ■+•  4*+  X  1.2  —  4*+  zz  54*+  —  16**. 


Whence 
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Whence 
PQ  +  RR  =  12** —  22#7  X  144* — 96^  +24^9 

-f  54#4 —  1 6x*\  —1728^ — 4320**+. 
2400X11 — c,i%xi6  +  i9^6xy — ij28xlZ-\-256xl6z=.o. 
Reduced,  6SxiZ —  i6S*8  +  351** —  432  =:  o. 

Scholium. 

In  the  folution  of  determined  problems,  you  will 
often  have  three  or  more  equations,  involving  as 
many  unknown  quantities.  Then  thefe  muft  be 
exterminated  one  after  another,  by  degrees,  by  re-> 
peating  the  foregoing  rules  •,  till  at  laft  there  re- 
mains only  one  unknown  quantity  contained  in  one 
final  equation.  But  a  perfon  ufed  to  thefe  forts  of 
computations,  will  often  find  fhorter  methods  than 
by  thefe  particular  rules,  but  the  finding  thofe,  is 
only  to  be  attained  by  conftant  practice. 

PROBLEM     LV. 

To  defignate  or  denote  any  affeftions  of  literal  quanta 
ties,  as  fums,  produft 's>  &c. 

RULE. 

The  original  quantities  being  written  down  ;  any 
affections  of  them,  as  fums,  differences,  products, 
quotients,  &c.  are  got  by  the  rules  of  algebraic 
addition,  fubtraction,  multiplication,  divifion,  &c. 
before  laid  down. 


Ex. 
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DESIGNATION. 


B.I. 


Ex.  a 

There  are  two  quantities,  a  the  greater,  and  e  the 
leffer,  to  find  the  fum,  difference,  producl,  &c.  as 
follows. 


The  fum  -  -  -  -  a  +  e 
difference  -  ----#  —  e 
product     ----.-#£ 

greater  divided  by  the  lefs  -f- 
leffer  divided  by  the  greater  — 


aa  -f  ee 


aa 
2a 
2e 


ee 


fum  of  their  fquares 
difference  of  their  fquares 
fum  of  their  fum  and  diff. 
diff.  of  their  fum  and  diff. 
prod,  of  the  fum  and  diff. 
fquare  of  the  fum 
fquare  of  the  difference 
fum  of  the  fquares  of  the) 

fum  and  difference  f  2aa  +  2ee 
difference  of  the  fquares  of  ) 
the  fum  and  diff.  ) 
fquare  of  the  product     - 
cube  of  the  greater     -     - 
cube  of  the  leffer     -    -     - 
cube  of  the  fum     -     - 
cube  of  the  difference 


a -hex  a — e,  or  aa—e? 
aa  +  2ae  +  ee 
aa  —  zae  +  ee 


^ae 


aaee 

a* 

e* 

a*  +  %ale  +  %aez  +  el 

az  —  %aze  +  %aez  —  e*» 


Eft* 
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Ex.  2. 

There  are  two  quantities  who fe  fum  is  b9  and  the 
greater  is  a  5  what  is  the  lej/er9  the  difference^  &c. 

Leller    -     -   -     -     -     -     -.3  —  a 

difference      -      --     -     -     20 —  h 

produdt ab  —  aa 

greater  ~  by  the  lefler     -    -    f 

h  —  a 

fum  of  their  fqua^s      -      -     2aa  +  bb—2ba 
difference  of  thei  i  fqQarCS         2ba  —  bb 
fum  of  the  fum  and  difference  la 

difference  of  the  fum  and  difO     . 

ference   ]2b  —  ™ 
product  of  the  fum  and  dif->      . 

ference  l2^-^ 

fquare  of  the  difference  ^aa  — qah  +  lb 

differenceof  thefquaresoftheT 

fum  and  difference  J4     ~  4aa 
fquare  of  the  produft       -      ab\  —  2fo?  +  a* 


Ex. 
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Ex.  3. 

There  are  two  quantities  the  greater  is  a,  and 
the  greater  is  to  the  leffer  as  r  to  s,  what  is  the 
kjjer,  &c. 

The  leffer  (r  :  s  :  :  a  :)     -  .  -    -    — 

r 

the  fum    -~-~~--aH 

r 

difference    -----^-^ 

r 

product     --------    — 

fum  of  the  fquares     -     -     -     aa  -\ - 

rr 

difference  of  the  fquares    -     -  a  a — 

rr 

greater  divided  by  the  leffer    <-     ~    — 

s 

product  of  the  fum  and  differ,    a  a 

rr 

fum  of  the  fquares  of  the  fum  >  issaa 

and  difference  3  rr 

difference  of  the  fquares  of  the  fum  *  4saa 

and  difference  3  r 

the  fum  divided  by  the  greater  -  r    1  -\ ! 

r 


s 


the  difference  divided  by  the  leffer    —  —  1. 
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Ex.  4. 

The  producl  of  two  quantities  is  p9  and  the  tejjir 
is  e,  what  is  the  greater^  &c. 

Greater     -    -     *..  -  ••  .»    - 

lum     - -     ■ 

difference     -     -     •     -    .    . 
leffer  -7-  by  the  greater    •   -    - 

fum  of  their  fquares     -      -     - 

difference  of  their  fquares  -  - 

fum  of  the  fum  and  difference 
diff.  of  their  fum  and  diff.  -  - 
fquare  of  the  fum     -     -     - 

fquare  of  the  difference     -   • 

diff.  fquares  of  the  fum  and  diff.    4p 

p  +  ee 

the  fum  ~  by  the  difference . 

J  p  —  ee 

PROBLEM     LVL 

To  keep  a  fart  account  of  thefteps  in  any  operation. 

In  long  and  tedious  operations,  it  is  neceffary  to 
Jliew,  how  one  ftep  is  produced  from  another,  or 

K  one 


J? 

e 

e 

p  —  e 
e 

ee 

t 

ee 

ee 

e 

■  -  le 

m  tt  +  2p  +  ee 

ee 

-  %L  —  zp  +  ec 

ce 


*3° 
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one  equation  derived  from  other  foregoing  ones  5 
which  to  explain  in  words  would  take  up  a  great 
deal  of  room.  Therefore  the  method  of  tracing 
the  feveral  fteps,  will  be  beft  done  by  regiftering 
them  in  the  margin. 

RULE. 

Againft  every  ftep  write  the  numbers  1,  2,  3, 
t£c.  in  order,  and  let  down,  in  the  margin  on  the 
left  hand,  the  ftep  or  fteps  in  figures,  that  each 
ftep  is  produced  from  ;  with  the  figns  -f  —  x> 
(s?<r.  according  to  the  feveral  operations,  ufed ;  by 
which  means  one  may  fee  at  one  view  how  any 
equation  comes,  or  is  produced  ;  and  when  an  ab- 
folute  number  is  regiftered,  it  muft  be  put  in  a  pa- 
renthefis  (  ) ;  and  if  any  quantity  is  added,  fab- 
traded,  &c*  it  muft  be  put  down. 

Example. 


Let 


\ 


I 

+ 

2 

I 

■    2 

I 

'  X 

2 

J 

-r 

2 

I 

\w 

IP 

4 

& 

2/> 

3 

+ 

7 

4 

X 

5 

3 
4 

+ 

(4) 
(4) 

9  —  v  a  -\-  e 

3   =   '3 


12 


3  +  e  zz  b9 
a  —  e  =  c. 


a  zz  b  +  c 
e  ~  b  —  c 

a  ■ —  ee  zz  be 

c 


a  —  e 

a  +  e  zz  \/£ 


4**  zz  ^  —  2^  +  rr 

+  VT+T  zz  £  +  c  +  v/* 


2^ 


o  laae  —  2^  z  £fo  —  bcc 
ia  +  4.zzb  +  c  +  4 
e  _ .  b  —  c 


i  4  

3  2^  zz  £  -f-  c  +  y/b—  \/a  +e 

\b  +  czzb  +  c+^/5 ~-<Sa  -f  e. 
c. 

E  X  P  L  A« 


[4 

&c 
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Explanation. 

1  +  2  fignifies  that  the  third  ftep  is  found  by 
adding  the  firft  and  fecond  fteps  together,  1  —  2 
fignifies,  the  fourth  ftep  is  got  by  fubtracting  the 
fecond  from  the  firft.  Likewife,  the  fifth  ftep 
(1  X  2)  is  had  by  multiplying  the  firft  and  fecond  : 
the  fixth  ftep,  by  dividing  the  firft  by  the  fecond  : 
the  feventh,  by  extracting  the  fquare  root  of  the 
firft  :  the  eighth  (4.&2P)  is  had  by  fquaring  the 
fourth  :  the  ninth  (3  -+•  7),  by  adding  the  third 
andtfeventh  fteps  :  the  tenth  (4  X  5),  by  multi- 
plying the  fourth  and  fifth  fteps :  the  eleventh 
(3  +  (4)  ),  is  had  by  adding  the  number  4  to 
the  third  ftep  :  the  twelfth  (4  -f-  (4.)  )>  fhews  thaC 
it  is  gained  by  dividing  the  fourth  ftep  by  the  num- 
ber 4  :  and  the  thirteenth  (9  —  \/a  -+•  e)t  is  had  by 
fubtradting  s/a  4-  e  from  the  ninth  :  the  four- 
teenth (3  =  13)  is  got  by  making  the  third  and 
thirteenth  equations  equal  s  and  fo  for  others. 


•#• 


K  2  SECT. 
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SECT     VI. 

Infinite  Series. 


AN  infinite  feries  is  formed,  either  by  a&ually 
dividing  any  fractional  quantity  having  a 
compound  denominator,  or  by  extracting  the  root 
of  a  furd  ;  and  fuch  feries  being  continued  will  run 
on  ad  infinitum^  in  the  manner  of  a  decimal  frac- 
tion. And  in  many  cafes  the  law  of  the  progref- 
fion  of  the  terms  will  be  evident,  by  obtaining  a 
few  of  the  foremoft;  and  confequently  may  be 
continued  without  actually  performing  the  whole 
operation. 

PROBLEM    LVII. 

To  find  the  value  of  a  fraction  or  furd,  to  be  defignated 
by  an  infinite  feries. 

i     RULE. 

Proceed  in  the  fame  manner  as  is  taught  in 
Prob.  iv.  Rule  2.  for  divifion  •,  or  in  Prob.  vi. 
Rule  2  and  3,  continuing  on  the  operation  at 
pleafure. 


E* 
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Ex    i. 


Let        be  given. 

a  —  x       6 


x)ax  (  x  +  -  +  -  +  -  +   &c 


4-  #tf 

4-  XX  — r  — 

a 

+  x- 

a 

a 

AT* 

aa 

+ 

X-  &c. 
aa 

Therefore 

.,*+sV-4  *  +  -+■£** 


*  — #  a        ##       «J        #4       #* 

*^  infinitum. 


K  3  JEW 
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Ex,  2. 

Let  the  fraftion  r — —  be  propofed, 

,aa      aax      aaxx      aa&   ,  aax*  «* 

»  +  j0„  +  o(7— w+-p F+-ir&c 

aax  Anfwer. 

T  +  ° 

-aax       aaxx 


b  bb 


aaxx 

aaxx       aLx^ 
~Jb    +  ~fi 


— r-       &C. 
£3 


Or   thus* 

Al,v         .        /^        <w£    ,    a^b*        a1!)3    d 

#  +  b)  aa  +  o  ( j &c. 

\  x         xl  x*  x* 

,   baa 
•     aa  + 

x 


—baa 

x 

-aah        aalh 

X  XX 


4-  &c. 


£*. 
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Suppofe 


Ex.  j« 

1 


I  4-  XX 

1  +  xx)i  +o(i-w  +  ^-»6  +  ^8-  &c< 

I  +  XX 


XX 

XX  —  x± 


+  x± 

4-  x*  4-  *6 

—  #6  —  a;3 

4-  xs  &c, 

£*.  4- 

x  I   ' 

Let  the  fraftion  be   - . 


I   4-  AT2" 3# 


4  +  **—3#)  2*'*—  x$  4-0  (2X2— 2*4-  7**~ —  J3#* 

2X*  +  2tf  —  6X?  +  34**    &C 


2X  + 

ZXi 

— 

2*  — 

1 
2#2 

4- 

6#* 

+ 

7*1 

— 

6** 

-!- 

3 

+ 

?**- 

-2XX 

13** 

+  2  I X  * 

I  2XZ 

—  i3^?: 

1     ,  >«  v5 

+  j4**    &c. 

K  4  £*• 
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Ex.  5. 

ExtraSt  the  fquare  root  of  aa  +  xx. 

/       .     XX  x4-      ,       X6  Z)X% 

aa  +  xx  (  a  + -\ - 

V         2a       %ar        ifc*y        lit  a? 

aa  +  &x.  zz  v  aa  -{-  ## 


la  +  — )  o  +  ## 
2#' 


+  ##   -|-   r 

4^ 


#         8#>  y 


4<2# 


4<2<3       bV       64^ 


,     XX  X*      0  \       ,      AT6  .Vs 

2tf  -| —  — -  &c.  )   4-  ~ 7— 

/2  N/Zi  /  h/Z*  t)AV. 


8#;  8<z4       64*3 

16a 


-#£     &c. 


Here  fuch  terms  are  neglected  whofe  dimenfions 

exceed  thofe  of  the  laft  term  — ,  to  which  the 

izSa7 

root  is  to  be  continued.      By  the  fame  way  it  may  be 

. aa         a*> 

extracted  in  this  form  v  xx  -f  aa  ±z  x  +  ~-        j-j 

+  J? &c. 

j6#* 


ILX* 
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Ex.  6. 

Extrafi  the  cube  root  of  1  —  xh 

From  1 — xH  1 — —  —    &c. 

take     1  V  3        9        ** 


3)-*3 


From     1  —  xz 

+  l!_ 

27 


,                    ,   .   x6       x?                xA* 
take       1  —  *3  + n  1 • 


\        x6   ,    x9 
0  /       3        27 


From    1  —  x* 


take     1  —  x*  *  +  51.  &c.  zr  1  —  —  —  ~! 
27  3        9 


J         27 


5x9     © 
&c. 


2     RULE. 

AfTume  a  feries  with  unknown  coefficients,  to  re* 
prefent  it.  Which  feries  being  multiplied,  or  in- 
volved, £jc  according  as  the  queftion  requires  ; 
the  quantities  of  the  fame  dimenfion  mud  be  put 
equal  to  each  other ;  from  which  equations,  the 
coefficients  will  be  determined. 

Ex,  7. 

Let       he  given. 

a  —  x 

Suppofe  — —  =  A  +  B*  +  Cx1  -f  D#*  +  E#* 

a  —  x 

&c.  the  feries  required.    Multiply  by  a  — x.    Then 

1  =£ 
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i  zz  a  A  +  tfB*  +  aCx2  +  aDx3  +  aEx*  &c. 
—  A*  —  Bxz  —  Cx*  —  D**  &c. 
Whence  equating  the  coefficients  of  the  fame  pow- 
ers of  x,  we  have  a  A  zz  i ,  aB  —  A  zz  o,  aC  —  B 
zz  o,  #D  —  C  ~o,  <z E  —  D  zz  o,  fcrV.  Therefore  A 

^ -I, B  =  £ ;  =  -L,  C  =  '5  =-L,  d  =  S.  =.  i 

a  a       aa  a        &  a       a* 

E  zz  —  zz  — ,  &c.  by  reduction.     Therefore  the 


a        a> 


i     .     x    ,    x     •_  I  I 


feries  is  —  +  —  +  —  &c. 


or 


a         aa       a1  a—~x         a 


V  -  +  -  +  -7  +     &c 

00        #J        a*        as 


Ex.  8, 


£*/ be  given. 

cc  +  2fjy — j_y 

Suppofe  it  zz  A  +  Bj  +  Cyl  +  Dy*  &c.     Mul- 
tiply by  cc  -4-  2ry — yy.     Then 

'  ^  zz  ccA  +  aBjy  +  ccCyz  -f-  r<rDy'  &c. 
4-  2cAy  +  2tBjz  -f  2fCyJ 
—  Af  —    Bj* 

And  equating  the  homologous  terms,  cc  zz  ccA9 
ccB  +  2fA  zz  o,  ccC  -f  2<;B  —  A  zz  o, 
ffD   +   2<:C  —  B   z  o,    &V.   and   by  reduction, 

A—        R—        2^—_      2      C-"A —  2^   — 

c  c  cc 

1  +  4  _  5    r>  —  **  —  2C^  —  ~2  —  IO  —        J  2 

<:c  ^r  cc  O  o  ' 

&c.     Whence 2 ±  ,  —  2 +  &  - 

cc  +  2<ry  -37  £  a: 

^   &c. 
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Ex.  9, 

What  is  \/aa  — xx. 

Let  \/aa  —  xx  =  A  +  B**  +  C**  +  DxG  &c. 
which  being  fquared, 
^-^nA2  +  2  AB*2  +  B***     +  2AD#6  &c. 

+  2  AC**  +  2BC#6 
Here  A*  =1  aa9  2AB  =  —  1,  BB  +  2 AC  zz  o. 
2 AD   +   2BC   =  o,     &c.        Whence    A  =  a% 

Bzz-i-zz-J.,    Czz-^zz-_L 
2A  20  2A  Xa* 

D  —  —  -7-  ==  — •>  GV.     Therefore  \/aa—xx 

A  iOa* 

a  ^_xx        #<•  x6 

PROBLEM     LVIIL 

To  reduce  any  binomial  furd  to  an  infinite  feries,  or 
to  extracl  any  root  of  a  binomial. 

RULE. 

This  is  done  by  fubftituting  the  particular  let- 
ters  or  quantities,  inftead  of  thefe  in  the  following 
general  form,  duly  observing  the  figns. 

A  B  C 

m — n, 
zn 

D  E 

+  =Zlf?C(i  +    ^toQ  +  &c. 

Where  P  13   the    irft    term,    Q   me   fecond    term 

divided  by  'he  fir  f,    —   the  index  of   the    oower 

n 

or  root,   A     B,   C,   D,   &fc.   the  ioregoin^  Lcrms 

with  theii  fi^ns. 

■~> 

L 


P+PQl'  =  P«    +  lAQ^   +    ^BQ 
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Ex.  i. 

ExtraH  the  fquare  root  of  rr  —  xx. 

Here  P  =  rr,  Qjr  ^,   *  =  -1  *       There- 

,  i  -#*        »  ~xx 

fore  rr>*r;«rt»  =  r  +,.TA  X   —  —  4  B  x  -~ 

+  ^L  B  +  ?^C  +  S£  D  +  fcfc.  that  is',  reftor- 
yr  6rr  8«r 

ing  the  values  of  A,   B,   C,  fcfo    s/rr  —  #*  S 

r  —  ~  —  £l  —  Jl-  —    ***     &c. 
2r-    8r5        itr5        i28r* 

rr 

What  is  the  value  of 


r  -f-  x 


rr 


Here =  rr  X  r  +  *l    ,  and  P  ==  r,  Q  =-, 

r  +  *  * 

-  =  —  i,  or  m  zz  —  i,  n  tzz  i.    Therefore 

n 

TT^r  =r-*  —  iAX~—  iB  X-^  — 

iCX  —  —  iDx-l&c.  --L_JLa  — 
r  r  r         r 


—  B C  &c.   Andrrxr+tf1    =  jtX:  — — 

r  r  r 

—  + &c  :   that  is,  — —  =  r  —  x  +  ~r 

fr       rJ       r4-  r  +  # 

—  -  H &c. 

rz      r» 


Ex* 
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Ex.  3. 

r 

¥q  find  the  value  of  —j. 


2rx  —  xx 


y/irx  —  xx 


—  2rx  —  xx\~£9    and    P     zz   irx9 


x 
Q  zz  —  — ,    m  z=  —-  1,    n  zz  2.     Then 
2r 

2™  —  xx\      zz  2rx\     —  7  A  X  ~  —  —  Bx  ~ 

-C  x — D  x  —  &Ct        =:    -7= 

+  _iA    +    *?B  +  -^C  +   -^D  +  &c. 

1     +  _5_  +  __EL_  &c.  =     ' 


y.I  +  ^  +  i!l+    '^y     +      3-5-7*4       . 

4r        32r*        4.8.  i2r*  ^  4.8.12.161* 
&c. 

What  is  the  cube  root  of  1  —  **.' 
Here  Pzi,  Q^zz  —x\m  zz  1,  0  =  3.  Whence 
1^  r*ij*  —  1  +  —A  X  —  x*  —  -jB  X  —  x3  — 


3 
8 


&C. 


9 

12 

1 

5    1 

= 

i A 

+     - 

B  + 

5^ 

c  + 

2X 

D  + 

l^!e 

3 

3 

9 

3 

15 

fcfo 

that    if 

IOtfTi 

lb  fi 

22X'S 

—  *3 

I  — 

X* 

7 

-*6 
9 

__  5*9 

"  81 

^4j"" 

729 

&c 

£*•• 
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Ex*  5. 

3  /      aa 

What  is   J 2  in  an  infinite  feries. 

aa  +  xx* 

This  reduced  is  a?xaa  +  xx^1'  Here  P  zz  aa, 


xx 


Q  zz  — ,   m  zz  —  2,   »  z  2.     And  44  -|-  xx\~s 
aa 

=  ^4  -   -A  ™  -  -l-B  £—  -  C  £  - 
^      aa  aa        ^       aa 

2  xx  5#4  4®x6 

+  243«»i        *  «tX  :    a  "  "  3a'"9«s 

_  40^        no**  __  &c  .   therefore  _ 


11  r>  *#  o  * 

-  D  -  &c.     =5  -  —  —  +  —  — 


8  14?  243<29  ^     -I-    tffcl? 

=  _I_  x  :  I  -  -  +  ^  -  4—  +  &c. 

£#.  6. 

What  is  the  'value  of  s/aa  —  xx. 

s/aa  —  xx  zz  aa  —  xx^\  Here     P  zz  aa  * 

—xx  '     1        * 

Q  zz ;»  zz  1,  n  zz  5.  Therefore  44  —  #*l5 

44 

— :i  1     .  -OCX  4  „  — XX 

=  **  +  7A  x   ^r-roB  x  —  ~ 

•5  aa  aa  5aa 

2^B    +    3**  c  +  ^x  D  &c>     _    flf  x  . 

$aa  $aa  loaa 

XX  2X*_  6x6     __  2  IX8   ^ 

544     254+     12546     6254s 
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Ex.  7. 
1o  reduce  a  +  x  x  y/a  —  x  to  a  feries. 
VT^~x~  zz  ~-^~x~V.    Where  P  zz  a,  Q^zz  If, 


-# 


w  zz  i,  n  zz  4.     Then  0  —  #l*  zz  a*+  —A  x 

4  0 

_JLBx—  -T2CX—  &c-    =/-— A 

8  0  J2  0  40 

+  £  B  +  2L  C  &c.     ± 

80  12a 

x  *  %x%  jx* 

4<*+         220*        1280  + 


*• 


Multiply  by     0  +  * 


T,              J       <z**        r<x%  ix% 

Then         0 -2 —  — ■  — I — 


&c, 


4         320*        1280+ 

_fl„  if! 
4^*      32^ 


1        **       3#3 

^*^  7  7     OZC* 


Ay 5  Qd+X         IIX%  iQ#' 

a  +  X  X  Vtf tf  ZZ  0 +  +  * -3 ^—jOZZm 

4  320*     1280+ 

4  3*     iitf*       19**     c 

zz  {/a  x  :  *  + 1 &c. 

4      320      12800 


Ex. 
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Ex.  8. 

/  aa  +  xx   7         r  . 
To  defignate  J h  a  feries. 

dU  **—*-  XX 

y/aa  +  xx  zz  aa  +  tf*i*.     Where   P  ±*  aa> 

Q  =  —  ,/»  =  i>  «  =  2>  and  ^  +  **f  ~  <*-¥ 
^  '    aa 

'A-        -IB-  —  -2-C-     &c.     =5  a  + 

^        8*3        16^ 

Again,  7A-  =  ^^f S«  Here  P  =  aa. 

5      ■  vaa  —  tftf 

Q  zz  I^  ,  w  =  —  i,  »  =  2.     And  or  —  w 

aa 

^  2  aa  4  <z# 

£1!   +    ifl   &c.     Whence      /fi±^ 
8^s   ^    16^7  v   aa—xx 

s/  aa  +  **  ##         #*     .      #6      g.  -a 

v/^  —  ##  2#        80'         IOtf' 

a  2<*3  "*"  8^5         i6^  ^ 

£l_  +  —    &c.   by  multiplication. 
20*        2a6 


Ex, 
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Ex,  9. 


What  is  the  value  of 


ax 


aa  —  ax  +  xx 
This    may    be    treated    as    a    binomial.       Put 
yzz.ax  —  xx.    Then  aa  —  ax  +  xx  zz  aa — y.    And 
ax  _r 

aa-ax  +  XX  =  ax><aa—y[    '     Here    P  *=  *** 

o>  -~y 

And  la—y\    + ■  1A  X  —  —  iB  x  ~~ 


aa  aa 


aa 


««  «<*  aa       «<?       ~  fla 

«<*  rftf  aa    ^   a*  a6         a' 

+  £0  &c.   =  (by  reftitution)  -  ,    *  —  & 
& aa    >  #+ 

ax  —  *x\z        ax  —  xx\l       alT-~  xx\%  A 
+  — ~; —    +  r$ —   + — -    &c.  which 

U  U  CI 

involved  and  reduced  into  order  will  be 

1^  X  XX 

aa        a*        a** 

XX  2X*  x* 

a*  a*    "*"  ~a6 

a*  a6 

x*    fi 


-  +  -:    *     _^._^L&c. 

aa        a^  as  a6 

and zr  -  +  —  *  _  -    _  L     &c. 

tftf — «x  4-  n        a        ax  a*  a* 

L  The 
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The  truth  of  this  rule  will  appear  by  indu&ion. 

For  if  any  of  thefe  feries  be  involved  according  to 

the  index  of  the  root,  it  will  produce  the  original 

quantity.    Thus  if  r- "£  &c'  be  ^T' 
ed,    it   produces  rr  —  x*>   as   in   Examp.  i.     If 

j £ ^1  &c.  be  cubed  it  produces  i  — x\  Ex.4. 

3        9 
tp    „?  v  •  t  —  **  —  -^   &c.  be   involved   to 

the  5th  power,  it  gives  aa  —  xx,  Ex.  5.  and  the 
like  of  others. 

m  m 

Cor.  1.  P  +  PQF  =  P"   X  :  i  +  -7  Q  + 

*    X       2*       *        3»  4»       ^ 

,  nx    .      »  +  l  w    *     r 

Cor.  2.  *  +  *!•  =  *■  +  J^A+  — *a+x  » 

3  *  +  #        ^       4         a+x 

where  n  is  any  index  ;   A,  B,   C,  EdV.   ***  foregoing 
terms  with  their  figns. 

For  put  y  =: ,  then  x  zz »    anc* 

v     J       a  +x  1  —  y 


a 

4  +.XZZ 


Therefore  #  -4-  tfln  = I     ss 

1— jr  1— r 

*"  X  1  — jrl"*i    Here  P  =  1,  Q  =  —y,  m=z—n> 
n  =  1  (fee  Prob.  xlix)  ;  then   by   this   problem, 

1  +  »vA 
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1  +  nyA  4 By  +       ^     Cy  +  — L2.  Dy 


2 

n 


&c.     and  *    X  1  —y\     zz  an  x   :  1   +  nyA  + 

±_ 

3 


.  By  +   Cy  &c.  — :  (reftoring  the  value 


n  »v  n  4-  1  # 

rf,;.  X:«+^A  +  — X_B  + 

3  a  +  x  4  *  4-  # 

PROBLEM    LIX. 

ST*  involve  the  feries  zx-a  +  bx  +  cxz  +  dx*  +  ex* 

&c.  /<?  any  'power  m,  whole  or  fractional. 

RULE. 

Subftitute  the  particular  letters  or  numbers  in 
the  given  feries,  initead  of  thefe  in  the  following 

general  form. 

zmx  a  -f  bx  +  ex*  +  */* »  4-  ex*  &c.T 

=  zm  X   into  :  am 
±tkx 


.    2mcA  +  m  —  1  .  b?j    . 

T  1 x 

2a 
,    iwdA  +  2m  —  1  .cB  +  m  —  2  .  bC 

4-  i? . A'5 

t 3£_  

,    4WfA  +  2/» — 1  .  dB+im — 2  .  rC+;» — 2  .  £D 

4-  . 2 x* 

4a 

Smfk-\-\m — 1  .  eB  +  w — 2  .  dC  +  zm — 3'.  cT> 

b"  " 

+  m  —  4.£E    e 


L  ?  4-  6w;A 


1*8        Infinite  series,      b.  f. 

6mzA  +  $m — i  . /B+4«—  i  .  eQ  +  yn — 3  .  dY) 


-r 

6a 
m  —  5  .  b¥    K 

4- 

2m  —  4  .  c E  4- 

+ 

ymbA  +  bm — i 

.  j^B-t-^w — 2  * 

/C  +  4# 

»— 3 

..*D 

7* 

2«b  —  5  .  rF  + 

■4-  3  m  —  4  .  dK  + 

02  — -O  . 

&c. 

Where  A,  B,  C,  D,  fifr;  are  the  coefficients  of 
the  terms  immediately  preceding  thofe  wherein 
they  firft  appear.  And  the  law  of  progreflion  is 
evident. 

Ex.  1. 

What  is  the  fquare  of  i  +  x  4-  xx  +  xz  +  x*  + 
&c. 

Here  zzz  l9  at±  ij  £  zz  i,  g  zz  i,  d  zz  i9  &c. 

And  w  zz  2,  then   i  +  *  +  #*  -f-  #*  &c  |*      =: 

8A  +  5B  +  22C-D^&(;> 

4 
ABC        D         E 

zz  i  +  2^  +  3^*  +  4* J  +  5#+  &c. 

Ex.  2. 

£T£tf/  r'j  the  fquare  root  of  i  +  x  +  xx  +  x*  &C. 

Here  z  zz  i,  d  zz  i,  b  zz  i,  r  zz  i,  d  zz  l    &c. 

and  ^  zz  A  Whence  i  +  x  4-  xz  4-  #J  4-**  &cl* 

2 

+  aA  +  'B-c--^p-«*,&c.=»+i«  +  i«>. 

4  z 


77  i  ^  St 


35 

jfjto 
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Ex.  3. 
Find  the  cube  of  1  +  x  +  xz  +  x*  &c. 
Here  z  zz  j ,  a  zz  1 ,  b  zz  1 ,  c  zz  iy  d  zz  1 ,  £  z:  1, 

&c.  m  =  3.     Then   1  +  a*  -+-  #*  +  * J  &c''3  =  1  + 

*M  +  6A  +  2B  ^  +  9A  +  ,6B  +  c  ^  + 
j  2  3 

4 
I5*4  +  &c 

Ex.  4. 

/F^^/  «  the  value  of 


\«4  -y0  v8 

rr  —  \yy  +  I —  +  J_    &c. 

JJ        4r*        Zr*        i6r6 

Hers  z  zz  1,  ff  =z  yy,  a  z:  rr,  £  zr  — -L>  c  zz  — ., 

2  4rr 

^  zr  —  5-r ,  e  zz  -p-^  &c.  m  zz  —  1.     Then 


1  y+  y6  T1        I  A 

rr-  2yy  +  --J-&c.\     =  -  +  —*  + 

— L-a  +  b        Ia-Ib+Ic 

2rr  :    8>4  4rr  2  t  0 

xx  + -Z— #*  &c. 

2rr  3rr 

zz   —    4-    —  *  +  ex*1  +  oa->    &c.    ZZ   —   _l. 
rr  2r+  rr 

1  1  1 

—  x  z:  —  -f  —  yy. 
2r+  rr    \    vr+  ? 

Ex.  5. 

To  fquare  the  feries  y — jy1  +.j£  — y?  +  y?  &c. 

This  is  equal  to  y  x  :  1  — _y*  +^4  —  f6  +  J8  &c- 
Here  2  z:  j,  #  zrjjy,  ^zi,^  z  — i,;zi,f/z  — 19 

L    3  6  =  ;, 
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e  —  i,  &c.  and  mzz.z.   Then  i — y-  +y*  &c.l'  = 
1-2A*  +  ±1=5  *i  +  llA+i5  *'  &c  = 

2  ,_J 

—  2#  +  3#z  — r4#?  &"c.  andjy  —  jy'  — y*  &c.|*  — 

yxi-^2*+  3^2  &c.  zzjj  —  2y+  +  3jy6  — 4y8  + 

£#.  6. 

STV  fquare  the  Jerks. 


5 


v/arx:^"  + + — £ +—^~ — i&c- 

2.2»3r      4.2. 4.57-*      8.2.4.6.7;-* 

The  feries  is  2r5^  X  :  I  +  jry  +  ^f^T*  + 

-£—  &c.     Here  2  s  s/irv%  0  zz  1,  b  zz  —  , 
#9orJ  i2r 

c  =  -  3    .,   d  zz  -JL-. \  &c.  *»  :=  2,.     Then 
ioorr  896^ 

2^12  X  :   1  +  —  +  jf^,  &c.|  =  2rv  X  :  I  + 

-1-A   +    J-B 

+    1    .         .     A.orr  i2r 

FrA*+     ~ *'  + 

J>     A  *   -X-B 

M£ *6°rr       ^   &c  ,  ^^   .   ,    + 

3 

Or        45rr        4480^ 

isx.  7. 
F/W  /£*  a«  p<?w<?r  of 

ax    -\-  b  x        +  c  x  -\-  ax  Sec. 

This  reduced  \s  x    X  :  a  -\-  bx    +  ex      + 

<fo5*  &c.    Here  z  zz  /,  x  =  x  ,  m  zzz>  &c. 

Then 


*      + 
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Then  x  x  :  a  +  bx"  +  ex2"  8ccT  —  x"  X.  :  a" 

mb      „       2t»cA  +  m  —  i  .  bB     ,„ 
+  -A*   +— 2a  x       + 

3mdA  +  2m  —  i  .  c B  4-  m  —  2  .  bO    3, 
3* 

111  ■       .  >     •*  t 

&C. 

2    R    U    L    E. 

Subftitute  each  letter  in  the  given  feries,  inftead 
of  the  correfpoadent  one,  in  rhe  following  ge- 
neral form. 


ZnX*  +  6x  +  cxl  +  dx*  +  ex*  &c.T  =  zwxinto 

an  +  mham~l  x  +  w  .—  am'2 

z 

+  ma 


bb  1 
+  »•-!-•  —  *   *  i'   I 


2 

4-  »/«' 


mam'1  e  J 


#4 

1  m 

+  m  .  - 


2 
+  mm: 

L  4  +  *,- 
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B.I. 


*«-—  I      m  —  2     m — 3      m  —  4     m„. 
1     m  , B  . 2  .  -I  am  s   fa 

^  2  3  4  5 

^  —  1      m  —  2      m  —  3 

.     4-  m  .  . . -  .  4a    4  £3r 


+„.^.„.-.iA 


+  mam-1  f 


4-  m 


m  —  1    w —  2    *« 


w 


ZL±.iZLitv-«J«l 


6 


2  3  4  5 

**~4      5^-5^4f 


4-  m 


2  3  4  5 

**    —    I        Ztf    —  2       «    —  3  «...      (  6Wtt 


4-  w 


3  4 

m  —  1      m  —  2 


.  a 


+  m 


+  ma"1"1  g 


\6bcd 
o 

ibf 
ice 
dd 


&c. 


For  let  y  =  bx  +  ex*  +  dx*  &c.  p  zz 


m  —  \ 


m. 


9  = 


m  —  2 


p,r- 


q,  s  = 2  r>  &c.  Then 


0  4-  ^  +  ™l  +  dxT  &c-  =  a  +  ylm  =Z  fl«+wa*-J<y 

+  P**"V  +  J***3>   +  r^j*  &c.     But 

y  ~bx  +  ex'-  +  */#*  4-  ex*  &c. 


J' =  3' 
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y*  -=l  bw  +  ofibcx*  4-  %bbd  x*  +  &c. 
-h  %bcc 

j4    —  fcX4r  +  4*3**5  +     &c. 

y*  zzb'xs 
&c. 

Then  the  power  am  +  mam~zy  +  pam~2y,y 
qam~2yz   &c.  becomes 

+  ^a*"1  x  :  &*•  +  wz  +  dx*  +  ex*  +  fics  &c 

+  ^0m"*  x  :         bbxz  +  ilex7'  +  ibdx*  +  zbex\ 

+   CC         +  2cd 

+  qan"3  x  :  fax*  +  3^V*++  3JM** 

+  Zhcc 

+  ra"*X  :  £***  +4*'*** 

+    j/""s  X  :  £5*J 

&c. 

Thefe  being  actually  multiplied,  and  the  coef- 
ficients of  each  power  of  x  collected ;  will  giye 
the  feveral  terms  as  in  the  form  above. 

And  the  firft  Rule  is  in  effect  the  fame  as  this; 
For  let  a  -f-  bx  -f  exx  -H  dx*  &c.T  zz  A  +  Bxz  + 
Cx*  -f-  Dx+  &c.  Then  by  Rule  1,  A  zz  aM9  as  in  Rule 

2d.     Alfo  B  = —  mbam"1 ,  as  in  Rule  2d. 

a 


Likewile  C  = ,  -|- bE  zz  mca        + 

a  20 

H*      ..  .  mbbam~z,  as  in  Rule  2d. 
2 

Again 
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.      .    ~       mdA        2m — i  .  cB    *m  —  2.lC 
Again  D  Si + -r  — — \ 

=z  mda        +    X  mda       H .  b  X 


wr#       -4-   .  aw*        z:  mda  + 

2 


m  —  1     m — 2 


r     m-2      ,  "*  —  I     jw—  2  > 


3  3  2 

W_3  ,    T»-r         ,  W    I  7         7H-.2 

tf    3  zz  maa       +  ?w  . ■ »  zbca  + 

+  m »'     "~~—  .     "~    ^i*"3 ,  as  in    Rule  2d,  and 

2  3 

fo  for   the   reft.     In  ufing  this  laft  rule,    it   will 

be  the  eafieft  way  to  divide  all  by  the  firft  term, 

that  a  may  be  1. 

Ex.  8. 

What  is  the  fourth  power  of  1  +  x  -f  #*  +  x*  &c« 

Here  z  —  1 ,  a  =  1,  b  zz  1,  c  zz  1,  d  zz  i,  &c. 

9a  ci  4.     Then  1  +  x  4-  a:4  4-*3  &c.l4 
—  1  +  \bx  4-  6£*#*  4-    4^*J  +    JV  &c. 
+  $c       4-  izbc     -f-  nbbc 
+    4d      4-    6^(T 
4-  12W 

+     4* 
31  1  +  4*  +  iox*  +  2oa:j   +  35*4-  &c. 

Ex.  9. 
JSflhii  /j  thefquare  of f-  —  +  —  4-  -7  &c. 

In  this  Example,  z=-,»  =  — ,azzi,  £==  i, 

#  .  x 

€ -ZZ  if  d  zz  1,  &c.  m  zz  2. 

Thea 
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-1 


Then   JL  +  L  +  1  &c.     =  —  X  : 
X         XX        x*  '         xx 

#  XX  x*  x+ 

+  2C  +  id  +  cc 

+  2i 

=  lx..l  +  L  +  2  +4  +  JL&C.  =  i 

XX  X  XX  X*  #4  ** 

^  x*         x*   T  **  a;6 

£*.  10. 

2jp  fquare  the  feries  y  — jj*  +^s  — y  +  &c. 

Here  2  n:  y%  a  zz  1 ,  ^zo,  r  z=  —  1,  Jro,' 
#  —  i,/=zo,  £  zr  —  1  &c.  and  *»  =  2.     Whence 

5 — j'  +^5   &c.|*  =  jy*  X  : 

I+OX 2tftf* OX1  +  CCX* 

+  2e 
4-  ox*  —  icex6  &c.  zzy%  X  :  1  —  2yz  +  $y*  —  qy6 

&C.        — -  2g 

zzy?  —  2j4  4-  sy6  —  4y%  &c. 

Or   thus, 
z  zzy9  x  zzyy,  azzi9  b  zz  —  i,  c  zz  1,  dzz  —  i, 

&c.  and  m  zz  2.    Then  7 — yl  +j5  &c.    zzjjx: 

1  +  2fe  +  Wtfa  -f-  2^tf*   +    «W#*   &Ck 
+  2£      -f-  2^         +  cc 

+  * 

zzy'x:  1  —  zyx  +  3^  —  4/  +  5/*&c.  -  ■:/  — 
*y*+3y* —  ty*  +  E>yxo  fa- 
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Ex,  n# 


B.  I 


What  is  the  feu  are  root  of  rr  — -  zz  +  * 

■  — &c. 

Here  z  zz  i,  x  zz  zz,  <z  zz  rr,  b  zz  —  i,c=  — , 

3r» 


d  zz  ,  e  zz 


m 


45'* 
i 


—    &rc.   and   *»    zz    — , 


1       m  — 2 


I 

f»- 

3  - 

% 

2 

4 

1 

-I 

8 

*-!" 

r    + 

2 

X 

r 

X 

z* 
&c.  Then  rr  —  zz  +  —  &c 

—   !_*?  +JL^&c.  zzr  — .55        _fl  &c. 
8r*  or1  2r  .4-  24r* 

Rather  thus, 

zz        z* 

The  quantity  reduced  is  rr  X  -  1 +  — 

n  '  rr         3r* 

2Z^  I 

— &c.     Here  2  zz  rr,  <z  zz  j,  b  zz , 

45r6  !  •    rr 


c  zzJL,  d 


-2 


45*" 


&c.     Whence 


,       Z*      Q  2  DC 

rr  —  zz  ^ &c.      zz  r  x  :   1 

3rr  '  2rr 

—  ill  x%  —  41      *5  &c.  zz  r  X  :  1 £ 

br+I  i6r6f  2rr 

+  — t\        -f-  /      +  x1  —      l—  x*  4- 

br  J  i2r6l  2$r*  y2or6 

_J-\ 


:z 


l.zr       1.2.3.4^        1.2.3.4.5.6^- 


&c, 

+  &c. 

Ex» 
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Ex.  12. 

Jfrbat  is  the  fqtiare  root  of 


zz    ,     z*  z°  z*    Q 

rr h  —  —  t-  +  rr-;    &c. 

2         \rr         or*         8#6 


The  quantity  reduced  is 

rr*  zz     .    z*        &> 

zrr       4r*        or6 

Wriete  z  zz—  ,  x  zzzzy  azz  1,  £  zz: L  ; 

rr  2rr9 

c  zz  — t  ,  d  zz         ,    &c.    and    m  ±: '  —-*  —  , 
4r  or6  2 

w — 1 3_  fl*»—2  ___  _  j_   m — 3  __       JL  &r 

2  4*     3  o9     4      ""     ""8" 

And     / 1 J  z:  -i  x  : 

V  zz    ,     z+    0  r 

rr +  - —  &c.  r 

2         4rr 

1    +  JL  +  J£L  +  Jfl    &c. 

4rr        32^        i28r* 

L  _3_ 

8r+  ~  32r6 

_  ±  +  j* J^_     ,      n*»  & 

r         4T3        32^  384T7  " 

Scholium. 

From  this  problem  the  powers  of  a  compound 
quantity  are  deduced  as  follows,  which  will  be 
ferviceable  upon  particular  occafions. 

If 
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If  jr  =  A  +  B  +  C  +  D  &i.    Then 
^  =  A  +  B  +  C  +  d  +  E  +  F  +  G  +  H 

4-  BB  +2BC+2BD  +  2BE  +  2BF  4-2BG 
-f-  CC+2GD  +  2CE+2CF 


<T'«»'T'i:'l-'T*wi     t  zuvj 
-t-    CC  +  2GD  +  2CE+2CF 

4-DD  4-2DE 


^»=As  +  3AaB  +  3A^C  +  3AaD  +  3A*E  +  3A*F  +  3AAG  tfr. 
4-3ABB4-6ABC4-6ABD4-6ABE4-6ABF 
4-  B3      +3ACC+6ACD  +  6ACE 
+  3BBC  +3BBD  +6BCD 
+  3BCC+3ADD 
4-3BBE 
^ +     C3 

»*=A44-4A3B+6A2BZ  +  4AB3  -f  6A2C*  +  4B3C  &c. 
+4A3C  +i2AxBC+i2AB2C  +  i2ABCa 
4-  aA3D  +i2AaBD-f  I2ABZD 
4-  4A3E  +izA*CD 
+    B*      +i2A2BE 
+  4A3F 

^5=A5  +  5A4B+ioA3Bl+ioAxB3    +    5AB*    +    B*  &c. 
+  5A*C  +2oA3BC  +3oA2BiC+2oAB3C 
4-  5A+D    +2oA3BD  +  3oAzBCz 
+  ioA3CC+3oA2B2D 
+   5A*E   4-20  A3CD 
+20A3BE 
4-  5A*F 

»6=A6  +  6AsB+i5A*B,+2oA3B3  4-   i5A2B*  &c. 
+  6ASC  +3oA4BC+6oA3BzC 
4-  6ASD    +3oA*T&D 
4-i5A*CC 
4-   6A'E 

y=A7  +  7A6B  +  2iAsB2+3sA*B3  4-  3$A3B*  &c. 
+7A6C  +42A5BC4-io5A*BaC 
4-  7A6D    +  42A5BD 

4-    2lA*CC 

-f  7  A6E 


/=A84h8A7B4-28A6Bz4-s6AsB3  4-  7oA*B*  fc>V. 
+  8A7C  +56A6BC4-i68A5BlC 
+    8A7D  4-  56A6BD 
4-   2cA6CC 
-J-  3A7£ 
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v9=A9+9A8B  +  36A7Bx+84A6B3  +  i26A$B+  &c. 
+  9A8C +72A^BC-i-252A6B2C 
-f  9A8D  +  72A7BD 


4  36A7CC 

+     8A8E 


_y,0=:AI04--ioA9B  +  45AsBi+i2oA7B3+2ioA6B4-  &c, 
-f  ioA9C  +9oA3BC  +36oA7BaC 
*c.  4   ioA9D  4  9oA8BD 

+  45A8CC 
4-  ioA9E 

In  making  ufe  of  any  of  thefe  forms,  the 
terms  of  the  given  feries  muft  be  ranged  in  or- 
der (Prob.  xlviii.),  and  the  whole  terms  thereof 
fubftituted  one  by  one,  in  the  room  of  the  quan* 
titles  A,  B,  C,  D,  &c.  (Prob.  xlix). 

Ex.  1. 

Let  a  +  bx  4-  ex1  +  dx*  +  ex*  &c.  be  cubed. 

A  +  B-f-  C   +D   +E& 
zz  a  4-  bx  -h  cx%  +  dx*  +  ex*  &c. 
that  is  A  zz  a,  B  zz  bx9  &c.     Then 

0J)  A'  +  3A2B  +  3A2C  &c.     0 
+3AB* 
&  +  za&bx  4-  3*acxz  4-  ^aadx*  4-  saaex*  &c. 
4-  3tf££#2  4-  fozfox*  4-  6abdx+ 
•+   b*  x*    +  %accx* 
4-  3^^4 

Ex.  2. 

^tf/  «  /£*  fourth  -power  of 

x  _  JL  4-  iL  —  M 

A    4-   B    +    C+D 
—  2     4.    ^        2f^ 

Theji 
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Then/=#4-^-4*3—  +6**X  i  — 4*  *  -f&c.  =: 

X  XX  X 

+  4X3  X  —  — I2K#X  — 

—  4*3X  — 
.  j  22  +  24£  +  8c^    fi 

^—8^  +  24  +  4?—  ■ —  &c; 

hX 

Ex.  3. 

Involve  2x*  +  3#*  —  4**  +  5#*  —  ft"  &ci 
/0  /#*  5^  power. 

A  +    B  +    C  +  D  +  E    fcfr.  =  jy. 

=z  2x*  +  3**  —  4**  +  5#?  —  6*1*1"  &c.  z=  y. 
f  zi  32**  +  8o#*  X  3*^  +  8o#^  x  gx~^ 

+  8o#*  X  4#* 

-—  l£o#*  X  I2#*  — 

4.    8o**x    5^  &c. 

80#*  X  6x~r  &C.  =  22X'*  +  240^T  +  J20X*?  — 

—  320*"  + 

1920* ^  —  48o#IS  &c.     that  is 
420*        &c. 

y*  ZZ  32#*  +  240^z  — 320^  +  720A?'3—  I920A?"*$ 

+  400**' — 480*^ 
&c. 

Orjr5  z=  32^  +  240**  —  320*"^  +  1120;/^ 

—  2400***    &c.     Here  I   omit   all  thefe  terms, 

where  I  fee  the  index  of  x  exceeds  ii  • 

2 

O 
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Or  thus^ 
A+B+C  +  D   +   E  +  F     &c< 

=  2x*  +  o  +  3**  —  4**  +  5*1  —  6*^"  &c.  then 
.  J?*  zr  g2«f  +  o  +  80*^ 
—  80**  X  4#*  +  So^  x  gx1*  —  160*^  x  12*^ 
+  8o**  x  J*f    -4    Sox-  x    6*^ 
=  32**  +  240^  —  320*"  +  n2o#V_24ootf¥ 
&c. 

£*.  4.' 

-50  =  I  +  *?  —  2x9  what  isy\ 
A  +  B+C+D  +  E  +  F&, 

=  I  —  2X  +   X3  +    o    +    O     &C. 

;r»  =  i— 16* +  28x4**  — 56x8*' +  70x16**  8cei 
+  8**  —  56x^++  168x4*5 
+    28  x6 

zz  1 —  i6x+ii2x*  —  448*^+1120*+   &c; 
+    8*3  — 112*++    672*s 

+        28** 

=  i—i6*  +  ii2*i  +      8*5—    112*4  &c.  that  is, 

—  448*?  +  1120*4 
ym— i6*+ii2**  — 440*3— .  1008*4  &c.     This 
is  fuppofing  x  to  be  very  fmall  ;  but  when  x  is 
frery  great,  then  **  mud  begin  the  feries  5 

Thus, 

A  +  B  +  C  +  D  +  E+F  fcfc 

=  *J  +    o  —  2*  +    1    +  o   &c.     Then 

Jfl  S  *«4  +  0_  8**«  x  2*  +  8**'  X  I  +  28*«»X4  W 
*rji  =*♦--*- i6*M  +  8*«  +112.V-  &c. 

M  PRO- 
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PROBLEM    LX. 

To  abridge  an  infinite  feries,  or  denote  it  in  a  Jhort 
manner  for  working. 

When  a  feries  c&nHfts  of  terms  very  much  com- 
pounded, or  having  a  great  many  factors  •,  it  is 
very  laborious  to  reduce  them  into  numbers.  And 
when  feveral  factors  in  any  term  are  contained  in  the 
fucceeding  terms  -,  the  work  may  be  fhortened,  by 
making  ufe  of  the  preceding  term  or  fome  part  of 
it,  inftead  of  fuch  factors  as  are  equivalent  to  it, 
in  the  following  terms  -9  as  follows. 

i     RULE. 

Put  A,  B,  C,  D,  &c.  for  the  firft,  fecond, 
third,  fourth,  &V.  terms  of  the  given  feries.  Then 
to  get  the  coefficients  thereof,  divide  every  term 
by  the  preceding  one,  gives  the  coefficient  of 
that  term.  Whence  you  will  have  a  new  feries 
equal  to  the  former,  and  Ihorter  defignated. 

Ex*  i. 
A      B  C  D  E 

V  Z  +  ia*  +  2.40+       2.4.6a6  T  2.4.6.8a*       ^ 

Then  z) — (  —  —  z:  coefficient  of  B  z=  -r> 
'  2az\      2aa  A 

fl>,  if- (£  =  coefficient  of  C  =  £ 
iaz)  2Aa*  W^z  B 

)  ±¥L  /|£  -  coefficient  of  D  =  J>  &c. 


2a 

2.4a4 

Hence  the  feries  becomes 


2aa  4>aa  baa  Baa 

Ex. 
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Ex.  2. 

v7 


Suppofe  x  +  Jl  +  JL_  + 


3-5       3-5-7 


v*      :      v* 
+  + 


«!)! 


&c.  —y. 


5-7-9 


v 

~  7' 


7.9.1 1 

B  v       C  v      D 

Here  —    =  — ,  —  =.  — ,  ~ 

A  3       ^  5      c 

E  _  3*     F  „  sv     &c 

Then  the  feries  is, 


i+JLa  +  Ib  +  JLc  +  ^D  + 

3  5  7  9 

5?E  +  ZI!f  &c.=,. 
11  13 

Ex.  3. 

5#*  7#* 


£^/  x  —  —  — 


&c. 


1.2        1.2.3.4        1.2.3.4.5.6 


J     1.2    V   L2  1.2    /   I.2.3.4  V  3.3.4 


-5*' 


— ^Af* 


7* 


7* 


1.2.3,4;  1.2.3.4.5.6  V5«5'6 
And  the  feries  is 


2  3-3-4  5-5>6 


-3**  x  -5^ 


2      /  2.U^  3.4 


Or  thus, 
-5*1  \      -7* 


3-4 v  3-4        2'3-4y  ^.3»4.5-6V5. 


4# 


Pnsfg  &c- 
/  z.3,4.5.6V5.6 

M  2  And 
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And  the  feries 

-*_3^A  +  ±LB+   if.  C  fef* 

2  3.4  5.6 

Where    A,    B,   C,   &c.   are  the  foregoing  terms 
with  their  figns. 

Ex.  4. 

-   7            &s3  &z?  &z7 

Suppofe  bz ;'— — 


2.3^        5,2. 4^4        7.2.4.6^ 
&c.   =  4. 


9. 2. 4.6.8.  #* 

Then  fe ) ( =1  coefficient  of  B, 

/  2.3^0  \2.3aa 

±L. )  _±L  /  HL  =  coefficient  of  C, 
_±L  \  _J±L-  t  £»    =  coef.  of  D,  Gfe 

5.2,4a4-  J    7.2.4.6^6   VO.7^^ 

And  the  feries  is 

fc  —  ^  A  +    J£-  B  +    5^a  C       + 
2.344  4.5^0  0.70* 

251  d  err. 

8.944 

2     RULE. 

If  there  be  fome  fingle  factor  or  factors,  which 
are  not  in  all  the  terms ;  {tx.  them  afide  at  prefent. 
Then  put  A,  B,  C,  D,  &c.  for  the  remaining 
terms  ;  and  proceed  as  before.  And  at  lad  re- 
ftore  thefe  fingle  factors  into  their  proper  terms. 


Ex* 


Scft.  VI.     INFINITE     SERIES.         t6s 

Ex.  5. 
Jjr  Xmmm&£  5*\  7x* 

1.2  I.2.3.4    —     1.2:3.4,5^    ~ 

&c.    =  y. 


[.2.3.4.567.8 

Here    the   factors    3,  5,  7,  Q,   £?,.    are  not  in 
ill  the  terms,   and   being   left  out,    the   feries    is 

%     — .     mmmm  _  **  r  *• 

1.2    '         I.2.3.4    ~    1.2.3.4.^6 

ibridged  to  # ^_A  +  J^-B+  —  C  4-  J!L  D 

1,2  3-4  5.6  7.8 

Wc.  and  the  fadors   reftored,   the  feries  becomes 

j£  D  x  9  6fr.   -  y.     Where  A,  B,  C,  fcfo  are 

he  feveral  terms  with  their  proper  figns  5  without 
:he  numbers,  3,  5>  7,  &V. 

Ex.  6. 

//  bz  -  *E-  +  -±L  -  _J27 

3-zaa         5,2.4a*         7.2.4.6a6   + 

rir.6^  &c<  =  > 

Then  the   faftors    3,  5,  7,  9,   fc?f#   not   bei 

:ommon  to  all  the  terms,  are  left  out,  and   the 
tries  is 

*.-*£  +  i*.  _  J?I_  &c 

2tf<J  2.4a*  2.4,6^ 

=  ^-iiA_flB-flc-fiD  tf, 

2a*  4aa  6aa  8aa 

M  3  And 
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And  reftoring  the  numbers,  the  feries  will  then  be 

flA       — B        — C        ™D 
l%         <iaa  ^aa  6aa         ^  %aa 


q  c  y  9 

(Se.    =  y.     Where  A,  B,  C,    13 c.    are  the  fore- 
going numerators,  with  their  proper  figns. 

Ex.  7. 

'There  is  given 

.  °fl     JtL  —    cx7    +     dx9     &c. 

X         3!        5.2.4 "  7.2.4.6       9.2.4.6.8 
curtailed,  *r-  *-. .+  -  -  ^  +  — ^  -*c 

Shortened,  ,-*A-2B-?C-*Dto. 


or 


.  xx  *  ^a         xx  r  v    ^ 

compleat,  # Ax  — *>  *  7  — 

r  2  3         4  5 

6789  r 

Where    A,    B,  C,  fcfr.  are  the  foregoing  terms, 

exclufive  of  the  following  quantities. 

Cor.  r.  If  the  firfi  term  of  any  transformed  feries 
It  multiplied  by  any  number  or  quantity ;  the  wholt 
feries  u  multiplied  thereby.  For  the  firfl  term  is  vir- 
tually contained  in  all  the  following  terms.  This  u 
made  plain  by  Ex.  4. 

Cor.  2.  In  like  manner  A,  B,  C  may  be  madi 
to  ftand  only  for  the  coefficients,  or  otherwife9  a, 
any  one  pleafes. 


PRO 
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PROBLEM     LX1. 

To  find  the  finite  value  of  an  infinite  feries,  or  what 
furd  it  is  involved  from. 

RULE. 
Divide  all  the  terms  by  the  firft  ;  then  the  firft 
term  will  be  1.  Then  compare  three  terms  of  this 
feries  with  three  terms  of  the  feries  Rule  2,  Prob. 
lix.  each  with  each,  fuppofing  a  to  be  1,  and 
r,  &c.  o  ;  which  two  equations  will  find  the  in- 
dex, and  the  fecond  term,  if  it  is  a  binomial.  If 
this  does  not  lucceed,  compare  four  terms  with 
four,  for  a  trinomial  ;  or  five  terms  with  five,  for 
a  quadrinomial  \  making  d  zz  o,  or  e  zz  o,  &c. 

Ex+  i. 

Suppofe  this  feries  1  —  L  +  L  —  -L  +  -L  &c. 

a         aa        a3        a* 

til  — ~"  I 

Compare  this  with  • .  •  1  +  mix  +  m  • bbxx* 

2 

Then  mix  zz  —  Z.,  and  m  .  m      *  fifax  =  ^  , 
x  2  aa 

and  dividing  the  lad  by  the  firft,  m     ,J  bxx  zz  — t 

2  a 

zz  mhx  ;  therefore  — ZL-  zz  ?»,  and  2m  zz  m  —  1, 
2 

whence  m  zz  —  1.  Therefore  mix  zz  —  bx  zz  —  -L, 

a 

v 
or  bx  z=  ^-.     Whence   the    index    is    —  1,    and 
a 

the  fecond  term  of  the  binomial  (if  it  is  one)   is 

-1 


—  .     And  the  binomial  1  +  _Z 
a  a 


or 


a 


■ the  root  required  :  which  fucceeds. 

a+y 

M  4  Ex. 
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Ex.  2. 
Suppofe  a  +  **.  —  |*-  +  j£-  Sec. 

XX  X^ 

Reduced   ^  x  :  i  -I ;—   &c* 

Rule        i  +  mbx  +  m  . s  bbxx. 

2 

l  xx  J  m *    J.JL  **   - 

Here  mbx  zz  — ,  and  m  . bbxx  zz  —  -- — » 

2aa  2  o^4, 

and  by   divifion,  ■  bx  zz .    Then 

xx  zz  mbx  y>2aa  zz  —  40a  X £#  ;     whence 

i-^z^-i,  and  2;^  zz  i,  or  m  ==  —  the  indexJ 

2 

And  mbx  zz   —  bx  zz  — ,  or  bx  zz  —    the   fe- 
,  2  2^  tf^ 

cond   term.     And   the  furd  is  a  X  1  H 1      or 

aa 


J*  given. 

Reduced  «  </8  X  :  i  -  f^  -  -Z^L   &c 

8*#        512^ 

Rule  1  +  my  +  m .  --—yh  put- 

ting  bx  zzyl 

~zaa         ,          *» —  1  -750* 

Here  wy  zz  -§—*   and   w . yy  zz  -^£-  , 

J  XxX  2  512A?4 

and 
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and   by   dividing    — — y   zz    ;    then    y  zz 

9  2  t^XX  * 


-=_i4^=,  and -i  = 


=r,or 


Sxxm     %2xx  m  —  i  m        4-Xm —  i 

— .  4*0  +  4  zz  3»z,  and  702  zz  4,  whence  m  zz  ~  the 

index.     Alio  y  zz  -2 —  zz 2 —  —.  _  £ — 

7 

the  fecond  term.     And  the  binomial  furd  is 


32^X 

Ex.  4. 


Let  the  feries 

4^         96^*  384^"  18432^ 


„*_ JL  +  J!l  +  _5ZL  +  JU&,  &c.  fc 


propojeL 

This  example  refolved  like  the  foregoing,  gives 

m  zz  —  ~,  and  -5-  for  the  fecond  term  of  the 
2  60 


binomial.     But  a*  x  1  +  7-1  *  does  not  produce 

the  given  feries.    Whence  we  may  conclude  it  has 
not  a  binomial  root. 

For  a  trinomial   root ;    for  brevity's    fake   put 
1,2;,^    for    #,  bx,    cxx  in  the  Rule,  Prob.  Jix. 

which  rule  then  becomes  1  +  z  +  v\m  — 

m  —  1  »z  — *  1     m  —  2? 

1  +  mz  +  m . zz  +  m. .  ^ 

2  2  3 

w  —  1 

-f     mv         +         w  . .  2zv 

2 

and 
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aH    a    X  :  i  —  ■£    +  -^-    +  J$L    is   the 

given  feries  reduced.     Then  we  have  thefe  three 

~y         m  • —  1         ,  5W 

equations,  mz  zz  ~%  m 22;  +  mv  zz  ~-  , 

4a  2  goaa 

and  m  . z*  +  m 2zvzz-^— . . 

23  2  384^ 

Divide  the  third  by  the  firft,  and  there  comes  out 

. zz  +  m  —  i,«yz  -7—  %  add  this  to 

2  3  '  9600 

the  fecond,  and  we  have  m .  — HI-  zz  +  — ZL_  .' 

2  2 

02-— 2 #z— 1       40* —  2 

22  +  2m  —  1 .  v  zz  o,  or X 

3  2  3 

#2  +  2m  —  1  •  p  zz  6.     And  fquaring  the  firftf 
f»w#2  =  — -  ,  and  —  zz  1 6mmzz.     Alfo 

/*yy  m 1  K  r 

mv  zz  -^ ;» . zz  zz  -2-  x  lommzz  — 

9600  2  5,6 

02  —  1  -j  5  m  —  1 

fn  . zz.     Ard  v  =  r  Z022  — 22  zz 

2  o  2 

■■       '       22.     Therefore 2 22;  + 

6  23 


*ra  —  1 


2m  ~-  l  *V   ZZ .  2m  —   I    ,22  +   202  I    » 

2^  +  3^  _^         aw— '.  +  21&  +  3 

— - —  22;  zz  o;  or ■? x^m  —  izzo 


6       ' 6 

.    4m  -4-  1 

that  is —  x  2W  —  1  zz  o,  and  4m  +  1  X 

2m  —  1  zz  o.     Which   equation    has   two   roots. 

m  zz -,  andwz  -.     If  0*  zz - ,    then 

4  2  4 

%  zz  2L  zz  J.  =  i. ,  and  v  zz  — — ±  z+ 
4am         ~a  a  o 
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=  ^^-  X  —  =  ~5-"/-.    And  the  furd  root  is  a   X 
6         aa        1 2tf#  i 


1  +  L  +  M. 

a         i?.ua 


,    which    involved    produces 
four  terms  of  the  feries  but  not  the  laft. 

And  if  m  =  — .     Then  2  = 1—  n  ~ 


2  40/^       2a 


Mdv  =  Z!L+2zz  =  ±xyL  =  x     And 

6  °        4aa         6aa 


x 


then  the  furd  is  a*  X  :  1  —  —  +  — 2 ,   which 

2#       6## 

involved,  produces  all  the  terms  of  the  given  fe- 
ries j  and  therefore  is  the  root  required. 

PROBLEM    LXII. 

To  revert  an  infinite  feries  ;  or  to  find  the  root  of  fuch 
a  feries. 

1      RULE. 

If  the  feries  confifls  of  all  the  powers  of  zr  as 
Az  +  Bzz  +  Cz'  +  Dz+  +  Ex*  &c.  =  y  •,  then 
fubftitute  the  values  of  the  coefficients,  A,  B,  C,  D, 
&c*  into  the  following  form,  for  the  root. 

1  B    2    ,    2BB-AC    : 

Z=Ay-T>y    +         As         ? 
5  ABC  —  A2D—  5B*    A 

T  hi  J 

+ 

+  A,« 

^—L y°    &c.     This    rule 

often  diverges  when  y  is  great.     See  another  Rule, 
Prob.  XCIII.  '     For 


I4B4- 

-2iAB2C  +  6A2BD  4-  3A*C* 

—  A*E 

-42B5 

4-  34ABJC- 

A9 

-28AiBzD  — 28A2B2C 
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For  put  z  zz  ay  +  byz  +  cyi      +   ay*  &c.   Then 
zz  zz         aayz  +  2abyi  +  Ihy*  &c. 

+  2ac 
z*  zz  a>y*  +  2aziy*  &c. 

%4  zz  a^y*  &c. 

&c.     Whence 
Az    zz  hay  +  Abyz  +  Acy*    +  Aiy*  &c. 
+  hzz    zz  B^y  -j-  2B^'  -f  B%4  &c, 

+  2B^f 

+  Cz}   zz  C*y  +  zQazby*  &c. 

+  Ds4  zz  D**y*  &c. 

&c. 

Then  making  the  homologous  powers  equal,  hay  zzy, 

•  b  zz  — . 
A* 

2BB— AC 


i  -B 

and  a  zz  — .     And  A£  +  B^a  zz  o,  or  b  zz  — 


Likewife  A^  +  iBab  +  Ca*  zzo,  and  c  zz 

A5 

In  like  manner  Ad+Bbb+iBac-hsCa^+Da+zzo, 

,          j         5  ABC  —  AZD  —  5B' 
whence  a  zz  — ^—  .  and  fo  on. 

Ex.  i. 

Suppofe  x —  xx  +  x* — x4-  +  #*  &c.  zzj,  /<7jfe* 
/^  W#*  of  x  in  terms  of  y. 

Here  %zz#,  Azzi,  Bzz—  1,  Czzi,  Dzz — 1,  &c. 

Whence  x  ==■££—>?  +  — -ij*  +  ~"5+l+V 
11  1  1 

fcc.  zzy  +  yz  +yl  +y*+ys  &c. 

£y.  2. 

_  t    xx     ,    a;3     ,    Af+    ,    x*    «        _ 

i^/  z  zz  *  H H +  —   H &c.  •/* 

2345 
jfoi  .v  in  a  fries  of  z. 

Here  z  zz  .v,  j  zz  z}  A  zz  11 ,  B  zz  — ,  Czz  —-  , 

D  = 
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D  —   — ,  E  =  — ,  fcfa.  and  x  zz  —  z  +  —  zx 
45  1  2 

11  11  1 

T~l        5XT-T_5Xir     , 
+  - L  %%  + 1 %k  &c# 

1         I  I 

—  z  —         £*  +   —  Z3 2*   +     2?    &c. 

2  6  24  120 

22  Z*  Z+  Z*  0      . 

zz  z  —  —    4-   —  —  4-  — &c. 

I.  2    T    2.3  2.3.4  2.3.4.5 

«2  Z  Z  Z  1 

that  is,  *  ~  z A B— —  C D  &?*• 

2  3  4.5 

where    A,  B,  C,  (£c.  are    the    foregoing    terms, 

with  their  figns. 

Ex.  3. 

r  aa  a^  a6  a% 

Suppofe  r  —  —   +   • r   + 


2r         2  4rJ  720r5         40320^ 

—  &c.   ~  r,  /<?  find  a. 

Put  r  —  r  z=  v.     Then  — + 


ir         24r5  7207** 

_ &c.   =  v.     Here    z  zz  aa,  y  zz  v, 

403207-? 

a  =  -1,  b  =  zL,  c  =  -J_,  d  =  _:!_ 

2r  247-  7  2  or5  40320^ 

&c.      Whence 

-111 

d&  zz  irv -—  vv  + ..  " —  v     &c. 

i  1 

.    b>5  32^ 

=1  irv  +     '   vv  +  —  v3  4 ^   &c.      And 

3  45?  35rz 

extracting  the  root,  a  zz  s/irv  X  :  1  +  —  + 

3*'  5^  « 

~"Z r  tt-7 —  +  &c« 

iQQrr        896^ 

2    R  U  L  Ei 


1 
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2    R    U    L    E. 

If  the  feries  confifts  of  the  odd  powers  of  z,  as 
Az  +  Bz3  +  Cz*  +  Dz7  &c.  zzy.  Subftitute  the 
values  of  the  coefficients  A,  B,  C,  &c.  into  the 
following  form  ;  which  will  give  the  root. 

i  B        ,    3BB  —  AC   (    f 

Z=ZAy-A^  +  — IT-  >'+■ 
SABC  — A2D— 12B3 
A10  9 

.    55B*  —  55AB2C  +  ioA*BD  +  5A'CX— A3E  w. 

+  _ & 

&c. 

For  put  z   =z  ay  +  Jrf  +  rjs  -j-  ^7   &c# 
Then    z3  =     ay*  +  3**iys  +  saxc? 

2?  =  tfy*  +  $a*byi 

z^  zz  a7f 

&c. 

And  Az    =  Aay  +  Aby%  +  Ao>5  +  Ady  &c. 
+  B#  =     +  Bay  +  3B^y5  +  3B^V^ 

+  36^  y—y 

+  Cz*  ==  +   G*?jy*    4-  sQtfbp 

+  Dzi  =  +  D*> 

Then  equating  the  coefficients  of  like  terms ; 
Aa  zzt9  A£  +  Ba*  zz  o,  Ac  +  zBa1^  +  Ca*  =0, 
A^+3B^V+3B^+5C^+D^7=:o,  &c.  whence 

1     z  Ba3  B         T  .,      .r 

*  =  ^  I  zz  —  —   =  —  £ i-      Likewife 

3BB  — AC    -      8ABC— A*D— 12B3    M 
*- -JJ—^-' A^ >  ^ 
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Ex.  4. 

Let  a  —  — _  ^ - __+&<?. 

2<3dd      2.3.4.5a*      2.3.4.5.6.7^ 

zzy9  to  find  a. 

Here  v  zz  a9  y  zi  y9  A  =  1,  B  = L. ; 

*  2.300 

C  =  —  —ri  D  = ^-TP  &c- 

2.3.4.5^*  2.3.4.5'6»7^6 _ 


Whence  a—y  -\ —  f  +  _—  — 


2.%dd  q.^d*        2.3.4.5^+ 


XJ  2.3.3.5^       2.3.4.5  ^        2.3.3^ 

&c  =y  +  — L-y»  +  *-%#*  +  ■■■ 3;5  , / 

2.%dd  2.4.5a*  2.4.6.7.^ 

+  &c. 

£>.  5. 

**J-J^  2\3dd  ^  2.4.5^*         2.4.6.7J6  ^ 
&c.  z=  #,  to  find  y. 

_     3 


Here  %  =;»,  j  =  0,  A  =  1,  B  =  —L-,  C_ 

2.3^         2.4.5^ 

D  zz  — ^-r,  &c   Then  y  ~  a ~  a*  + 

2.4.6.7^  2.3^ 


■  J  'II 


3      X„  +  JL__ J ^X 


2.2,3^4  2.4.5J*  2.5  2.4.2.7  2.3.3 

tf7  I  ^  I 

— ,  &c    —a —a?    + -as  — 

i6  2.3^  2.3.4.5^* 

tt  *7  +  &c. 


2.3.4.5.6.7^ 
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Ex.  6. 


baa        40a*        3$6a6        34560s, 
&c.  zr  d,  to  find  z. 

Dividing  by  *,  z  -4*  -  -*L ■  -  J*     &c. 
=  ~b  =  *r.    Then  j  =  »,  A  =  i,  B  =  —  ^i 

c  -~  ^  D  =  ~jjb» &c- thcn  wil1 

»J      ,        1  1 

z  -  n   +  7—    +    — -  + X  »*   + 

oa#         1  2a4-         400 + 


8         ,         I        t        12  «7  8* 

1 1- y  —  +   &C.     =  #  +    - — 

6.40  T  336        6.6.6 *  a6  6*0 

■+  -II-  »<  +  ^i  ,*  +  &c. 

1200+  840 

3     RULE. 

When  the  feries  confifts  of  any  powers  of  z  de- 
noted by  m  and  n,  as  hzm  +  Bz*»+n  +  Czm+2» 
+  Ds*+3*  +  Ezm+*n  &c.  =y.  Then  fubfti- 
tute  the  values  of  the  coefficients,  A  B,  C,  &Vt' 
into  this  form,  for  the  root  or  value  of  2. 

Put  v  =  -.    Then 
A 

.         B      ,+S 

mA 

i-f  2* 


,    *»  +  1  -f-  2».BB  —  2///AC 

T"    "        "ii.. —     V 

2tnmAA 


«— >  2fl/tfJ 
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2mm  -f  §mn  4-  9»n  -f-  %m  +  6n  +  1    3 
■*"  6m3A3  I     I±3* 

m  +  3n+'i  BG  /        » 

&c. 

For  put  2  r  /  +  fe  "      +  a> 

+  <fr  m   + -apt. 

Then  dividing  the  given  feries  by  A,  we  have 
a"  +  I  2w+e  +  \  zm+ln  &c.  =  I  =  *. 
Whence  by  involution, 

2W   =Z  ^  +   ^^V     '        +  tilCV  &C 

2 


>=tf. 


|«-+»=  ^X:«  "  +  !S+»;fc>    *     &c. 

A  A 

22^  +  3»  -&c. 
A 

Then  equating  the  coefficients,  mb  -\ n  o,  and 

A 

I  =.  — .     And  mc  +  m  • bb  +m  +  n. {-  — 

wA  2  A      A 

,          *»  +  1  +  2».BB  —  imkC   -. 
:=  o,  and  r  = . &Y. 

2W*AX 

N  Note, 
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Note,  in  all  thefe  rules,  I  have  only  purfued 
theie  feries  to  a  few  terms;  to  have  gone  farther 
would  have  taken  up  too  much  room  :  but  the 
method  is  vifible. 

Ex.  7. 

Suppofe  \xx  +  £#'  -}-  ~x*  +  f*J  &c.  zzy. 
Here   z  zz  x,   v  zz  2y,    A  =  f ,   Bzf,    C  zz  f , 
D  zz  f ,  £sfr.  and  m  zz  2,  »  zz  1.     Whence 

1      a         *RB— 4AC    3   " 
X  ZZl/2 vz  +  : z—z vz  &c.  zzv2  — 

—  v  -i a  v*  "! v%  &c* 

3  2- 18   u  270 

X #  # 1   — h  &c.  zz  y  zz  v. 

2X  OX1  24.V5 

Here  zzz  x,  m  zz  1 , »  zz  — •  2,  A  zz  1 ,  B  — -, 

2 

C  zz  ~  ,  D  zz &c.   and  x  zz  y*  +  —  y 

6  24  2 

,    -2BB  —  2  AC   .,     .  '  aa  $a* 

2  A1  J         zy  izy* 

+  l~l    ^c' 
8j* 


j£x  9.   * 

&C.    ZZ  2,    /<?  /W    tf 


T    ,      -5  I       *  l       £  I       I-  5        7 

L<tf  xv  *  —  —  xz  —  ~r  X' r  x% —  x» 

2  8  16  128 


In  this  Ex.  z  zz  x,v  zzz,  m  zz %nzz  i,  Azzi, 

*  -        2'^-        8'  U  -        i6»  ^  -128 

&x. 
Whence 
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Whence  x  ~  z^  —  z4  +  2^BBi  +  C  z'6  + 
i4BJ  +  14BC  +  2D    x   2"8  &c.  that  is 

II  I  I         o 

X  ZZ j &c. 

ZZ  Z*  Z6  Z8 

Cor.  1 .  If  you  would  find  any  'power  of  y  ;  find 
y  in  a  feries  of  z,  and  then  involve  that  fines  to  the 
power  required,  or  elfe  put  s  ~zyr  -7  then  find  s»  (yr) 
from  fuch  a  fries  as  this, 

m  m+n  m  +  iti 

Asr   +  Bs   r     +  Cs     r      &c.  zzy, 

hy  the  laft  rule. 

Cor.  2.  The  reverted  feries  is  of  the  farr.e  form  as 
the  given  feries  \  for  otherwife  they  are  not  convertible 
into  one  another. 

PROBLEM.     LXIII. 

To  extracl  the  root  of  a  feries  containing  all  the  powers 
of  two  letters.  .    x 

1     RULE. 
If  the  feries  confifts  of  all  the   fingle  powers  of 
z  andjy,  as  az+b%*+cz3+dz+  &c.  —gy-\-byz-\-jy*  + 
ky*  &c.    fubftitute    the  values  of   the  coefficients 
in  the  following  form,  for  the  root. 

g  b  —  bA*t  j—ibAB  —  cA* 

*  =  v  +  —a—y  +  — ; r 

k  —  bBz—2bAC  —  7cA*B  —  dA*   A 
a 

I—  2£BC  —  oMD—  ^ABZ— %cA"C— ±dA'B 

H — ■ — 

a 

-*A* 

yS 

.  m^2bBD— bO— ibAE— cB*—  6c ABC— 

-f-  — , — r 

a 

3<rA2D— 6dA*Bz— AdA^C— sePuB— /A6    r  c 

•  - '  ■  ' ■ —  jr   CZC. 

N  2  Where 
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Where  A,  B,  C,  £sfc  are  the  coefficients  of  the 
firft,  fecond,  third,  &c.  terms. 

Let  z  =  Ay  -4-  By*  +  Cy*  +  D/  &c.     Then 

dz   zz  a  Ay  +  *By*    +    aZy%    +    aDy*  &c. 
+  bxx  =  +  My  +  2£ABj'  +  £BBjy+ 

+  2MC 
+  cz*  =  +    *A'/    +  3<rA2By* 

■4-  <fe4  =  +  dAy 

&c. 

=  ,gy  +  ib*  +  #'  +  fy4  &c. 

And  equating  the  coefficients,  a  A  =g>  and  A  zzC 

Aifo  aB  +  5A*  =  J,  and  B  =  *  — MAt      Alfo 

a 

4C  +  2*AB  +  <*<  =fcj%  and  C  r^JZ^AB-^. 

a 

Again   ^D+*Bi+2MC+3rA1B+JA*  =  £,   and 
D  =  — 2 .  GV. 


£#.  I. 

2  6         24  2 

Ly  +  JLy  +  —  y  arc.  to  find  *. 

Here  3  =  #,  y  rzjy,  *  -:  if  b  .5:  —  -J-,  *  =2  -g-i 
'  =  -~>&c,and£=:i,  *=  J*  '  =   7. 

Thou 
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Then 

L  +  L       ±  +  H_i. 

i  ?         8  4.48       48      „ 

y  =:  — y  H y   H — -  yl  +  -4tt  y    &x- 

a-7      24 y        24/    ^  2880*7 

£x.  2. 

rt  J  6dd^  401I*  T  1 1 2d6  J     tdd 

+  &£.+.*#    Scctofndz. 

^Oa4-  1  I  2d6 

Comparing   this   with    the   rule^  and  we  have 
*:=  1,  b  —  o,  f  =    *     d  —  o>e  = -3     /  =o,&c. 

J  =  »,  b  =  Oj  =  ^*  =  O,  /=  ^p  »  =  O,  &G. 

Whence  

n       ,       ,    ,     »  A* 

J*  _  ^4$  —  ^L  X  jy5  &c.   where  B,  D,  &t. 

tod*  2dd        4od+       J 

.  n  —  rfi 

==  o  ;   that   is   2  =  »v+  — — r-  y*  + 


9» — io#' -f  #5  s_  n      i~nn       xnmm~n% 

-_         y  -ny+  _ X - —  7*  +  — ^~ 

20^ 

Or  z  =:  9  +  -^—rrXr  A  +  ~ 7-7- ^B  &c- 

where  A,  B,  &c.  are  the  foregoing  terms. 

N  3  2    R  U  L  E 
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2     RULE. 

In  two  feries  confifling  of  the  powers  and  pro- 
ducts of  z  and  y  •,  as 

az+hzz+cz*+dz*  &c.  +$+£2?+**^ +/£'.?  &c. 
>+/yl+w/s+»>22;2  &c.  +£y'+j^z  &c.  +j/+  &c. 

==  o. 
Then  fubftitute  the  values  of  the  coefficients,  into 
the  following  form ; 

/  /+*A+*A*  2 

; 2# AB  +  <rA?  4-  />  +  gB  -f  ;a  A  +  £  A* 

2^AC+^BB+3<rA2B+^A^4-^+^C-h^B+^A 

a 
+  2bAB  +  nA* +JA*       &c< 

Where  As  B,  C,  CsV.  are  the  coefficients  of  the 
firft,  fecond,  third,  C5V.  terms. 

For  put  zzz  Ay  +  By  +  Cy*  +  Dj+  &c. 

Then 

az      —  rfAy  +  ^B>"   +  aCy*  &c 

4-  fe*   ~  My  +  iMBy 

+  <T23       =  *A3jr3 

+  />yj    = 

+  £yz  == 
-f-  ;»y*z  rr 
4-  Jbyz1    zz 

Sec. 

Then  equating  the  coefficients,  a  A  +  fp  o,  aB  + 

M*  +  /4-£A=o,  &c.  whence  A 


+  If 

+  py 

+  mAy3 

+  hAy 


>  zzo. 


Ab^ 


£Az+/4-£A        _  2^AB4-^A3+p+^B-}-^A 

,   L/   —  — 


-f£A* 


,  &c, 


£#. 
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£x:  3. 

Suppofe  iy  +  ~y*  +  ~  x  —  —  xx  +  xy  —  ~xyy 
.+  xzyz  zz  o  -5  /<?  jfai  j. 

Here  2  rzj,  jy  ~  *,  <2  =  2,  r  zz   7£  '  -^  ==  T  * 
£  zz  1,  h  zz  — •  -g-,  /  zz  —  —,  n  zz  1  5  b,  d,  /,  *», 

p*  q*  s  zz  o.     Therefore 

1  --I-  +  A   ,      ^l-A'  +  B—  4.AA   , 

"^  4  '  2  2 

*A2B+C— iAB  +  A*   k' j  1       ,     1     z 

2  f    ,  4 

PROBLEM     LXiV. 

fT<?  extraft  the  root  of  an  adfefted  equation*  by  a  feries* 

I     RULE. 

If  the  equation  confifts  of  terms  which  contain 
the  powers  of  x  and  y  *  and  you  want  the  value 
of  7,  in  a  feries  of  x.  Make  the  equation  zz  o, 
and  aflume  an  indetermined  feries  for  the  root, 
as^  zz  Axn  +  Bxn-Vr  +  Cxn+f  +  D**  +  ' &c.  where- 
in the  indices  n  +  r,  n  +  s9  &x.  continually  increafe 
if  x  be  very  fmall ;  but  they  decreafe  if  x  be 
great  ;  the  firft  is  an  afcending  feries,  and  the 
latter  a  defending  one.  By  this  means  the  feries 
will  converge  •,  every  following  term  growing  ftill 
lefs,  till  they  vanim  or  become  of  no  moment. 

For  y  and  its  powers  in  the  given  equation,  fub- 
ftifute  the  firft  term  Axn  and  its  powers.  Then 
to  determine  #,  put  the  two  lead  indices  equal  to 

N  4  each 


184  INFINITE     SERIES.        B.  T. 

each  other,  for  an  afcending  feries;  or  the  two 
greateft,  for  a  defcending  one.  And  if  it  ap- 
pears not  at  firft  fight,  which  is  the  two  lead,  or 
two  greateft  \  it  will  be  known,  by  comparing 
every  two  of  the  indexes. 

Then  to  determine  r>  s9  /,  &c.  fubftitute  its  va* 
lue  for  ny  in  all  thefe  indices,  and  having  taken 
the  lead  for  an  afcending  feries,  or  the  greateft  for 
a  defcending  one  ;  fubtract  it  from  each  of  the 
reft.  Then  take  thefe  remainders,  and  add  them 
to  themfelves  and  to  one  another,  all  poffible  ways  •, 
and  thefe  remainders,  and  the  fums  refulting, 
taken  in  order,  will  be  the  values  of  r,  j,  /,  &c, 
which  will  be  affirmative,  in  an  afcending  feries ; 
but  negative  in  a  defcending  one.  Then  put  thefe 
values  in  the  feries,  Axn  +  Bx*+r  +  Cxn+*r  &c. 

Then  to  find  the  coefficients  A,  B,  C,  D,  dsJV. 
fubftitute  the  laft  feries  for  the  powers  of  yy  in 
the  equation ;  and  put  the  coefficient  of  each  pow- 
er of  x9  fuccefiively  ~  o ;  and  A,  B,  C,  &c.  will 
be  gradually  found  from  thefe  equations, 

Ex.  i. 

JLet  a*x%  —  a*xy  +  5?*  Z£  ay\  to  find  y. 

By  reduction  a*xl  —  a4xy  •+•  x6  ~  ay5  zz  o.  Put 
j  «  Af  +  B*"+r  +  C*,+'  +  Dxn+'  &c.  fub- 
ftitute Axn  for  y,  in  the  equation,  and  we  have 
^V  —  a*Axn+l  +x6  —  afrx*"  zz  o.  Thenequa- 
ting  the  indices,  n  -f-  i  zz  2,  for  the  leaft,  or  $nzzQ 
for  the  greateft  indices. 

For  an  afcending  feries. 

Here  »+i=2,  and  n  zz  i.  Then  the  indices 
2,  n+  i,  6,  5»,  become  2,  2,  6,  5.     Subtract  2 

from 
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from  the  reft,  and  you  have  3,  4  5  out  of  which, 
is  compofed  this  feries  3,  4>  6,  7,  8,  9,  10,  &V. 
for  the  values  of  r,  J,  /,  &c.  whence  the  form  of 
the  feries  will  bej  zz  A*  +  B#*  +  O  +  Dx7  +  E*8 
&c.  This  feries  fubftituted  for  y  in  the  given 
equation,  will  be  as  follows : 


a*Cx6  —  a*Dx*   &c. 
+-     x6 

*~5aA*Bx*  &c. 

O       ZZ       O  O  OO 

Then  equating  the  homologous  terms  a* — tf-Azzo, 
and  A  zz  1.     Alfo— ^B— aAs  cs  o,  and  B  zz  1^1 

zz -.     Again,  -fl+C  +  i=o,  and  C  =s  —.? 

Likewife  —  a*D  —  5<zA4B  zz  o.     Whence 

D  z  +  1,   &c.     Then  the  feries  or  root  re- 
Or 


aV 

S3 

a*xl 

— a*xy 

""*"" 

—  a*Ax% 

— a*Bx* 

+  X6 

ZZ 

* 

m 

~-ay* 

— 

*     _ 

aA'x* 

quired  is 


y  zz  x (-_  +  £--    &c. 

J  a*  T  a*  a6 


For  a  defending  feries. 

Here  50  zz  6,  the  greateft  indices,  and  n  zz  ift 
and  fubftituting  this  value  of  »,  the  indices  2, 
»  +  1,  6,  5»  become  2,  27,  6,  6,  and  the  re* 
mainders  —  3  ♦,  —  4  •,  and  r,  j,  /,  &c.  will  be 
—  3t»  —  4>  —  7t>  —  7t>  — 8,  csV.  and  the  feries 
becomes  y  zz  A*'*  +  Bx~2}  +  Cx~2*  +  D*~6f 
&c  which  fubftituted  in  the  given  equation,  will 
be 
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a*xl  =     *  *  +  a*x* 

—  a+xy  zz     *      —  ^+Aa?  t  *  —  **Btf":T 

+  x6  zz  +  *6  '     &c. 

—  «/  =  —  aA5*6  —  5*  A4B*2f  —  5^A4Ca:2  —  5«A*D*"1* 

—  io*A3B* 
=z  o.  &c. 

Then  equating   the  coefficients  of  like  terms, 

i  — a  A*  zz  o,  and  A  zz  -7 '     Likewife  —  a*  A  --* 

5*A4Bzzo,  and  B  zz  — \a    ,  alfo  /j4  — 5<*A4Czzo, 

and  C  =  ^3l     Alfo  —  a*B  —  5^A4D  —  ioaA3B* 

zz  o,  and  D  zz  —  ^T  a7  5    &c.       Whence    the 
root  is 

yzz  — +  — g  &c. 

a5        •  5*  s         5*  25* 

If  you  put  n  +  1  zz6^  the  indices  will  be  2,  6, 
6,  25 ;  but  6  is  neither  the  greateft  nor  the  leaft, 
therefore  this  fucceeds  not. 

If  you  put  5;;  zz  2,  the  indices  will  be  2,  1  *-,  6, 
2 ;  but  here  alfo  2  is  neither  the  greateft  nor  the 
leaft.     Therefore  this  will  not  fucceed. 

If  we  put  n  +  l  ZZ..57Z,  the  indices  will  be  2,  1^ 
6,  i~-9  and  i-'-  being  the  leaft,  this  will  do  for 
an  afcending  feries  -,  and  the  form  of  it  will  be 

y  zz  Ax1  +  Bx  +  CxH  +  Dx*1  &c. 

JEa;.  2. 

Let  &x  4-  <3*>  —  a^y  —  j4  zz  o,  be  propofed. 
Putting    Axn     for   yy    the    equation    becomes 

fl3Ar  -f  *x*  —  aK\xn  —  A4*4*  zz  o.     Then  put  n  zz  1 

for 
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for  the  leaft  indexes,  then  the  indexes  become 
i>  3>  i>  4;  anc*  the  differences  2,  3;  and  r,  J, 
/,  &c.  2,  3,  4,  5,  6,  &V.  and  the  feries 

Ax  +  Bx>  +  C#4  +  Dx>  &c.  =:  y.     Whence 

a*x  z±  #1# 
+  tf#*  zz  +  <W 

—  ^  zz  —  ^A*— a'Bx3— *30~ ^Da;5— ^Eat* 

&c, 
— y*     =z  —  *V  —4a3Ex6 

&c. 
Then  equating  the  coefficients,  <z3A  zz  #3,  and 

A  zz  1.    In  like  manner  B  zz  JL  ,  C  zz  —  -1 , 

aa  a1 

D  zz  o,    E  zz  —  —   &c.  and  the  root  is 
a* 

y  =  at  +  -L  x*  —  I  tf4  —  A*6    &c. 

Otherwise  for  a  defcending  feries. 

Put  3  =^  4»,  then  n  zz  4*  and  the  indices  are 
Is  3»  t>  3'  anc*  tne  differences  —2,  —  2^,  and 
r,  j,  /,  &c.  =  —  2,  — l2J,  — 4,  — 41,  csV,  and 

f  =  A**  +  B*"1*  +  C*""11  +  D*"3*  &c. 

Whence 

#*,v  zz        *        +  <Z*tf 
+  ax*  zz  ax*  * 

—  a'y  =z       *  *         —  a3  Ax*         * 

— y<>    zz  — AV  —  4A3B#  —  4A'C^  —  4A'Dr-r 

—  6A2B2 

Then  by  equating  the  coefficients,  A4  zz  at  and 

A  zz  a'  j  alfo  B   zz  — ,  C  zz , 

4  4 

D  =  _  *£  &c. 

And 
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And 

y  r=  a*  x+  +   — x  '♦  — -  — #    z  — • 
4  4 

a/* 

32 

-Eat.  3. 
Suppofey*  +  007  +  <2*y  —  x*  —  20*  —  o,  to  find  y. 

Put  A#a    for   ^,    and    the    equation   becomes 
A'x3*  +  aaAx*  +  aAx11*1  —  #*  —  2&X0  as  o. 
i^r  ##  afcending  feries. 

Put  the  lead  indices  »  =  o,  and  the  indices  be? 
come  o,  o,  1,  3,  o*,  and  the  differences  r,  gl 
and  r,  J,  /,  &c  =  1,  2,  3,  4,  5,  &?<:.  and  the 
feries  ^  =  A  +  Bx  +  Cx>  +  Dx*  &c.    Then 

y  1     =  AJ  +  3A*B*  +  3AB1**  +  3A*D#J  &c< 
+  3A*C    +    B* 

+  6ABC 
4.  a%y  ==  a1  A  +  aaBx  +  aaZx*  +  aaDxi 
4.  axy  =:  +  a  Ax    +    aBxz     +  aCx* 

—  **    =  —  a?J 

—  20*   =  —  2** 

Then  equating  the  coefficients,  AJ+^A— 2^?~o, 
and  extracting  the  root,  A  =  a\  alfo  3A2B+<z^B  + 

aA  zz  o,  and  B  zz *  In  like  manner  C  =  7— j 

4  04a 

and  D  ts  ~IiL,   &c.    Whence  jy  =  *  —  *  4 
$i2aa  4 

-  +  IM*  te. 

©4<z         -51200 

En 
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Ex.  4. 

Let  yi  +  y*  +  y  —  x*  =:  o,  to  findy  in  a  defcend- 
ng  feries. 

Putting    Axs    for  y,    the    equation    becomes 

V*3"  +  AY"  +  A/  —  #'  ==  o.  Put  3«  =  3, 
or  the  greateft  indices.  Then  n  =  i,  and  all  the 
ndexes  are  3,  2,  1,  3;  and  the  differences  —  1, 
—  2  •,  and  the  feries  —  1,  — 2,  — 3,-4,  &c .  and 

'  =  Ax  +  B  +  GT1  +  Dx'2  &c.    Then 


=  A'x*  +  3A2Bx*  +  3  A*Cx  +  3A*D) 

+  3  ABB  +6ABC>&c. 
+  B'     > 
+  AV     +  2AB*  +  BB    I  - 

+  2AC  J  *c' 

+  ^    I +  Ax  .  .  +    B        &c. 

—  x<  I  —  x3 

Then  equating  the  coefficients,  A*  rz  i,  and  A  rz  1. 

Likewife  B  =  —  i,  C  zz  —  — ,  D  =  <£-,  OV.  and 

therefore  y  z=  x  —  —  —  .i  +  — 2-  &c. 
3        9*       8ixx 

2       R    U    L    E. 

Aflurre^  =:  Ax  +  Bx  +  Cx  +  Dx 
&c.  and  having  found  »,  and  put  its  value  into 
the  indices,  as  in  Rule  1  ;  fet  them  down  in  or- 
der, and  fubtract  each  of  them  from  the  next 
greater  *  and  you  will  have  a  feries  of  differences. 
Then  find  the  greateft  number,  which  will  mea- 
fure  all  thefe  differences ;  and  this  is  the  value  of  r, 
which  muft  be  affirmative  in  an  afcending  feries, 
•r  when  x  is  fmall  j  and  negative,  in  a  defending 

one, 
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one,  when  x  is  great.  Then  the  values  of  n  and 
r  muft  be  fubftituted  in  the  afTumed  feries. 

The  procefs  muft  then  go  on  as  in  Rule  i ;  and 
if  there  be  any  fuperfluous  terms,  which  will  be 
known  by  fome  of  the  coefficients  A,  B,  C  com- 
ing out  zz  o  i  thefe  terms  muft  be  thrown  out  of 
the  feries,  and  the  operation  begun  anew. 

Mx.  5, 

Let  jy*  —  axy  +  x*  zz  o,  be  given. 

Put  Ax     for   y,    and    the    equation   becomes 

A3*3*  —  a  Ax  l  +  x*  zz  o.  Let  n  +  i  zz  3,  and 
»~2j  and  the  indices  are  6,  3,  3  -,'  that  is,  3,  6. 
Then  6  —  3  zz  3,  then  r  zz  3 ;  and  the  leaft  indices 
being  compared,  the  feries*  will  be  an  afcending  one, 
which  is  this  y  zz  Axz  +  Bx$  +  O*  +  D*1"  &c. 
which  fubftituted  in  the  given  equation  will  be  as 
follows  : 


—  axy 

+    x* 


—  a  Ax  — aBx6 —  aCx?  —  aDxx* 
+  I*3 


Then  aA  zz  1,  and  A  zz  i- ,  B  zz  i,  C  zz  Jj 

a*  a*  of 

Dzzii,  &c.    Whence y -t  +  *1   +  $£ 
al°  J       a     T  a\  a\ 

+    &C. 

Ex.  6. 

Let  y*  —  byz  +  gbxx  —  x*  zz  o. 

Subftitute    Axn    for  y    and    the    equation    is 

A<*s*  —  bAlx2n  +  9bx*  —x\zzo.     Put   in  zz  2  ; 

whence 
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whence  n  zz  1,  and  the  indices  are  5,  2,  2,  3  ; 
and  the  differences  1,  2.  Whence  r'rri,  There- 
fore v  zz  A*  +  B**  +  Cx3  +  D*+   &c.     Then 

-4-  A5** 
_£A***  —  2*AB*i —  zbAQx* — 25AD** 

— £BB      —  2&BC 
+  9^* 


>'5 


gvx 


—  *3 


Here  £A2  zz  9J;  and  A  zz  3  :  alfo  B  zz  —  J-. 


Whence 


RULE. 


If  the  equation  determining  A,  be  an  adfecled 
equation,  which  has  feveral  equal  roots  or  values 
of  A,  then  you  muft  divide  the  lead  remainder, 
found  by  Rule  1,  by  the  number  of  equal  roots, 
one  of  which  you  take  for  A  ;  and  take  this  quo- 
tient for  another  remainder.  Or  die  divide  r 
found  by  Rule  2,  by  that  number,  and  make  ufe 
of  the  quotient,  inftead  of  r. 

Ex.  7. 

Let  y>  —  xy*  +  2x1y1  —  x>y  —  * ,4  zz  o,  to  Jlnd  y. 

Put    Ax"    for   y9    and    the   equation    becomes 

A9x>  —  AV         +  2Azx  —  Ax  TJ — *,+—  o. 

Let  3«  +  i  zz  in  +  2  ;  whence  n  zz  1,  then  the  in- 
dices are  9,  4,  4,  4,  14.  But  the  fum  of  the 
coefficients  for  the  lead  index  4,  is  — A'  -J-  2AX 
—  A  zz  o,  or  A*  —  2  A  +  1  zz  o,  which  equation  has 

two 
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two  equal  roots  A  zz  r,  and  A  zz  i.  Now  the 
difference  of  the  indexes  will  be  5,  10  5  there- 
fore divide  5  by  2,  gives  — ,  and  we  have  — 

2  7.  y 

5,  10  for  the  differences.     Therefore  r,  s,  t9  &c. 

will  be  — ,  5,  7—,  10,  &V.  Or  (Rule  2)  r  zz  5 ; 
2  2 

therefore  —  zz  ~   to   be  taken  for  r ;  whence 
2  a 

the  feries  will  be 

y  zz  A*  +  B*3f  +  C#6  +  D**1  &c.    Then 

J>9  +  A  V 

—  xy*         —  A'#*  —  3 A2B*  *  —  3  AZC** 

—  3AB' 

+  2*y      +  2AV  +  4AB#6i  +  4AC^ 

+  2BB 


—  x3y 

—  #*4 


A#*  —  B*  **-  C*< 


&c 


Hence  —  A*  +  2  A*  —  A  zz  o,  and  A  zz  1 5 
4B  < —  4B  zz  o,  and  B  may  be  taken  at  pleafure. 
Suppofe  Bzz — 1,  then  1 — 3C — 3  +  4C+2 — Czo, 
or  4Czz4C,  and  C  may  be  taken  at  pleafure.     Let 


C  zz  1 ;  then  y  zzx  —  x 


li 


x6  &c. 


Or  thus ;  In  the  fecond  equation,  4B  zz  .;B ; 
which  concludes  nothing ;  alfo  1—30  —  3BB  + 
4C+2BB— Czzo*  that  is,  1— BBzzo,  andB=* 
or  —  1,  &c. 

Ex.  8. 
Let  A*y%  —  ia*xy  +  a4xz  +  x*y%  zz  o; 

Put  Ax*  for  y%  and  the  indices  become  2t?9 
n  +  1,  2%  in  +  4.    Let  %n  zz  2,  or  n  zz  1,  and  the 

indices 
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indices  are  2,  2,  2,  6;  and  the  difference  4.     The 

equation  is  a*Azx2n — 2a*Axn+1-\-  a*xz —  AV+4 
or  a*Alxz —  2a* Ax*  +a*xz —  A1*6  zz  o,  where  the 
coefficient  of  the  firft  term  is  A2  —  2  A  4-  1  zz  o, 
which  has  two  equal  roots  A  zz  1.'  Therefore  di- 
vide the  difference  4  by  2,  and  the  quotient  2  is 
r  or  the  common  difference ;  whence  the  feries  is 
y  zz  Ax  +  Ex*  +  Cx*  4-  Dv?  &c.  zz  o.     Then 

a*yy       ^A^  +  ia^ABx^-^ia^AQx^+ia^AX^x^ 

4-  a*BB     +204BC 
&c. 
— *  2a*xy     — 2a*Ax% — za*Bx* — 2a*Cx6 — 2#4D#S 
+  a*xx       4-  a^x* 
—  xy  —  Azx6   — 2AB#* 

Hence  Aa  —  2A  +  1  z  o,  and  A  zz  1  ;  again; 
BzB,  and  B  may   be  taken  at  pleafure.     Sup- 

pofe   B  zz  —     Again,  oC  +  a*Bl  —  1  zz  o,  or 


aa 


oC  zz  1  —  1  zz  o,  and  C  may  be  taken  at  pleafure. 

LetCzz-.    Then  oD  =  2AB  —  2*+BC=io,  and 

a* 

D  may  be  taken  at  pleafure.     Let  Dz:~,  &c. 

v3  v5  v7 

Then  y  zz  x  +  -    +  _  4 h&c. 

aa         a^         a6 

Or  rather  thus,  when  A  is  determined  to  be  1, 
the  firft  and  third  lines  vanifh  ;  whence  a*BB  zz 

A1  zz  1,  and  Bzi;  alfo  2^+BC  zz  2AB,   and 


aa 


:  zz  I,  &c. 

a* 


4     RULE. 

If  the  quantity  forming  the  feries  (x)  be  nearly 
equal  to  fome  given  quantity,  put  a  new  letter  4- 
that  quantity  for  it,  and  fubftitute  it  in  the  equa- 

O  tion  i 
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tion ;  then  find  the  root  in  an  attending  fefies  of 
the  new  lecter.  Or  if  the  quantity  (x)  be  very 
great,  and  the  feries  for  y  is  to  afcend  by  #'es. 
Take  fome  quantity  nearly  equal  to  x,  and  fub- 
ftitute  the  fum  of  that  and  a  new  letter  for  x. 

Ex.  9. 

2 

Let  f  +  aay —  x*  zz  o,  where  x  zz  —  a,  nearly. 

Put  —  a  —  v  zzx.    Then  x*  zz  —  a*  —  ~  aav  + 
3                                          27  3 

8             a. 
lav1 — v*>  then y>+aay a*  ^ aav — iavz+v* 

zzo.  Let  y  zz  Avn9  then  the  indices  are  3;;,  », 
O,  1 9  2,  3.  Let  nzzOy  then  the  indices  become 
o,  o,  o,  i,  2,  3  j  and  y  zzA  +  Bv  +  Cv%  +  Vv* 
&c.     Then 


f 


+  aay 
27 

+  —axv 

3    u 
—  lav 

+   V3 


A*  +  3AzBv  +    3A2CV  &c. 

+    3ABB 
aaA  +  aaBv     +  aaQv2- 

8 

a* 

27 


3 


—  iavz 


+  &c. 


1  8 

Then  A5  +  2—  aaA d*  =  o,  let  A  =:  r.    Alfo 

3  27 

B  =—  — ;  and  3A*C+3ABB+*tfC:=:20.  Whenco 


yr 


aa 


Ex 
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Ex.  10. 

Let  yi— xzy1+xyt  +  2yz — 2j+izo,  where  xiiz 
levy  near. 

Let  x  zz  2  +  z9  which  fubftituted  for  x,  there 
rifes  f  —  zy  —  $zyz  -r  2jy  +  1  =  o. 

Let  7  =  Azn ,    then    the    equation    is    A*£4 
_A2z277+2  —  3Azz2w  +  I  —  2A2;*  +  1  =  0.     Let 


—  0,   and  the 
he  differences  1 
Iz  +  Cz*  +  Dz 

indices  are  0,  2,   1,  0,  0;  and 
,  2,  3,  4,  &SV.  whence  y  zz  a  -+* 
dec.     Then 

-2jy 

A* 
—  2  A 

+  4A^B^     +  4A'Cs1   &c* 
+  6AZBB 
—   AAz* 

_  3A22       —  6ABz* 

—  2B2         — 2C2* 

f  1 

+  1 

« 

Here   A4-  —  2A  +  1  =  o,   and    Ami;   alfo 
^B  —  2B  =  3,  and  Bzz-^,  and  4C  +  6BB  —  1  — 

>B  —  2C  —  o,  and  C  =  —  — ,  &c.  and  y  z=  1  + 


— ,  fciV.  and  y 
4 


2-  z  —  1—  zz  &c. 
2  4 


Cor.  1 .  In  all  thefe  cafes  of  extracting  roots,  the 
tries  muft  be  made  to  converge,  or  elje  they  are  of  no 
tfe.  For  in  a  converging  feries,  the  terms  grow  con- 
tinually lefs  and  lefs,  and  fo  approach  nearer  and 
xearer  to  the  true  root,  till  the  difference  is  as  fmall 
is  you  will.  But  a  diverging  feries  always  runs  far- 
her  from  the  root,  and  therefore  gives  a  falfe  value 
hereof. 

Cor.  2.  If  y  be  denoted  by  a  fries  of  x  afceni- 
ng  ,  the  lejfer  x  is,  the  f after  the  feries  converges. 
O  2  And 
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And  in  a  feries  of  x  descending  -,  the  greater  x  is, 
the  f after  lihwife  it  converges.  therefore  we  are  fo 
to  contrive  the  feries,  that  we  may  have  the  leaft 
quantity  in  the  numerators,  or  the  greateft  in  the  de» 
nominators. 

Cor.  3.  If  the  equation  for  finding  the  fir  ft  term  A, 
be  an  adfecled  equation  -,  as  many  roots  or  different 
twines  of  A,  as  that  equation  has,  fo  many  different 
feries  will  arife,  For  the  fir  ft  term  A  being  differ- 
ent in  each,  the  coefficients  B,  C,  D,  depending 
thereon,  will  alfo  be  different.  Likewife,  if  iwo 
roots  are  equal,  the  jecond  term  will  vanifh,  and  the 
coefficient  B  will  he  found  in  the  thirds  which  will 
be  a  quadratic  equation.  And  if  there  be  three  equal 
values  of  A,  the  fecond  and  third  equations  vaniflo^ 
and  the  fourth  contains  a  cubic  equation  of  B,  &c. 

Cor  4.  An  equation  will  alfo  admit  of  fever  al 
different  feries  for  the  roots,  according  to  the  different  I 
values  afjumed  for  n.  Alfo  there  are  other  equationsl 
that  are  impoffible,  and  will  admit  of  no  roots. 

Cor.  5.  When  the  firft  equation,  or  that  for  de- 
ter mining  A,  has  fever  al  equal  roots  -,  then  the  va> 
lues  of  r,  s,  t,  &c.  muft  be  divided  by  that  numberl 
Or,  which  is  the  fame  thing,  the  indices  of  x  (r,  s,  tS 
found  by  Rule  1,  muft  have  others  interpofed  betwem 
them,  according  to  the  'number  of  equal  roots.     As  /q 

two  equal  roots,  the  feries  Axn  +  Bx"+r  +  C*""^ 

&c.    muft   be  reduced  to   this,    Ax*  +  B#*+*r 

C#»+'  +  D*«+*'  +  E**+J  &c.  If  this  be  1  I 
aone,  the  fecond  term  B  will  be  infinite,  and  all  tb\ 
following  ones. 

Cor.  6.    If  the  fries  A  +  b  +  CXz+D  +  E+: 

X^  +  vj  +  H  +  i  +  Kxz5  &c.  =  o,  z  bein\ 
an  indetcrmined  quantity  \  then  whatever  value  is  pi 
upon  z,  it  will  beAzzo,  B  -f  C  —  o,  D-fE  +  F  — 
G  +  II  +  1  +  K  =  o,  &c.  F< 


: 
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For  this  being  a  general  equation,  where  z  mav 
3e  of  any  value  ;  therefore  put  z  zz  o,  and  then  will 
\  zz  o,  and  B  +  C  X  2  +  D  +  E  -H  Fx  z*  &c.  ==  Q* 

iivide  by  z,  then  B -j-C-f  D-fE-f  Fx»8rc, ;zo' 

\gain,   put  z  zz  o,  and  then  B  -j-  €  zz  o  •,  whence 

5  -fTF^T  x  s  +  G  +  H  +  l  +  Kx  z*  &  c.  zzo- 
divide  again  by  z9  and  D  +  ErfF-f UH-H  +  1 +K 
[zzo.  A  sain,  out  z  zz  o,  then  D  -j-  E  -h  F  z±  o, 
nd  G  +  H  +  i  +  Kxzzo,  and'G  +  H  +  I  +  K 
z:  o,  &c. 

Reversion  of  feries,  and  the  extracting  the  roots 
f  all  infinite  feries,  depends  upon  this.  For  the 
oefficients  of  the  ieverai  powers  of  the  indettr- 
nined  quantity,  mud  be  put  zz  o,  or  elie  the  whole 
quation  cannot  van'ifti,  as  it  ought  to  do.  And 
his  being  done,  the  feveral  alFumed' coefficients  i\, 
,  C  are  determined  as  in  the  problems  above. 

Scholia  m. 
To  find  y  in  the  feries  af.  +  bf*v  +  <f  *** 
zc.  zzfic*  +.gxw+t  +bx*+2e  &c.  Afifume 
Ax"  +  Bxn  +  r  +  Cxn  +  S  &c.  Then  by  fub- 
:itution  we  get,  «AV  +  b^n^n^vn  &c. 
tzfav  +  gxv*?  &c.  Whence  making  the  leaft 
ndices  equal,  w  zz  ?  ;  then  n  zz  --,  and  the  dif- 

erences  will  be-,    fJ    &c.     Then   find   0   the 
/* 

;reateft  common  divifor  of  —  and  ^  j  and  the 
brm  of  the  feries  will  be 

h  the  coefficients  will  be  determined  as 
>re« 

Oj  SECT. 
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SECT.      VII. 

Some  general  and  fundamental  Problems,  ujeful 
and  necejfary  in  algebraical  calculations. 

PROBLEM     LXV. 

The/urn  and  difference  of  two  quantities  being  given  j 
to  find  the  quantities. 

ETj  =  the  fum 

d  zz  the  difference 
a  zz  greater  quantity 
e  zz  the  leffer. 

then     a  +  e  zz.  s9  by  the  problem, 
and    a  —r-e  zz  d. 

then    ia  zz  s  -\-  d  by  addition 
and  2c  zz  s  —  d  by  fub tracking. 

Whence  a  zz  £-2L_,  and  e  zz 


2  2 

or       a  zz  Is  +  id,  and  e  zz  i-j  —  id. 

Cor.-   1.  Half  the  fum  added  to  half  the  difference 
of  two  quantities,  is  equal  to  the  greater. 

Cor.  2.  Half  the  difference  of  two  quantities,  ta* 
ken  from  half  the  fum,  gives  the  leffer  quantity. 

PROBLEM     LXVI. 

To  find  out  the  leafl  common  dividend,  or  the  lea/i 
quantity,  that  can  be  divided  by  feveral  givet 
quantities. 

RULE. 

Refolve  each  of  the  quantities  into  all  the  fim 
pie  diviiors  contained  therein,  by  firil  dividing  b; 

th 
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the  lead,  and  then  by  the  next,  and  fo  on,  till 
they  are  all  exhaufted ;  and  colled  thefe  divifors 
together  for  each  quantity.  Then  if  there  be  any 
divifors  in  the  fecond  quantity  which  is  not  in  the 
firft,  multiply  the  firft  by  fuch  divifors,  Likevvife, 
if  there  be  any  divifors  in  the  third  quantity  which 
is  not  in  this  laft,  multiply  it  thereby,  or  put  them 
into  that  quantity.  •  Likewife  fuch  divifors  as  are  in 
the  fourth  quantity  and  are  not  in  this  laft,  mult 
be  put  into  it,  and  fo  on.  And  laftly,  all  thefe  di- 
vifors, in  this  laft  quantity  muft  be  multiplied  to- 
gether for  the  lead  common  dividend. 

Or  (loorter  thus, 

Divide  the  product  of  any  two  of  the  quantities 
by  their  greateft  common  divifor,  (found  by  Prob. 
x.  Sect.  II.)  take  this  quotient  and  a  third  quan- 
tity, and  divide  their  product,  by  their  greateft 
common  divifor.  Take  this  quotient  and  another 
quantity,  and  proceed  as  before ;  and  fo  on  to  the 
laft  quantity.  And  the  laft  quotient  will  be  die 
Jeaft  common  dividend. 

Ex.  1. 

What  is  the  greateft  common  dividend  of  cfbc,  and 
2abzd. 

The  divifors  of  dlbc  are  ay  a^  6,  c 

of  labbd  are  2,  tf,  £,  b,  d. 
Here  2,  b,  d  are   in  the  laft  but  not  in   the  firft  % 
therefore  axaxbxcx  zbd,  or  zaabbed  is  the  leaft 
common  dividend. 

Or  thus. 

The  greateft  common  meafure  is  ab,  then  the 
producl  is  tybud<  ab)za^L'cd{iciabbcd  the 


'        dividend. 


O  4  Ex> 


200  FUNDAMENTAL  B.  h 

Ex.   2. 

Let  ab  +  cd  and  ac  +  bd  be  propofed. 

Thefe    have    no    divifors    but    i.      Therefore 


ab  +  cd  X  ac  -f-  bd  or  aabc  +  abbd  +  accd  +  bcdd>  is 
the  dividend  required. 

Ex.  3. 

Let  %a*b9  &  +  a%  and  aa  —  bb,  be  given. 

The    greateft    common    divifor    of    ^azb    and 
a*  +  azb  is  aa.     Then 

<ra)  3^  +  %a*bb  {$<Pb  +  %aabb. 
Then  the  greateft  common  divifor  of  ^b  +  jaabb 
and  aa  —  bb/isa  +  b,  then  3^  +  $aabb %aa  —  bb 
divided  by  a  +  b  is 

a  +  *)  3*5*  +  3a*bb—2aib*  —  3axb* ($a*b—2a%b* 
the  lead  common  dividend. 

Ex.  4. 

Z*/  the  given  quantities  he  a*  —  b*>  aa  +  ab9 
a*  +  arb1^  and  a  +  b. 

Thefe  quantities  refolved  into  their  divifors  are 
aa+TbXa+bXa—b,  axa  +  b9  aXaXaa+bb,  and 
a  +  b.  Now  becaufe  there  is  one  factor  a  in  the 
iecond  which  is  not  in  the  firft,  jput  it  in  the  firft, 
which  becomes  aa  +  bb  X  a  +  b  X  a  —  b  X  a9  the 
lead  dividend  for  the  firft  two  quantities. 

Likewife,  there  is  a,  one  fador  in  the  third, 
which  is  not  in  this  laft  ;  let  it  be  inferted,  and 
it  becomes  aa  +  bbxa  +  bxa  —  b  X  aa9  the  leaft 
dividend  for  three  quantities. 

Laftly,  Since  *  +  *  the  laft  given  quantity  is 
in  the  laft  dividend;  it  wiU_be  the  dividend  for 
all  four  i  that  is,  aa+~bb X <*  +  & X a  —  b  X  aa,  or 


Sett.  VIL        PROBLEMS.  201 

a6  —  a*bb  is  the  leaft  common   dividend  for   the 
four  given  quantities. 

Scholium. 

All  the  fimple  divifors  of  a  quantity,  are  found 
the  fame  way,  as  in  Prob.  6,  7.  Chap.  iv.  B.  II. 
Arithmetic. 

PROBLEM    LXVII. 

The  J urn  and  difference  of  two  quantities  being  given; 
to  find  the  difference  of  their  fquares. 

Let  s  2=  fum,  d  zz  difference,  A  zz  greater  quan- 
tity, E  zz  the  leffer.  Then  A  zz  .ii-,  and  E  zz^ZL- 

2  2 

(Prob.  lxv).     Whence 

A  a  _  ss  4-  2sd  4-  dd 

4 

,  -p.  r*        ss  —  2sd  4-  dd 

and  EE  zz -I— 

4 

and  AA— EE  zz     ¥*  zz  sd. 

4 
Cor.    The  fro  duel  of  the  fum  and  difference   of 
two  quantities^    is    equal   to   the  difference   of   their 
fquares. 

PROBLEM    LXVIIL 

Two  quantities  being  given  to  find  the  fquare  of  the 

fum. 

Let  a  be  the  greater  quantity,  e  the  leffer ; 
then  the  fum  is  a  4-  e  •,  and  a  -f-  e  being  fquared 
is  aa  4-  2ae  4  ee. 

Cor.  1.  Hence  the  fquare  of  the  fum  of  two  quan- 
tities is  equal  to  the  fum  of  the  fquares  of  the  quanti- 
ties^ increafed  by  double  their  producl. 

Cor, 
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Cor.  2.  "The  fquare  of  the  fum  of  any  number  of 
quantities,  a  +  b  +  c  &c.  is  equal  to  the  fum  of  all  the 
fquares,  together  with  twice  the  fum  of  all  the  pro- 

dufts  of  every  two, 

For  by  this  Prob.  a+b+t\%  zza+b\%  +  2  Xa+b 
Xc+cc;  that  is  aa+2ab+bb+2ac  +  ibc+£C,  and 
io  for  more  quantities. 

Scbol  By  the  fame  way,  theorems  may  be 
found  for  the  cube  of  the  fum  of  two  or  more 
quantities. 

PROBLEM    LXIX. 

Vwo  quantities  being  given  to  find  the  fquare  of  their 
difference. 

Let  a  be  the  greater,  e  the  lefTer ;  then  the 
difference  is  a—  e9  which  being  fquared,  pro- 
duces aa  —  iae  +  ee. 

Cor.    Hence  the  fquare  of  the  difference   of  two 
quantities,  is  equal  to  the  fum  of  their  fquares  abating  ' 
twice  their  produfl. 

Scbol.  By  the  fame  method  a  rule  may  be  found  - 
for  the  cube  of  the  difference  of  two  quantities. 

PROBLEM     LXX.    J 

1  fa  fum  and  difference  of  two   quantities  being  given  j  x 

to  find  their  reftangle. 

Let  s  zz  fum,  d  =  difference,   A  the  greater,  E 

the  lefTer.    Then  A  +  E  =  s,  and  A  -  %=?>*$ 

addin*  thefe  equations  ibzzs  +  d,   and  fubtraO- 

ing,  *E=:j—  '*    Then2AX2Eor4AE-J  +  <* 

ss  —  da 

X  T^d  zzss  —  dd,  and  AE  =  — - 

Cor.  The  fquare  of  the  fum,  lefs  the  fquare  of  the 
difference  of  two  quantities,  is  equal  to  four  times  tbeir 
rdlangle.  PRO- 
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PROBLEM    LXXI. 

Given  the  nth  power  of  the  binomial  a  -\-b\  to  find 
the  difference  between  the  fquare  of  the  fum  of 
the  odd  terms,  and  the  fquare  of  the  fum  of  the 
even  terms. 


The  nth  power  of  a  +  b,  that  is  a  -f~  b\    zz  an  + 

nanib  +  n. an2  bb  +  n. . <?*  3£* 

2  23 

&c.  Put  A,  B,  C,  D,  E,  &c.  for  the  firft,  fe- 
cond,  third,  fourth,  &c.  terms*  Then  A  -f-  C  -f-  E 
&c.  zz  fum  of  the  odd  terms ;  and  B  +  D  +  F  &c. 
zz  fum  of  the  even  terms.  But  A  +  C  +  E  &c,f 
—  B  +  D  +  Fj*  =  A  +  B  +  C+D  +  K1S7.  X 
A_B+C  —  D  +  b,"  £s?g.   =z 

0"  +  tf0*~r  3  +  n .  --— -  ^"2  W  4-  &c.  x 
f  _  »*«-'  £  -p  n  .  ^Zl  a*"2  ££  —  &c. 


zza  +  b\nxa  —  bl*  zz  aa  —  bbV  . 

Cor.   1.  Hence  aa  —  i?b\n     zz 

n.n — 1    _  ,  77  n — 1    n  —  2    n — 2         ~p 

an  -\ a*  2  bb  +  n. . l.a*-*M 

2  2  3  4  1 

&c. 


r  ,   ,  72  —  I      /*  — r-2  # 

2  3    2 

#  —  2    b  —  3    n  —  4.    v 

. . a*  5  £*    &c. 

3  4  5 


Cor.  2.  aa  —  bbV  zz  aa  +  hh\%  —  2ab\l 


Cor.  3.  r?^2  —  bb\*  zz  a^  -{-  $abb\l  —  $aab  +  b:W 

Cor. 


2o4 
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Cor.  4,  aa— bb?zza*+6aabl+W— \a'l+^b>\\ 
Cor.  5.  aa  —  bb\s 


PROBLEM    LXX1I. 

To  find  the  nth  root  of  the  binomial  fur d  A  ±  B,  where 
either  A  or  B  is  a  furd  fquare  root,  the  other 
rational, 

Suppofe  x  +  v  zz  Va  +  B,  then   by  involution 

n  —  1  /'  *  »  — 1 

A  +  B  rz  *  +  nxn~lv  +  n.  — —  x    vv  +  n.  ——'  • 

*       ?  /"3  ^3  &c.     Suppofe  v  a  furd  fquare  root, 
and  put  the  odd  terms  of  the  feries  zz  A,  and  the 


even  ones  =  B  -,  that  is  xn  +  n 


n  —  1 


x71"2  vv  &c. 


=  A,  and  nx^v  +  n.^^'~x^v^    &c. 

2  3 


—  B.     Then  **  +  n 


xn'2vv   &c. 


1      72 2 


Ba  =  D  by  fubfcitution.  That  is  (by  Cor.  i.  Prob- 
lxxi.)>  xx  —  w\  =  D,  and  **  r-w  =  Dfi..  There- 
fore w  =  *x-4D*".     Whence  this  equation, 

» —  1                           i_      ^  _  1     «  —  2 
**  +  0 . *?'*xxx  —  D  »  +  ""I ~"  o      ' 


J*-'x**-D'     .fkrA,     Which  ad- 

feclcd  equation,  by  a  few  trials,  will  give  x,   and 

^  then 
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then  v  will  be  had  by  the  equation 

v  =:  ±  \/xx  —  yD  -,  and  x  ±  v  zz  s/ A  ±  B,  as 
required. 

Cor.  Hence  if  x  ±  \/y  zz  v^A  ±  B,  ^«J  A*  —  B* 

^     .  # —  1     xx —  D"  »  — 2 

—  D  •,  then  x*  +  n  . X P  +  - . 

2  **  3 

*t  1 

^X Q  +  _?.         ^X R 

4  *#  5  6 ;c# 

£s?r .  =  A  ;  and  Vy  zz  \/xx  —  \/D.    Where  P, 
Q,  R,  are  the  foregoing  terms. 

Or   tbus> 

71  "~~~  I 

Since  xn  +  0  . #*~2  <zw   &c.   zt  A. 

2 

0  <— —  1    fi  — ■  2 

and  a**""1  ^  +  #. ;  xn~3v*  &c.  z=B. 

2  3 

by  adding, 

**  +  nxn~l  v  +  n  .  ^— ^/~2  <z;4  &c.  =  A  +  B. 
2 

by  fubtradting, 

x*  —  nxn~l  v  +  n  .  ^^  **"V  —  &c.  z=  A—  B. 

2 

Therefore  by  extraction, 


x  +  v  rz  v/A  -f  B, 


and    *  —  v  zz  \/A  —  B. 

n n        

and       2x     =  v/A  +  B   +  v/A  —  B. 
2^     =  v/A  +  B  —  v/A  — B. 

whence 


:  .-.  : 


S 
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Z      — 

—   z 
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- 
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Alfa    v/v  -  _  v/25  _  ,  3  _  _  v/l  2  ^ 

*"f"\/7—  5 — v^'^-    Crthe  root  may  be»/i2 - 

put:  D=  — 13,  "      V 

Or  thus, 

y  ._  s/l1  6±  +  y/:     5  i:.oo 

2  -        2       =  5- 

«  -  v/2  ?6-v/-    --■ 

2 ~ =—  3 

2v/3»  »nd  *  -j-  o  =  5  —  2v/j   the  root. 

Ex.  3. 

L:t  7—  -V2  *  *w»  /«  /*/  jfe  «Ar  r«/. 

Here  A  =  7,  B=5v/2)  A«-B»=_i=D, 
D;  =  —  1. 

and  the  root  of  this  equation  is  *  =  1 

\  v<y  =  -  vA-v  +  I   -  _  >tj     „* 
*   -  V<>  =  I—  s/l. 

Cr 

v'A-B  =i/-.c7  =-.4:_; 
Then  *  =  -■-'--  :-'-   _ 

for  here  B  is  negative  8  therefore  a-  +  v  =  i  —  v/2. 

£*.  4, 
What  is  the  cube  rcc:  cf  25  +  . 

Here   A  =  25,  B  -  v  _  BB  = — 

]  =  D,  and  y/D  =  — '-, 
Then  tf  4-  31*  +  2  iv  -  25,  and  x  =  1. 
And  v/>  =  y^,  1  :oo^   x  + 
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Ex.  5. 

Extraft  the  cube  root  of  —  10  +  v/  — -  243. 

Here  Aa  —  Ba  zz  100  +  24?  =  343  =  D»  and 
D^  zz  7.  Therefore  x3  +  3*  x  xx  —  7  zz  —  10,  or 
4#? —  2i#  zz  —  10,  and  the  root  is  x  zz  2,  whence 

v  or  y/jy  zz  v/4  — 7  zz-v/ — 3,  and  *+v/yzz2  + 
y/  —  3,  as  required. 

In  like  manner  the  cube  root  of  — 10  —  \/ — 243 
is  2  —  */ —  3. 

Ex,  6. 

Extraft  the  5th  root  of  843  —  589^/2. 

Here  AA  — BB  zz  16807,  and  D^  —  7. 

And  i6x5 — 1 40*3+ 245*^843,  and  the  root  is 
x  zz  3  ;  and  y/y  zz  —  v/9  —  7  zz  —  -y/2,  and 
#  +  y/jy  zz  3  —  v^2    the   root  required. 

Ex.  7. 
£T£<z/  w  /fo  yth  root  of  568  +  328^3. 

Here  A2  —  B£zz  —  128  zzD,  and^/Dzz— .2. 
Then  A  +  B  zz  1136,112,  A  — Bzz— .112,  and 

_  ^nq6.ii2  — n/ — .112  __  2^732—^.732  __ 

X  — _        ■.. 1    ii  1 1    ii  —    —     .,  1  ....    _  Xf 

2  2 

a      a  Z/ 1  I  $6.1 12  +  Z/— '.112 

And  ^  zz  - = -i-^ zz 

2 

2.732  +  .722  ,  ,  ,     . 

—^ —       /3     ZZI.732ZZV/3,  and  ^+^z=i+v/3 

zz  the  root. 

Scholium. 

In  the  former  method,  if  yD  is  not  rational, 
neither  member  of  the  root  will  be  rational,  and 

in 
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in  the  fecond,  if  neither  the  fum  nor   difference 


of  y/A  -f-  B  and  y/A — B,  is  rational;  peither 
member  of  the  root  will  be  fo :  and  in  thefe  cafes 
the  rules  are  of  no  ufe.  Logarithms  will  be  ufe-" 
ful  here  in  finding  thefe  roots,  being  exact  enough 
in  rinding  whether  any  of  the  quantities  be  ratio- 
nal or  not.  When  none  of  thefe  quantities  are 
rational,     multiply    the   given   equation    by   iome 


number,  till  v/D,  or  v/A  +  B  +  s/A — B,  comes 
out  rational ;  then  extracl  the  root  as  before  But 
remember  to  divide  the  values  of  x9  v9  at  lafc, 
by  the  root  of  that  number.  Thus  22  +  ^486 
has  not  fuch   a  cube  root ,    but  multiply   by   2f 

and  then    — 1211      w;n   have   a    cube   root, 

2  ' 

for   the   numerator. 

PROBLEM    LXXlII. 

2*0  explain  the  fever  al  properties  of  (o)  nothings  and 
infinity. 

It  is  plain,  nothing  added  to,  or  fubtracled 
from,  any  quantity,  makes  it  neither  bigger  nor 
Jefs 

Likewife,  if  any  quantity  is  multiplied  by  o, 
that  is,  taken  no  times  at  all  5  the  product  will 
be  nothing. 

Let  —  ==  q;  that  is,   let  the  quotient,  of  h  di- 
a 

vided  by  a,  be  q.  Then  if  b  remains  the  fame,  it  is 
plain  the  lefs  a  is,  the  greater  the  quotient  q  will 
be.  Let  a  be  indefinitely  fmall  beyond  all  bounds, 
then  q  will  be  indefinitely  great  beyond  all 
boun.js.  Therefore  when  a  is  nothing,  the  quo- 
tient q  will  be  infinite.     Whence 

P  Alfo 
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b 
Alfa  fince  ^  zz  infinity,  therefore  b  zz  nothing 

X  infinity. 

Let  there  be  feveral  geometrical  proportionals* 
x,  #%  x\  a:a,  #%  &c.     If  this  feries  be  continued 

backwards,  it  will  be  #,  l,  — ,    —  •,  that  is,  x\ 

X       XX 

*°,  r-1,  x'2y  the  indices  continually  clecreafing 
by  1.  Then  its  plain  x°  is  equal  to  i,  whatever 
x  be  •,  for  it  may  ftand  universally  for  any  thing. 
Therefore  o°  is   z  i. 

Let  x  be  an  indefinitely  fmall  quantity,  beyond 
all  conception  ;  then  in  the  feries  x9  *%  x*9  &c. 
each  term  will  be  indefinitely  greater  than  the  fol- 
lowing one.  And  when  x  is  o,  then  in  the  fe- 
ries — ,  o°,  oT,  o%  &?£.    —  is  infinite,   and  o  is 

nothing,  by  what  goes  before.  Therefore  the 
mean  o°  is  a  finite  quantity.    Suppofe  zz  b,  whence 

—  x  o  zz  bb9  that   is  bb  zz  zz  i,  and  I  zz  i, 

whence  it  is  plain  again,  that  (b)  o°  z  i. 

Let   or  its  equal be  an  infinite 

i  — i  n         -  1  -f-  i 

quantity,  then  by  actually  dividing,  zza  +  a 

a  ,        a  .         a 

4-  a  H ,  and  zz— a — a — a-\ • 

i — i  — i  +  i  — i-fi 

Therefore  — [-a+a+a  &c.  zz a  —  4 

i — i  i — i 

—  a  &c.   that  is,  an   infinite   quantity  is  neither 
increaied  nor  decreafed  by  finite  quantities. 

Cor.  c.  If  o  multiply  any  finite  quantity ,  the pro- 
dutl  will  be  nothing. 

Cor. 
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Cor.  2.  If  o  multiply  an  infinite  quantity •,  /£<? 
produtl  is  a  finite  quantity.  Or  a  finite  quantity 
is  a  mean  proportional  between  nothing  and  infinity. 

For  o  X  infinity  zz  b. 

Cor.  3.    If  a  finite  quantity  is   divided  by  o,    the 

quotient  is  infinite  (—  ~z  inf.). 
o 

Cor.  4.  If  o  fo  divided  by  o,  /£*  quotient  is  a 
finite  quantity  of  fome  fort. 

For  (Co.  1.)  b  xo  zo,  and  therefore  —  =  £,  a 

o 

finite  quantity,  or  nothing. 

Cor.  5.  Hence  alfo  o°zi,  ar  /fo  infinitely  fmrll 
power^  of  an  infinitely  fmall  quantity^  is  infinitely 
near  1. 

Cor.  6.  Adding  or  fub trailing  any  finite  quantities 
to  or  from  an  infinite  quantity^  makes  no  alteration 

Cor.  7.  therefore  in  any  equation^  where  are  fome 
quantities  infinitely  lefs  than  others  5  they  may  be  thrown 
out  of  the  equation. 

Cor.  8.  An  infinite  quantity  may  be  conjidered  si* 
ther  as  affirmative  or  negative. 

For  infinity  zz or  . 

+  0        — o 

Scholium. 

There  is  fomething  extremely  fubtle,  and  hard 
to  conceive,  in  the  doctrine  of  infinites  and  nothings. 
Yet  although  the  objects  themfeives  are  beyond  our 
comprehenfion  -,  yet  we  cannot  refill  the  force  of 
demonftration,  concerning  their  powers,  proper- 
ties, and  effects ;  which  properties,  under  fuch 
and  fuch  conditions,  1  think,  I  have  truly  explain- 
ed in  this  proportion.  Any  metaphyfical  notions, 
that  go  beyond  thefe  mathematical  operations,    are 

¥  2  not 
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not  the  bufinefs  of  a  mathematician.  But  thus 
much  may  be  obferved,  that  o,  in  a  mathemati- 
cal fenfe,  never  fignifks  absolute  nothing  -,  but 
always  nothing  in  relation  to  the  object  under  con- 
fideration.  For  illuftration  thereof,  fuppofe  we 
are  confidering  the  area  contained  between  the  bafe 
of  a  parallelogram  and  a  line  drawn  parallel  to  the 
bale.  As  this  line  draws  nearer  the  bale,  the  area 
diminifhes  ;  till  at  laft,  when  the  line  coincides 
with  the  bafe,  the  area  becomes  nothing.  So  the 
area  here  degenerates  into  a  line ;  which  is  no* 
thing,  or  no  part  of  the  area.  But  it  is  a  line 
ftill,  and  may  be  compared  with  other  lines. 

PROBLEM    LXXIV. 

To  find  the  value  of  a  fraction,  when  the  numerator 
and  denominator ',  is  each  of  them  nothing* 

i     RULE. 

Confider,  from  the  nature  of  the  queftion  pro- 
pofed,  what  quantities  are  infinitely  greater  than 
others,  when  they  are  all  taken  infinitely  fmall. 
Then  throw  out  of  the  equation,  all  thofe  terms 
that  are  infinitely  lefs  than  others  •,  retaining  only 
thofe  that  are  infinitely  greater  than  the  reft  -,  by 
which  expunge  one  of  the  unknown  quantities,  and 
the  value  of  the  fraction  will  be  known. 

Ex.  i. 
Let  x*  +y*  zz  axy,  and y  infinitely  greater  than  x% 

when  they  vanifij ;    to  find  the  value  of?L,  when  x 

x 

and  y  are  zz  o. 

Here  x*  is  infinitely  lefs  than  axy  or  j*,   whence 

j3  —  axy,  or  yy  zs  ax.     Then  21  —  —  —  a>    the 

x  x 

value  of  the  fraction  propofed. 

Ex. 
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Ex.  2. 

x 
If  2ax  +  xx  ~yy,  what  is  the  value  of  — ,  when 

x  andy  ro,  and^  infinitely  greater  than  x. 

Here  rejed  xx  being  infinitely  lefs  than  the  reft  ; 

x  1 

then  yy  zz  iax,  and  —  zz  — . 

JJ  yy         2a 

Ex.  3. 

What  is  the  value  of  2-9   when  2  ay  +  yy  zz  rx  •, 

x 

y>  x  being  zz  o. 

Here  yy  is   infinitely   lefs    than   2ay*     Whence 

y  r  o 

lay  zz  rx9  and  —  zz  —  =  rr  • 
7  '  *  20  o    • 

2     R    U    L    E. 

Obferve  what  the  unknown  quantity  is  equal  to, 
when  the  numerator,  &V.  vanifhes  ;  put  the  un- 
known quantity  zz  that  value  zk  £>  where  e  is 
fuppofed  infinitely  fmall.  Which  being  fubftitu- 
ted  for  that  unknown  quantity,  and  the  roots  of 
all  furds,  extraded  to  a  fufficient  number  of  places 
of  e-9  at  laft  you  will  have  fome  terms  in  both  the 
numerator  and  denominator,  which  will  determine 
the  value  of  the  fradion. 

Ex,  4. 

What  is  the  value  of  a     ax  ~~~  xx,  when  x  zz  a. 
a  —  ^/ax 

Tut  x  zz  a  +  e,  then  expunging  x  ;  ~  ** 

a y/d* 

P  3 
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a  X  aa  +  ae\*  —  a  -f  A* 

a  —  aa  4-  &e[* 

a  X  :  a  +  je  &c.  —  aa  —  iae  &c        _ 
a  —  a  —  \e  &c. 
aa+\ae  &c. — aa —  2ae  &c.    __  -\ae  __  3^5 

=r  30,  the  value  of  the  fra&ion. 


Ex, 


5- 


s/ia^x< — -X"4  —  al/aax      , 

JFto  is  the  value  of  — — r7=y: >  wi<» 

a* —  v  ax1 

x  —  a* 

Let  the  fraftion   zzy9  and  put  x  zza  —  <?,  then 

VW  X  a  —  e  —  a  —  e\* — oVa* — aae      « 

y  — 47= -^E^  •     DU1: 

^  —  v  ax  a  —  e\ 

s/i#xli^e--a—e\*  =  s/ia*—  2a*e— a*+4a*e  = 

d*  +  2*  »*l*  =  **  +  **  &c-     Alfo  gv^*  —<Mg  == 

^ipzM--^&c,    And^X*  — *l'  = 

]F— 3*vl*  =  «  — :4*  &c.     Whence 

fl^  &c.  —aa  +  >?  &c.  __  £«£  _  £°f# 

Ex.  6. 


Let  dl/tai+jx*--**—*"  -  j,  wfa/   j|  ij 

v/2^  4-  2^  —  x  —  a 
value  when  x  zz  a. 

Let  a  —  e  zn  *.     And  expunging  x9 

& A&  +  4X  fl  —  g  *  —  **  +  *'  —  **  -  y      But 

V    2tfrt  +  2  X  A  *l* 'V a 
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cr  4.a'  +  4-Xa — eX  zzaxSa'  —  \2aae-\-  i  iaee^izjiaa— 
ae  +  \ee  &c.     And  \/>2aa  +  2xx  r~  40* — $ai+2ee\* 

€6 

—  2a  —  e  -f-   —    &c.     Whence 
40 

2^  —  e  +   —  &c.  —  2tf  +  £  +  — 

4«  4C 

2^^ 

n  2<r 

^^ 

Here,  if  I  had  gone  no  farther,  than  the  firffc 
power  of  ey  it  is  evident  by  infpection,  thar  all  the 
terms  would  have  vanimed  j  by  which  nothing 
could  have  been  concluded. 

Scholium. 

If  e  remains  at  lad  in  the  numerator,  the  value 
ef  the  fraction  is  o,  and  if  e  remains  in  the  de- 
nominator, the  fraction  is  infinite.  But  if  all  the 
terms  vanifh  out  of  both  numerator  and  denomi- 
nator, the  feries  muft  then  be  carried  to  more 
places,  to  have  a  folution. 

PROBLEM     LXXV. 

To  find  two  whole  numbers  y,  y  \  in  the  equation 
ax  zzby  +  f,  being  in  its  leajt  terms :  ar  b,  c,  be- 
ing given  numbers. 

H    U    h    E, 

Let  wh.   fund  for  the   words  a  whole  number. 

Reduce  the  equation,  then  x  —  — =z  w.b.     By 

an   abridged   fraction,  I   mean  the   fraction   refult- 
ing  by  throwing  all  whole   numbers  out  of  it,  till 
terms  in  the  numerator  be  lei's  than  the  cteno- 
id 4  minator. 
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ffV      1      C 

minatory      Thus   let  the   fraction  — be    a- 

a 

bridged   to   -.     Then     o   find  y. 

a 

The  method  confifts  in  leflening  the  coefficient 

of  y  continually,  till  at  laft  it  becomes    i.     And 

this  is  done  by  fubtracting  — -  or  fome  multi- 

a 

pie  of  it,  from  y,  or  any  multiple  of  it,  which 

comes  very  near  it  j  that  is,  from  ~,  — -  ,  ^ , 

a       a         a 

&c.  or  this  from  it.  And  the  refulting  fraction 
abridged,  or  its  neareft  multiple,  is  in  like  man- 
ner to  be  fubtradled  from  the  neareft  foregoing 
fraction  •,  or  from  any  wh.  which   is   nearer  •,  or 

this  from  that.     And  thefe  wh.  may  be  ~,  —  , 

a      a 

0  a y  -f-  a     ay  -h  la     2ay-hia  c 

&c.  or  J  ~     ,  4-^ —  ,      J  —  D    &c.  or  any  you 
a  a  a 

can  find,  which   has  the  neareft  coefficient  to  y. 

By  this  means  the  coefficient  of  y  is  continually 

lefTened,  till  at  laft  we  have  - £  zz.whzz.ps  then 

a 

will^y  zz  ap  — g  :  where/)  may  be  any  whole  num- 
ber taken  at  pleafure.  And  y  being  known,  x 
will  be  found  from  the  given  equation. 

You  muft  obferve  in  this  whole  procefs,  to  keep 
the  fame  denominator  a>  throughout. 

For  whole  numbers  fubtracted  from  one  ano- 
ther, will  always  leave  whole  numbers.  And 
whole  numbers  multiplied  by  whole  numbers,  will 
always  produce  whole  numbers.  And  upon  thefe 
principles  the  rule  is  founded. 


Ex. 
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Ex.  1. 

Let  igx  zz  i4y  —  j  1,  to  find  x,  y  in  whole  num- 
bers. 

By  reduction  x  zz  lW—11  -.  wht     A]{o    19 

l9  i9y 

zz  wh.     Then   by  fubtra&ion,    121  —   Hy— ir 

19  19 

57  +  1 1 
= =  wh.      And    multiplying    by    4, 

= h  2  =  A     And  l^JZl 

l9  19  19 

=  w*.     Subtract  i£? ;   and   l+l   zz  wh    -  » 
19  19  '   ~  ?• 

Whence  j  =  i9/>  — 6.    Let  p  -  r,  for  the  leaft  af. 
firmative  value  of  y,  and  y  =  13.     Whence  ^=9, 

Or  thus, 
19*  +  11  r*  4.  u 

y  =  -^—   =  *  +        ^    -  =  wh.    Then 

s =  wh.    And  multiplying  by  3,  1$x  "**  33 

14  I4 

zz  wh.     But  '4*  +  28  =  wh.     And  fubtraftins, 
14  ^ 

— -  =  pf.  =  />.    And  *=  14/)— 5.    Letpzzr, 

to  have  #  the  leaft ;  and  x  zz  9,  and  j  =  13. 

is*.   2. 

%>/<?/*  3  a;  n  Sy  —  1 6,  query  x,  y. 

A"d       3~  =  **'      And    mu]t¥fl"S    by    2, 
=  wb.     But  £  =  Wb.    And    their  dif. 


3  i 


ference 
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y  -  i     *> 

ference  - zz  wb.  zz  p.     Whence  y  zz  ip  +  2, 

and  taking  p  zz  o,  _y  zz  2.     Whence  at  zz  o. 

£#.  3. 
£i/  24*  zz  i$y  +|6. 

Here  #  zz  — - zz  w&,  multiply  bv  if,  and 

24 

v    - — £—  zz  wb.     But  ^ — u— i. or 

24  24 

_il2 zz  u'£.     From  which  fubtracT:  the  for- 

24 

y 8 

iner,  and-- —wb>zzp.     And  then  yzz24/>  +  8, 

24 
and  putting  p  zz  o,  y  zz  8,  and  #  zz  5. 

£*.  4. 

Z*/  14*  zz  4y  -f  7. 

Then  x  zz   ^      7  zz  w£.     And  multiplying  by 
14  r       °    J 

28y  -f  49         28y  4-  7    ,  ,       .     , 

7,       J         y  or   -i-L-i  +  3  zz  w£.     And 
14  if 

— 2. — — Z  —  w&.     But  —  zz  wb.     Therefore  their 
14  14 

difference  ~  zz  wb.  which  is  abfurd  1  for  an  even 

number   cannot  divide   an   odd    number,    nor    a  < 

greater  number  a  lefler.     See  Cor.  2.  Prop.  V1IL 

B.  II,  Arithmetic. 

£x.  5. 

Z?/   27*  zz  1600  —  i6y. 

t6oo  —  i6y  .      ...      ,7  —  i£y 

Here  x  zz £  zz  wb.  abridged - 

27  to  27 

—  u>£.  or  — £ :   zz  wi.     Subtract  it  from  —  » 

■'?  27 


ad 
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and  \ll±l  =  <t»h.  multiply  by  2,  and  2J1±±± 
27  27 

L  wb.     Subtrad  it  from  i2L±i2,   and   5J+J3 

27  27 

zz  wb.  multiply  by  2,  and  LJLlL —  zz  wb.  fub- 

27 

tra£t  it  from  LLLZL2,  and  -y       '9  -=.wh.  zz  />,  and 

27  27 

^zr px^y  +  ig,  and  if  />  zz  o,  y  zz  19,  and  #  zz  48. 

Cor.  1.  All  the  values  of  y  are  had,  by  continual- 
ly  adding  the  coefficient  of  x  ;  as  y,  y  +  a,  y  +  2a9 
y  +  3a,  &x.  And  all  the  values  of  x  are  had,  by 
continually  adding  the  coefficient  of  y,  as  x,  x  +  b% 
x  +  2b,  &c  ;  or  by  fub trailing  them,  for  negative 
numbers,  and  both  are  in  arithmetical  progreffion. 

Cor.  2 «  When  the  procefs  brings  out  an  odd  num- 
ler  divided  by  an  even  number,  or  a  lejfer  number  di- 
vided by  a  greater,  which  fhould  be  a  whole  number  \ 
the  que/lion  is  impoffible. 

Cor.  3.  If  it  be  required  to  find  y  a  whole  num- 
ber, fo  that  the  fraclion   -*  may  alfo  be  a  whole 

a 

number.     Tou  mud  proceed  the  very  fame  way,  by 

abridging    the  fraclion   to  -LzzJ. ,    and    then  find 

a 

y  zzaF  IPg,  where  P  is  any  whole  number ,  taken  at 

pleafure. 

PROBLEM     LXXVI. 

To  find  fach  a  whole  number  x,  that  being  divided 
by  the  given  numbers  a,  b,  c,  &c.  fioall  leave  the 
given  remainders  f,  g,  h,  Sec. 

RULE. 

Since  the  fractions  'tzL %  fZ^,  *!Z*    &c.    are 
a  b      -     c 

whole 
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whole  numbers  j  put  the  firft  Hill  z  P  =:  wh. 

a 
Then  x  zz  a?  +  f.     Put  this  value  of  x  in  the  fe- 

cond  fraction  ;  then         "^     £   —  wh.      Then 

b 
(Cor.   2.    laft   Prob)    find    P  zz  bQ+ w>    where 
Q  zz  wh.  then  will  >  zz  ^Q^+  am  +  f.     Put  this 

value  of  x  in  the  third  fraction  ;  then  *W±+*n>+f—b 

c 
zz  wh.  Then,  as  before,  find  Q  zz  cR  +  n  ;  and 
put  this  inftead  of  Q  in  the  laft  value  of  x  ;  then 
this  value  of  x  mud  be  put  into  the  fourth  frac- 
tion ;  and  proceed  the  fame  way  through  all  the 
fractions.  This  is  the  method  of  proceeding  ;  but 
numbers  mult  be  ufed  all  along  inftead  of  the 
fmall  letters.  And  the  leaft  wh.  number  R  may 
be  taken  at  pleafure. 

Ex.  i. 
To  find  a  number  which  divided  by  3,  5,  7,  and  2  % 
will  leave  the  remainders  2,  4,  6,  o,  refpeclively. 

Let  the  number  be  x,  then  *  ~  2  ,  *~*>  x~6 

3  5  7 

and  are  whole  numbers.     Let  x       2  zz  P, 

2  3 

A?— .4     _     3P  +  2—  4 


and  a;  zz  3P  +  2  ;  then 


5  5 


£z=i  zz  wh.  fubtrad  it  from  £?,    and   —±J. 
5  5  5 

zz  wh.     Subtract  this  from  l_l3  .  then  * 

5  5 

z=w&  zzQ,  and  Pzz  5Q  +  4,  and  x  ZZI5Q  +  14. 

.     x  —  6  K5Q  +  8  7  ,    O  4-  1 

Again z±    ..^  ^  °  zz  wi.    and   -zLlli 

7  7  7 

zzsev^  —  R,  andQ^zz7R  —  x,  and  tfzzio^R — r. 

Laftly, 
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t     n.i     * — °         lO^R — I  7  ,R — I  7 

Laitly —  — 2 =  ^- ■  and  ~wb. 

22  2 

zz  S,  and  Rr2S  +  i,     Whence  x  zz  210S  +  104, 

the  number  fought  •,  and  putting  Szo,  the  leaft 

value  of  x  is  104. 

Ex.  2. 

2*0  find  a  whole  number^  which  being  divided  by 

16,    17,  18,  19,  2oj  w/7/  /^itf  6,   7,   8,  9,  ic, 

remainders. 

Let  x  zz  number.    Then  x         ,   ^ZZ_7  >  lZl_  , 

ib  17  18 

_— .a.  ^  #       1     are   wno]e  numbers.     Put  ■         . 

19  20  \6 

zz  P,  then  x  zz  16P  +  6. 

Then         ■  '  zz ^—   zz  w&.     And   thence 

17  17 

P  iLl  -  w£.  zz  Q,    and    P  =  17Q  —  1,    and 

x  zz  272Q —  10. 

A,r    x — 8       272Q— -18  7        j  2Q         , 

Alio   —  — — ~ =z  ^^.  and  -S±zzwb. 

18  18  18 

=1  R,  and  Q  zz  9R,  whence  x  zz  2448R  —  10. 

#  —  a         244.8  R  - — 19  7         j 

A^ain  y   zz    — ?    zz    w£.    and 

19  19 

-3R  L       3R  7       a  18R  ,       , 

1 2—  zz  wb.  or  - —  zz  wb.  and zz  sc#,  whence 

u  19  19 

—  zz  wb.   zz  S,   and   R   zz   19S.     Then 
9 

t  zz  465 12S  —  10. 

Laftly  *Z_!2   =  4ggiaS-lo    _  ^    and 

20  20 
[2S 

—  zz  wh.    zz   T,    and    S   zz    gT.       Whence 

zz  232550T  —  10.     And  if  T  zz  1,  then  the 
ealt  value  of  x  zz  232550, 

Ex. 
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Ex.  3. 

To  find  a  number  (x),  which  being  divided  by  3, 
7,  14,  20;  there  Jhall  remain  1,  3,  7,   14, 

#  —  1     x  —  2     x  —  7     .v  —  14  ,, 

Here ,  ?  ,  ' ,  2  are   whole 

3  7  14  20 

numbers.    Let  =  P,  and  *  s  3P  4- 1. 

3 

Then  2SS  =  2£z2  =  w*.  and'6P~~4  =  tut. 
7  7  7 

Whence 3  zz  Wi&.  zz  Q,  and  P  zz  7Q  —  4,  and 

7 
x  zz  21^ —  11. 

Alfo  0=2  -  21Q  zzi!  -  wi.   and   TQ^f 

14  14  14 

zz  whs  and  — i-z-H—  zz  wht    Whence  —    zz   wh* 

14  H 

which  is  abfurd. 

Hence  the  queftion  is  impoffible  for  the  three 
firft  fuppofitions  •,  but  will  hold  good  for  two  of 
them:  in  which  cafe  #z=2iQ — II,  where  the 
leaft  value  of  x  is  10. 

2     RULE. 

When  two  divifors  and  their  remainders  are 
given  5  then  find  two  fixed  multipliers  M,  N : 
luch,  that  dividing  them, 

—  leaves  o,  and  —  leaves  1  remaining. 
a  b 

and  —  leaves  1,  and   —  leaves  o  remaining. 
a  b 

Then  divide      g  +  N-(,   and  the  remainder  is 
ab 

xt  the  number  fought. 

Likewifc 
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Likewife  for  three  divifors  and  remainders ; 
find  three  fixed  multipliers  M,  N,  P  j  fuch,  thac 
by  dividing  them, 

M  ^  M 

L~  leaves  1,  ana  —  leaves  o,  remaining. 

a  be 


N  ,  N 

—  leaves  1,  — 

b  ac 


—  leaves  1,  —  leaves  o,  remaining. 


P  P 

-  leaves  1,  —  leaves  o,  remaining. 
c  ab 

Then  dividing  — J  +    /— — -,  the  remainder 

abc 

is  #,  required  ;  and  the  like  for  more  quantities. 
To   prove    the   truth  of  this.     Since  (Cafe  1) 

21  as   alfo  —    leave    o,    by   divifion ;    therefore 
a  b 


— £,  and    —  leave  o. 


And  fince  — ,  as  alfo  —    leave    1.      Therefore 
b  a 

— TL_  and -  leave  o.     Therefore  -^     ff 

b  a  b  ' 

and  -JLZZ£  leave  o;  that  is,  --1  leaves  g,   and 

_  leaves  /.     Therefore  — I— — I  leaves  O  +  f, 
a  a 

and  — .    leaves  ?  4-  o. 

But  fince  Mg  +  N/  may  exceed  *£,  and  there- 
fore is  not  the  lead  number;  therefore  divide  by 
ab,  and  the  remainder  is  the  leaft  number  re- 
quired. And  the  fame  way,  Cafe  2,  or  any 
other,  is  proved. 

Ex. 
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Ex.  4. 

Having  the  cycle  of  the  dominical  letter  /,  and 
cycle  of  the  moon  g  \  to  find  the  year  of  the  Dio- 
nyfian  period. 

x  -  - 1  f 
Let  x   be  the  year  fought.     Then  — -J   and 

v  _—»  or 

£    are  whole  numbers.     Here  a  =  28,   and 

I9 

51  =  w*.  =  P,  and  M  =  28P.     Alfo  Mz?=Wi5. 
28  19 

28P  — 1  .        ....        ,  56P—  2 

= .    and   multiplying    by  2, 

19  r/  19 

^?P                                 P  4-  2 
=  w&.     Alfo  ^—  —  wA.     Therefore z=.whl 

19  19 

zzQ,  and  PZZ19Q — 2.    Whence  Mzz 28X19Q — 2 
S=  532Q  —  56,  and  if  Q  zz  1  ;  then  M  zz  476. 

Then  5  =  —  =  w&=P,  and  N  zz  19P.     Alfo 
£19  y 

— -  zz  -2—- —  zz  wj&.  multiply  by  2  ;   then 

28  28 

2Z—Z1?  rz  w&.  and  £ —  zz  wA.   therefore  — ~-^ 
28  28  28 

zzw^.zzQ,  and  PZZ28Q+3.     Whence  N=28x 
J9Q  +  57>  and  if  Q  zz  o,  N  zz  57. 
Therefore  x  zz  remainder  of  47  £  +  57/^  which 

532 
ferves  in  general,  for  any  numbers,  /,  g. 
Let  /  zz  10,  g  zz  12  j  then  #  zz  430, 

.foe.  5. 
Having  the  cycle  of  the  Sunday  letter  /,  the  golden 
number  g9  and  indiclion  h  \  to  find  the  year  of  the 
Julian  period. 

.  Here  a  zz  28,  I  zz  19,  rzzi5,  ^=532,  aczz 420, 
&•  zz  285,  and  #£r  zz  7980. 

Then 
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Then  _M   =  Wb.  =  P,  and  M  =  285P.     Alfo 
285 


M— 1  _  285P— 1  _ 


wb.     This  at  laft  gives 


28  28 

P,zz  17  the  leaft;    and  then  M  —  4845. 

N 

Again,  =  wb.  zz  P,  and  N  zz  420P,    Alfo 

420 

— ZL.  zz  - zz  wb.  and ziwb. which 

19  19  19 

will  give  P  zz  io,  and  N  zz  4200. 

Laftly,  —  =  wb.  zz  Q,  and  P  zz  532Q.    Alfo 
532 

zz  ^  ^  zz  w£.  and  i-^-- —  zz  wb.  at 

*5  *5  l5 

laft   QZZ13,   and   P  zz  6916.     Whence   the   re- 

.    ,        c  4845/+  4200?-  +  6916^  . 

mainder  of  ^  *DJ       ^    as     — 2 is   zz  x. 

7980 

Let/zzo,  or  28,  g  zz  1,  £  zz  2  ;  then  #  =  2072; 

Cor.  /F/fotf  /#£  operation  brings  out  a  lejfer  mm* 
her  divided  by  a  greater •,  inftead  of  a  wbole  number  5 
the  problem  is  impoffible. 

PROBLEM    LXXVIl. 

An  equation  being  given,  containing  feveral  unknown 
quantities  \  to  find  their  limits. 
When  an  equation  contains  feveral  unknown 
quantities,  the  values  of  all  of  them,  except  one, 
may  be  taken  at  pleafure  •,  and  when  their  values 
are  affigned,  and  numbers  put  for  them  in  the 
equation,  that  fingle  quantity  may  alfo  be  found, 
by  reducing  the  equation.  And  fuch  equations 
will  admit  of  an  infinite  number  of  folutions,  if 
we  admit  of  fractional  and  negative  numbers. 
But  fince  thefe  folutions  are  mod  ufeful  where  af- 
firmative quantities  are  concerned  \  and  more  ufe- 
ful ftill,  when  only  affirmative  whole  numbers  are 

Q^  admitted; 
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admitted  ;  therefore  I  propofe  to  confider  only 
thefe  two  cafes,  and  particularly  the  laft :  becaufe 
in  that  cafe  fuch  an  equation  will  have  a  deter- 
mined number  of  foliuions.  And  therefore  it  is 
neceffary  to  know  the  limits  of  the  unknown 
quantities ;  left  we  go  about  to  feek  their  values 
beyond  thefe  limits. 

RULE. 

Tranfpofe  the  negative  quantities  to  the  con- 
trary fide ;  that  all  the  terms  may  be  affirmative. 
Then  to  find  the  limits  of  any  one,  put  all  the! 
reft  i±  o,  or  fuppofe  them  to  vanifh ;  and  from 
hence  find  the  value  of  that  quantity,  which  will 
be  one  limit  thereof.  And  to  know  which  limit 
it  is,  conceive  the  other  quantities  to  increafe  and 
have  fome  certain  value  ;  then  if  by  this,  the 
value  (of  the  unknown  quantity  under  con  federa- 
tion) increafes  ;  it  is  the  leaft  limit  you  found  ; 
if  it  decreafes,  it  is  the  greateft  limit.  And  in  cafe 
you  find  no  leait  limit,  then  o  is  its  leaft  limit. 
This  procefs  relates  to  fractional  quantities. 

But  if  you  only  defire  whole  numbers ;  put  i 
for  each  of  the  other  quantities,  which  is  the  leaft 
value  they  can  have ;  then  from  the  refulting 
"equation,  find  your  unknown  quantity  and  its  li- 
mit, as  before  direcled. 

Proceed  the  fame  way  with  all  the  unknown 
quantities. 

Ex.  i. 

Let  %a  -f-  $e  zz  28,  to  find  the  limits  of ay  e. 

Let  e  zz  o,  then  ia  zz  28,  and  a  zz  —  zz  9 — . 

.3        .3 
Now  let  e  be  fome  real  quantity  -,   it  is   plain  the 

greater  e  is,    the  lefs  a  muft  be  ;   therefore  9^-  is 
the  greater  limit.     Whence  a  ~3  94-. 

For 


22 

Let  £  zz  i,  then  30  zz  28  — 5  —  23,  and  a  zz  —> 

3 
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For  e :  let  *z  zz  o,   then   5^  zz  28,  and   *  zz  — 

zz  5-f.  But  if  j  increafes,  e  decreafes  ;  therefore 
St  is  the  greater  limit,  and  e  -3  54,  and  the  leffer 
limit  of  both  a  and  e9  is  o.  AH  this  including 
fractions. 

For  whole  numbers. 

len  %a  z:  28  — 5  zz 

z:  74,  the  leffer  limit,  and  a  "2  j%. 

Again,  let  a  zz  1,  then   5?  zz  25,  and  <?  1=  — 

5 
—  5>  tne  greater  limit,  and  ?  zz  or  "35. 

£&  2. 

Let  %a —  5*  zz  28,  to  find  the  limits  of  ay  e  in 
whole  numbers* 

Then  3a  zz  28  -f-  $e ;  let  rz  t,  then  3^  —  33,; 

and    #  zz  —  zz  1 1  ;  but   when  e  increafes   a   in- 

3 
creafes  •,  therefore   1 1   is  the  leffer  limit,  and  a  zz 

or  c  11. 

Let  a  zz  1,  28  +  Se  zzz  3?  and  *  will  be  negative, 
which  we  exclude.  But  whilft  a  increafes  e  in- 
creafes ;  therefore  o  is  the  lead  limit  of  ft  or 
e  o_  o :  and  it  has  no  greateft  limit. 

Ex.  3. 

Z>/  3#  +  sy  4"  8z  ±  10003,  /0  jfoi  /£<?  £#?*/}  /» 
whole  numbers. 

Suppofe  .yzzizzz.     Then  yc zz  10003 — 13,  and 

9990 
x  zz  zz  3330.     And  fince  x  decreafes,   whilft 

y  and  z   increafe  •,  therefore   3330   is   the  greater 
limit,  and  *  zz  or  _d  3330. 

Q  2  .         Arrain, 
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Again,  let   x  zz  z  zz  1  •,     then    ry  zz  9592,  and 
9992 
y  zz zz  19984  9  and  y  decreafes  whilft  x9  z 

increafe  :  whence  y  "3  1998^. 

Laftly,  for  z  5  let  x  zz  y  zz  1,  then  82  zz  10003 

«—  8  zz  9995,  and  z  zz  222$  zz  12494..     But  2  de- 
creafes, whilft  x,  y  increafe;  therefore  z  -3  1249-}. 

x  Ex.  4. 

Let  i%x—  $y  +  8z  zz  ic,  to  jM  /^  limits  of  y. 

Here  13X  +  82;  zz  10  +  5^ ;  let  x  zz  1  zz  %; 
then  5jji  -f  10  zzai,  and  £y  zz  11,  and y  zz  %\\  and 
whilft  x  and  2  increafe,  ^  increafes ;  therefore  2-J-  is 
the  lead  limit,  and  y  c  2f . 

Note,  the  limits  of  x  and  z  cannot  be  found 
till  the  value  of  y  be  affigned. 

PROBLEM    LXXVIII. 

Two  equations  being  given,  containing  three  or  more 
unknown  quantities;  to  determine  their  limits 

RULE, 

Having  pitched  upon  the  quantity  yon  would 
limit  *,  expunge  one  of  the  other  quantities,  and 
you  will  have  one  limiting  equation.  Then  ex- 
punge another  of  them,  and  this  gives  another 
limiting  equation.  By  thefe  two  equations  find 
the  limits  of  the  quantity  pitched  on  leparately,  by 
the  laft  problem. 

Bat  note^  In  any  limiting  equation,  all  the  other 
unknown  quantities  therein,  (being  put  on  the 
fame  fide  of  the  equation,  with  the  abfolute  num- 
ber,) mull  have  the  fame  fign  :  otherwife,  (if  thejr 
have  different  fignsj  they  cannot  limit  the  quantity 
propofed,  till  the  value  of  fome  of  the  reft  be 
known.  If 
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If  there  be  more  equations,  the  procefs  is  the 

fame  with  any  of  them. 

Ex.   1. 
Let  a  4-  e  +  y  zz  56. 
and  32a  -\-  20e  +  i6y  —  1232  •,  to  limit  a. 

Multiply  the  firft  equation  by  20,  produces 
20a  4-  20?  +  loy  zz  1 120.  Subtract  this  from  the 
fecond,  and  you  have  12a  —  4^  — 112:  whence 
(Trob.  lxxvii.)  a  f  9-J-. 

Multiply  the  firft  equation  by  16,  gives 
\6a  4-  \6e  +  i6y  zz  896.  Subtract  it  from  the  fe- 
cond, and  \6a  -f-  \e  zz  336  ;  whence  a  ~~3  2o|. 

In  like  manner,  to  limit  )\  multiply  the  firft 
equation  by  32,  and  3 2a 4- 3 ie -\--2iyzz  179 2,  Sub- 
trad  the  fecond  from  it,  and  12^4-  i6yzz^6o  This 
gives  y  ~j  34-.  And  the  equation  i  2^—4)?  5=  1 1 2, 
gives  j  c~  o. 

To  limit  e\  the  equation  16^  4-  4*  zi  336,  gives 

*  ~D  80.     And  the  equation  \2e  4-  i6y  ~  560,  gives 

*  -3  457.     But  here  is  no  leffer  limit  ior  e  s  there;- 
fore  e  zr  o,  and  "2  45. 

Ex.  2, 
Let     %x  —  y  4-  ?,«  rr    20  V 
and  12X  +  6y  +  $u  zz  150'y 

ift  X   5   is,     i$x —    $y  +  iou  zz   100 

2d  X   2    is,     24*  4.  i2y  4-  iou   zz   300 
difference  gx -fc  iyy  =C  200 

This  equation  gives  *  ~d  20-,  and  jy  ~3  1  i-fy-, 
jftxbis,    iSx —  6y  +  izu  zz'i20-9  add  this  to 

the   fecond:    then    30*  4-  lyu  =z  270,' 
whence  #  ~d  844,  and  «  ~D  HTV 

ift  X  4  is  12-v —  4>  4-  8«  =3  80.    Subtract  from  the 

fecond,  1  oy  —  sn  zz  70. 

And  y  cr  7T?6,  and  &  o_  o. 

There  is  no   lcall  limit  for  #$   therefore  xlo, 

and   ~d  ;i'  ■. 

Q.3  fi*. 
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Ex.  3. 

Let     a    +    e    4-  y  4-  u 
and  16a  +  10*  +  Sy  +  6u 


100. 
1200. 


IX  (6) 
2  —  3 

5 

1  X(io) 

2  —  7 
8   tr. 

9*4(9 


iX  (8) 

1  X(i6) 

2  —  ji 


52  —  2 
I4> 


^  +  ^+j  +  «  —  100 
164  -H  io*  +  8y  +  6«  zz  r200 
6a  4-  6^  4-  6j  4-  6#  zz  600 

104  +  4*  +  2jy  z:  600 


600 — 4 — 2 594 4 

10         "~"  10  """    "10 


at  moll 


4  -3  59A. 

7  104  4-  iO£  4-  toy  +  io#  =  1000 

8  6a —  2jy  —  4«  zz  200 
c)  64  zz  200  +  2y  +  4.14 

10  a  zz.  —r-  zz  34-J-  at  leaft>  and  40.34*-  •, 

fo  4  is  between  34-  and  59^-.  Then 
for  the  other  quantities. 

11  84+  8*4-  Sy  +  Suzz  800. 
i2  164  4-  1 6*  4-  167  4-  i6«  zz  1600. 
13     2>a -\-    2e  —    2«  zz    400. 

This  equation  will  limit  u  but  not*, 
Here  u  c  o. 

6e  +  Sy  4-  iou  zz  400. 
5^4^-4^=z38A}0r^38A 


.y  = 


10        10 

600 — Ae — ica 


<86 
-  zz  - —  zz  293,    or 
2  2  ^° 

jy  ~3  293  ;  but,  fince  the  limits  of  4, 

are   known  •,  y  may   be    determined 

more  exadly  -,  thus 

596-10x35        246 

y  zz  — 4?  zz  —  zz  123,   or 

2  2  ° 

7 -n  123, 
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231 


14 


l7 


14 


.     .  400 — 16 

Again  y  =  — g — 


3^4  _ 


8 


zz  48,  or 


y  -or  "3  48,  But  thefe  are  all 
greater  limits  of  y9  and  there  wants 
the  lefler  limit 9  therefore y  cr  o,  and 

>1  48. 

400 — 18       382       /   . 
(?  S   — j^-  —  V  ^     ^"'  °r  ^^ 
634,     But  the  leaft  limit  of  e  can- 
not be  found  ,  therefore  take  e  u~  p. 


Scholium. 

When  three  numbers  are  fought  by  two  equa- 
tions ;  all  the  values  of  each  of  them,  in  whole 
numbers,  make  three  feries  of  arithmetical  pro- 
grefiion,  taken  within  the  limits  of  thefe  numbers. 
And  if  four  or  more  numbers  are  fought,  the  va- 
lue of  each  is  to  be  found  in  feveral  arithmetical 
progreflions.  But  yet  the  values  of  any  three  will 
be  in  arithmetic  progrefilon,  when  the  values  of  all 
the  reft  are  afiigned,  as  before  for  three  numbers. 

For  in  the  cafe  of  three  numbers,  and  two  equa- 
tions ;  any  one  of  the  three  may  be  expunged  ;  and 
then  you  will  have  but  one  equation,  and  two  un- 
known quantities;  which  brings  it  under  Prob.  ixxv. 
But  by  Cor.  1.  of  that  problem,  thefe  two  remain- 
ing quantities  are  contained  in  two  feries  of  arith- 
metical progreffion.  And  as  any  of  the  three  may 
be  expunged  •,  therefore  any  two  of  them  will  con- 
(titute  two  feries  of  arithmetical  progrefTion. 

PROBLEM     LXXJX. 

%  he  prices  of  feveral  ingredients  being  given*  to  find 
the  quantities  thereof  \  Jo  that  the  mixture  may  be 
fold  at  a  given  price. 

Suppofe  four    Grnples    A,  B,  C,  D,  are    to    be 
ed  j  and  their  prices  to  be  as  follows : 

C  ^  4  Mean 


%l% 
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Mean  price 

Price  of  A 

of  B 

of  C 

of  D 


m 

m  +  a 
m  +  b 
m  —  c 
m  —  d. 


And  let  the  quantities  to  be  taken  of  A,  B,  C, 
D,  be  *,  y9  zy  v>  refpe&ively.  Place  them  in 
order,  thus : 


prices    quantities 
m-\>  a 
m+  b 


m 


m  —  c 
m  —  d 


x 

y 

z 

V 


Then  by  the  nature  of  the  queftion ;  if  each 
quantity  be  multiplied  by  its  price,  the  fum  of  the 
products  will  be  equal  to  the  fum  of  all  the  quan- 
tities multiplied  by  the  mean  price  \  that  is, 

»    *  — »  "**••■ 

m  -\-aXx  +  m^ 

+  m  +  b  Xy  +  m 


-dXv\ 


x  +v  +y  +zxw> 


Let  m  +  aXx  +  m  —  dXv  zzx  +vXm. 
And  m  +  bXy  +  m — cXz  zzy  +  zXm. 

That   is, 

mx  +  ax  +  mv  —  dv  zz  mx  +  mv 
my  +  by  +  mz  —  cz  zz  my  +  m%. 

by  the  former,  ax  —  dv  zz  o,  or  ax  zz  dv. 
by  the  latter,    by  —  cz  zz  o,  or  by  =z  cz* 

Now  fince  X  and  y  may  be  taken  at  pleafure. 
Therefore  put  x  zz  d,  and  y  zz  c.  Then  will  v  zza9 
and  zzzb.  Whence  the  quantities  will  be  ranged 
thus; 

m 


Seft.  VII. 


PROBLEMS. 


m 


nm  +  a 
y»  +  b 


m 


a 


R    U    L 

Couple  every  greater  rate 


which  gives  this 
E. 
with  one  leffer  than 


the  mean  price  (m  +  a  and  m  —  d  \  alfo  m  -J-  b  and 
m  — .  c)  •,  then  take  the  difference  between  each  rate 
and  the  mean  rate,  and  place  it  alternately,  that 
is,  againft  the  quantity  it  is  coupled  with ;  do  the 
fame   with   all  the   rates,    (thus    place   a   againft 
m  —  d9  b  againft  m  —  c,  c  againft  m  +  b,  d  againft 
m  +  a) ;  then  if  none  of  the  quantities  of  A,  B, 
C,  D,  be   given.     Then   d>   c,   b,  a  will  be  the 
quantities  of  each  to  be  taken  for   the   mixture. 
But  if  any  one  quantity  be  given ;  then  all  the 
quantities   d,  c9   b>   a   muft   be   increaied   or   de- 
creafed  in  proportion.     Or  if  the  fum  of  the  quan- 
tities be  given,  then  other  quantities  muft  be  taken 
in  proportion,  fo  that  d  +  c  -f-  b  +  a  may  be  to 
the   fum   given,   as   any   of  the   differences   d9  cy 
&c.  to  the  refpe&ive  quantity  required.     And  this 
is  the  common  rule  of  Alligation  Alternate. 
Again, 
Since  ax  zz  dv,  and  by  zz  cz.     Take  x  zz  md,  and 
y  zznc\  then  v  —  ma%  and  z  zz  nb.     Then  putting 
md,  nc,  nb,  ma}  for   x,  y,  z>  v  refpe&ively  j    and 
the  cafe  will  ftand  thus : 


m 


m 

+ 

a 

m 

+ 

d 

m 

— . 

c 

m 

d 

md 


nc 


this 


Having 
and  taken 


ni 

ma.         which  gi 

RULE. 

coupled   the   rates   as   before   dire&ed, 
the  differences.     Then  inftead  of  any 

couple 
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couple  of  the  differences,  you  may  take  any  equi- 
multiple^ thereof;  and  place  them  alternately. 
And  thefe  (or  other  quantities  proportional  to 
them)*  will  be  the  quantities  required.  And  this 
is  the  Rule  of  Alligation  improved. 

PROBLEM     LXXX. 

If  the  numbers  A  and  B  be  produced  from  a  and  b, 
by  any  fimilar  operation  \  to  find  the  number  from 
which  N  is  produced^  h  t^>e  Me  operation.  Sup- 
pofing  the  differences  of  the  numbers  A,  B,  N,  t? 
be  as  the  differences  of  a9  b,  and  the  unknown 
number. 

■  Let    z    be    the    number    fought, 

a      b      z     and   put  the  differences  N  —  A~r, 

A     B     N     N  —  Bin*.     Then  by   the  quefbon, 

r  (N  —  A)  :  s  (N  —  B)  :  :  z  —  a  : 

z b.     Then  rz—rbzzsz—sa.     And  by  tranfpo- 

,  rb  —  sa         .r 

fition,  rz—szzzrb — sa,  and  zz=z ;  or  it  ^ 

r  — —  s 

be    negative  Cor   B   greater   than   N),  then  %  zz 

rb  ■+  sa%  the  number  fought. 
r  4-  s 

Cor.  1.  Hence  is  derived  the  practice  of  the  double 
Rule  of  Falfe.     For  if  both  A  and  B  be  leffer  than 

N,  or  both  greater  ;  then  z  s •     But  if  only 

one  as   B   be  greater  than  N,   then  s  is  negative! 
rb  4-  sa 


am. 


i  z  = 


That  is,  if  each  fuppofed  number  be  multiplied  by 
the  error  of  the  other \  and  the  difference  of  the  pro* 
dutts  be  divided  by  the  difference  of  the  errors,  when 
the  errors  are  like ;  or  the  fum  of  the  producls  di- 
vided by  the  Jum  of  the  errors,  when  the  errors  art 
unlike  ;  the  Quotient  gives  the  number  fought. 

Cor. 
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Cor.  2.  Hence  alfo  is  derived  another  method  of 
orking  the  Rule  of  Approximation,  or  Rule  of  Falfe, 
hich  is  this. 

Multiply  the  difference  of  the  fuppofed  numbers,  by 
e  leaft  error,  and  divide  the  producl,  by  the  dif~ 
rence  of  the  errors,  if  like  -,  or  by  the  fum  if  unlike, 
he  quotient  is  the  correction  of  the  number  belonging 

the  leaft  error. 

^hen  this  correction  is  to  be  added  or  fubtracledt 
:cording  as  that  number  was  too  little  or  too  great. 

For  let  s  be  the  leaft  error,  being  the  error  of 
j  and  q  ~  the  correction  -,  then   if  A,  B  be  lefs 

lan  N,  b  +  qzzz,  and  qzzz —  bzz — bzz 

r  —  s 

b — sa  —  r  b  4-  sb  b  —  a 

- zz     J. 

r  —  s  r  —  s 

But  if  B  is  greater  than  N,  then  b  —  q  —  zy  and 

rb  +  sa        rb-\-sb  —  rb  —  sa 


zzb  —  zzzb 
—  a 


r  +  s  r  -H  s 


s. 


'  +  s 

Scholium. 
Since  it  has  been  (hewn,  that  the  number  fought 
vill  come  out  exactly,  by  this  rule,  when  the  er- 
ors  are  exactly  proportional  to  the  differences  of 
:he  fuppofed  numbers  from  the  true  one.  There- 
fore it  follows,  that  when  the  errors  are  nearly  pro- 
portional to  thefe  differences,  that  the  anfwer  will 
come  out  nearly  true.  And  thefe  proportions  will 
be  the  nearer  to  an  equality,  the  nearer  thefe 
fuppofed  .numbers  aie  taken  to  the  true  number. 
And  therefore  in  all  queftions  where  this  rule  is 
applied,  every  operation  will  bring  us  nearer 
the  true  anfwer,  if  we  always  take  the  neareft 
numbers,  (where  the  errors  are  leaft)  for  new  fup- 
pofitions.     And  thus  repeating  the  operation,  one 

may 
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may  continually  approximate  to  the  true  number, 
within  any  degree  of  exactnefs  required  ;  let  the 
particular  queftion  be  of  what  nature  it  will 

Upon  this  rule  alio  is  founded  the  rule  of  finding 
proportional  parts. 

PROBLEM    LXXXL 

Suppofe  A,  B,  C,  D,  &c>  to  be  feveral  forts  of 
goods  ;  and  m,  »,  p,  q9  &c.  given  numbers  -, 
and  the  values  of  thefe  goods  are 

aw  A  zz  #B 
pB  zz  qC 
rC  zz  sD 
/D  =  vE 
To  find  what  quantity  of  the  la  ft  fort  is  equal  to  a  given 
quantity  of  the  fir  ft  :  and  the  reverje. 

Let  %  times  the  lad  be  zzy  times  the  firft,  that 
is,  let  zE   zzy  A. 

Multiply  all  thefe  equations  together ;  the  firft 
fide  by  the  firft,  and  the  fecond  by  the  fecond. 
Then  we  have 

wtAxpBxrCxtDxzEzz7iBxqCxsDxvExyA.   Then 
mprtz  zz  nqsvy.     Then  if  the  quantity  of  the  laf^ 

fort  be  required,  z  zz  HL2%     But  if  the  quantity 

mprt 

of  the  firft  fort  be  fought  \  y  zz  f^sL — »    Whence 

nqsv 

this 

RULE. 

Place  the  terms  in  two  columns,  fo  that  there 
may  not  be  two  terms  of  a  fort  in  either  column 
Then  multiply  the  numbers  in  the  lefler  columr 
for  a  divifor  \  and  the  numbers  in  the  greater  co 
lumn  (with  the  odd  term)  for  a   dividend.     Th< 

quoticn 
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juotient  is  the  q  lantity  of  that  fort  which  (lands 
ingle  in  the  two  columns.  And  this  is  the  Rule 
f  Exchange  in  arrhr.ietic. 

PROBLEM    LXXXIU 

To  inveftigate  numbers  for  rational  fquares,  cubes \  &<> 

Problems  of  this  fort  are  often  capable  of  an 
nfinite  number  of  anfwefs  ;  and  yet  none  of  the 
quantities  can  be  aflumed  at  pleafure,  but  mud 
>e  inveftigated  as  iollows. 

RULE. 

Put  one  or  more  letters  to  denote  the  root  of 
;he  fquare,  cube,  &c.  Which  letters  muft  be  fo 
iffumed,  that  when  the  equation  is  involved,  ei- 
her  the  given  number,  or  the  higheft  power  of 
:he  unknown  quantity,  may  be  on  both  fides  of 
:he  equation,  and  confequently  vaniihes  out  of  it, 
hud  then  if  the  unknown  quantity  be  but  of  one 
limenfion,  the  problem  is  folved,  by  reducing 
the  equation.  But  if  the  unknown  quantity  is 
Hill  a  fquare  or  higher  power  •,  you  muft  farther 
iflume  other  new  letters,  to  denote  the  root,  and 
proceed  as  before  ;  till  you  get  the  unknown 
quantity  of  one  dimenfion ;  and  from  this  un- 
iuiown  quantity  all  the  reft  are  to  be  determined. 
For  the  whole  art  is,  fo  to  denote  the  root  of  the 
given  power,  that  the  unknown  quantity  may  be 
reduced  to  one  dimenfion. 

But  no  general  rule  of  proceeding  can  be  given 
0  fuit  all  cafes  •,  and  therefore  the  folution  will 
>ften  be  left  to  the  fagacity  of  the  analyft,  in  con- 
riving  fuch  a  defignation  of  letters  as  is  proper 
or  the  purpofe. 


Ex. 
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Ex.  i. 

To  find  two  ftith  numbers,  fo  that  the  fum  of  thei\ 
fquares  is  afquare. 

Let  x,  y,  %  be  the  roots  of  the  fquares,  io  thai 
xx+yyzzzz.  AlTume  2z?+r,  then  xx+yyzzzz 
zzyy+2ry-\-rr,  and  xxzz 2ry-\-rr,  and  2ryzzxx—rr 
where  y  the  unknown   quantity  is  of  one   dimen 

lion,    which   reduced    gives  y  zz  •  and 

2r 

xx  —  rr   ,  xx  +  rr  _, 

j  -f  r  zz (-  r  zz zz  z.     Therefon 

2r  ir 

.  t  xx  —  rr       ,  xx  -+-  rr        , 

the  numbers  are  x, and ,  where 

2r  2r 

and  r  denote  any  numbers  taken  at  pleafure. 

But  if  the  anfwer  is  required  in  whole  numbei 
then  2rx,  xx, —  rr,  xx  +  rr  will  denote  the  roots  o 
the  fquares,  where  the  fum  of  the  two  firft  is  equa 
to  the  laft  fquare. 

Cor.  The  three  fides  of  a  right-angled  triangle  wil 
only  be  commenfurable,  when  xx  +  rr  denotes  the  hypo- 
thenufe,  and  xx  —  rr,  and  irx  the  two  fides  \  x, 
being  any  numbers  taken  at  pleafure,  fo  as  x 
greater  than  r. 

Ex.   2. 

To  find  two  numbers,  the  fum  of  whofe  fquares 
equal  to  the  fum  of  two  given  fquares. 

Let  x,  y  be  the  roots ;  aa,  bb  the  given  fquares 
AfTume  xzza~v,  yzzvz — b.  Then  xx+yyzza 
+  bb  zz  aa  —  2av  +  vv  +vvzz  —  2bvz-\~bb  -,  an< 
iv  +  vvzz  zz  2av  +  2bvz,  and  v+vzzzz2a  +  2bz 

and  v  =: . •     Where  z  is  any  number  ta 

zz+  i 

ken  at  pleafure.     Then  x  zz — "— '.9  an 

r  zz  -{-  i        ' 

2ax  +  bzz  —  b 

y  zz ! • 

'  ZZ+  I 
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Or   thuSy 

Let#zztf— v,  then  aa — lav+ify+yyzzaaffih  and 
yy — 2av  +  vvzzbb.  Put  yzzvz — e  th  -:"i;zz  — 
2bzv  +  bb — a«+witW,  and  uvzz  +  v    zzibzv-i* 

?  i  z'+la 

2av,  or  raz  +  v  zz  2/2  +  2#,  and  v  zz » 

zz  -f-  I 

as  before. 

Ex.  3. 

To  ##^  /tew  number;,  fuch  that  when  ither  of  them 
is  added  to  the  ) quart  of  the  other ,  the  jum  will  be  a 
fquare  number. 

Let  the  numbers   be    *,j;  then   xx  +y  zz  □» 

and  yy  +  x  zz  □ .    Let  a\y  +  y  zz  r  —  x~  zz  rr  —  2rx 

+xx;  then  y  zz  rr  —  2r#,  and  2r#  si  rr—y,  whence 

rr — y 
x  zz i. 


2r 


rr 


Again,  affume^+tforj^  + zz^y  +  v   zz 

rr  ——•  y 

jy  +  2jp  +  ot.    Then  — -7—  zz  2>"y+w,  whence 

rr — y  zz  4*70  +  2rvvy  and  41^  +jy  zz  rr — ^irvv  \ 

rr  —  irvv                       irrv  +  vv 
■whence  y  zz .     And  a  zz , 

'         ^rv  +  1  qrv  +  1 

where  r,  5?   may   be  taken  at  pleafure,    provided 
r  be  greater  than  ivv. 

Otberwife% 

rr  — —  y  y 

Since  v  zz  zz  ~r  —  — ,  and  yy+x  or  yy — 

2r  -         2r  ■**  •/ 

fl  +  ^r  zz  D,  put  yy  —  2-  +  \r  zzyy—L  -J-  /^r  = 
zr  *      "v       2r  2r 


-s 


Then  ir  zz  -7—,  and  r3  zz  ' ,  which  is 

a  cube 
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a  cube  number.  And  therefore  will  anfwer  the 
queftion  *  and  we  have  r  zz  i  ;  whence  x  zz  ^ — yt 
and  y  may  be  any  thing  lefs  than  -J. 

Ex.  4. 

70  find  two  numbers  in  a  given  ratio,  fo  that  either 
cf  them  added  to  the  fquare  of  the  fumf  may  make  a 
fquare* 

Let  the  ratio  of  the  two  numbers  be  as  b  to  r, 
and  put  b  +  c  zz  d,  and  let  the  numbers  be  bx  and 

€x.     Then  the  fquare  of  the  fum  is  bx  •+■  cx\z  =3 

ddxx.    Therefore  ddxx + bx zz D ,  and  ddxx +cxzzU< 

Put  ddxx+bxzzdx—-v\zzzddxx — idxv+vv ;  then 

Ixzzvv—idxv*  or  bx4-2dxvzzvv9  and  #  zz  — — r» 

b+idv 

~  ddw  +  bc  +  2cdv 

Then  ddxx+cx  or  jftfo  +  fX^  zz v  ,   2^ 

zz  n,  but  ==t  =  n  «    therefore 


£  +  20V  b  -f-  2^1* 

Afcv  +  be  -f-  2fiw  =  □  (See  Cor.  27.  II.  Arithm.) ; 
affume  ddvv  +  be  +  icdvzzdv — %l  zz  ddvv  —  idvz 
+  zz  ;    then  2cdv  +  2dzv  zz  zz  — *•  be  5    and 

^  zz  — j- r .     Where  zz  muft  be  greater  than 

2^  4-  2dz  . 

be,  and  expunging  v9  x 


4ddz  Xb  +zXc  +  z 

Scholium. 

It  appears  from  thefe  operations,  that  when  a 
quantity,  which  is  to  be  a  fquare  by  the  problem, 
is  not  an  algebraic  fquare ;  we  muft  make  it  fo, 
by  affuming  fome  new  quantities  to  compleat  it. 
Then  thefe  fquares  being  compared,  an  equation 
is  had  for  determining  the  unknown  quantity.  And 

in 
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in  working,  one  may  multiply  or  divide  by  any 
quantity  which  is  a  fquare,  and  what  is  left  will 
be  a  fquare,  in  a  more  fimple  form.  The  like 
for  other  powers. 

PROBLEM    LXXXIIL 

To  determine  the  maximum  or  minimum  of  a  quantity 
propofed. 

When  a  quantity  is  required  to  be  the  greater!: 
or  lead  poflible,  it  is  called  a  maximum  or  mini- 
mum. And  at  the  time  it  becomes  fuch,  it  is  at 
a  ftand,  and  at  that  moment  neither  increafes  nor 
decreafes.     Therefore  to  compute  iu 

RULE. 

Calculate  the  value  of  the  maximum  or  mini- 
mum two  different  ways,  which  is  done  by  In* 
creafing  the  unknown  quantity  therein,  by  an  ex- 
ceeding fmall  part  -9  then  thefe  values  are  to  be 
put  equal  to  one  another.  The  fame  muft  be 
done,  if  there  be  feveral  variable  quantities.  But 
go  no  farther  than  the  firft  power  of  the  fmall 
added  part.     Or, 

If  the  maximum  or  minimum  confifts  of  two 
parts ;  compute  the  exceeding  fmall  increment  of 
one,  and  the  decrement  of  the  other  $  and  put  them 
equal  to  one  another. 

Ex.  1. 

What  fraRion  is  that  whofe  fquare  exceeds  its  cube 
the  greateft  poffible. 

Let  x  be  the  fraction,  then  xz — x'zimax.  Take 
e  an  exceeding  imall  part  to  be  added  to  xy  then 
you  will  alfo  have  x  +  e\l  —  x  +  e\z  ~  max.  that  is, 
xx  4*  2xe  —  xl  —  3%ze  zz  max.  Whence  xz — x>  zzxx 
+  2xe  —  xl  —  3*V,  and  2xe — 3^=0,  or  39c* e 
=  2xe,  and  3*  zz  2,  or  x  ~  -% 

R  Or 
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Or  thus, 

Since  xz  — » #3  =  ?;w^,  let  *  be  the  fmall  increafe 
of  x,  then  2xe  is  the  increment  of  xx,  and  3*** 
is  the  decrement  of  x3  5  therefore  2xe  zz  %xzc,  and 
sc  zz  4  as  before. 

£#.  2. 

?*  dfo/V*?  ^  £/w»  quantity  into  two  parts,  that 
one  of  the  parts  multiplied  by  the  cube  of  the  other 
fart ;  the  produtt  may  be  a  maximum. 

Let  a  be  the  quantity,  and  x  one  part,  and 
a  —  x  the  other  part,  and  e  a  fmall  additional  part 
to  x.  Then  x*  X  «—  x  or  *#*  —  #*  =:  ;»##,  ss 
^y?  4-  3^a?V — x*  —  4^.  Then  3****  =4*'*,  and 
x.—  la,  for  one  part,  and  # —  xzz^a,  the  other 
parr. 

£#.  3. 

STi  jf#if  #  —  4$*  +  x*  a  minimum,  x  being  un- 
known. 

Put  x  +  e  for  #.  Then  at  —  tfz#  +  x1  zz  min.  zz 
4* — .a*x — aze+x*  +  2x%  and  — aze+2xzezzo>  and 
$xxzzaa  ;  whence  x  zz  a<S\.     Then  a1 — azx+x*  zr 

*'— ^v^t+t^S/t11*'*1 — |Vti    tne  minimum* 

Ex.  4. 

baax+aaxx — bx*—x*  ,  . 

Z.^/  --= # +#  fo  rf  maximum. 

baa  +  xi 

This  reduced  to  a  common  denominator  is 

lhbaax-\-aaxx — bx* — bo* — ax1  r>   ,        . .  J 
2 — 5 Z=  Wtftf.      Put   #  +  * 

140  Hh  x\ 
for  *, 

Then 
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r~.        ibaax  +  aaxx  —  bx*  —  be}  —  ax* 

Then    i : — ■ ■  zz 

baa  +  xl 

ibaax  -\-  ibaae  +  aaxx+2aaxe — bx*  —  %bxze — &i?— • 

baa  ■+-  xs  +  %xxe 
ax*  —  2ax"'e . 

■  "  5 

Then   multiplying  alternately, 


ibaax-\-aaxx — bx- — ba* — ax*  X  baa-\-x*  +  ,2ixxe  3: 
:  zpaax^ibaae+aaxx -f  ^aaxe — bx^-^^bxze — ba3 — 
a^  —  3*x*v  •  X  baa  -+  **.  And  throwing  out 
what  is  common  on  both  fides, 
ibaax  +  aaxx  —  bx1  —  bax  —  ax3  X  ^xxe  zz  baa  +  x* 
X  2baae+2aaxe — %bxxe — %axxe.  That  is  (dividing 
by  e)y  6baax*  +  ^aax-  —  $bx*  —  $ba*xx  —  $axs  zz 
2bba*  +  2ba*x  —  2bbaaxx—2ba'xx+2baax*  +  2aax* 
—%hxs — $ax\  Reduced,  4baax3+aax*  zz2bba+  + 
2ba*x — $bbaaxx\  or  dividing  by  a,  and  tranfpofing, 
Xx  +  ^bx*  +  %bbxx  —  2baax  —  ibbaa  zz  o. 

Ex.  5. 

Suppofe  y*  —  pyx  +  ^pw*  zz  nyx  —  nxx. 
and  x  —  l-y  zz  w*wf . 

Suppofe  the  maximum  zz  m.  Then  x  zz  0;  +  t?* 
This  iubftituted  in  the  firft  equation,  and  reduced, 
gives  \y*  -{-  ^mTy  zz ~uyy — mmn.  A nd  y*  + 1  zmmy — < 
nyy  +  4f»#z#  zz  o.  Where  m  is  a  fixt  quantity.  Put 
^y  -4-  £  for  y  -,  then  j*  -}-  i2j»2;>  —  «)[y  +  \rn-n  zz  o  zs 
JP3  +  3J2*  +  \2m%y  -f-  1201*1 —  ny7,—2nye  +  $mznzzoy 
and  £v2*  -+■  i2/»2^  —  2»j^zzo,  whence  3^  4- j  2*0*4-* 
2«yzzo,  or  2ny  —  ^yy  zz  12mm.  From  this  equa- 
tion, andjr3  +  i2»z2jy  —  #jyv  -f  4?»*»zzo5  the  quan- 
tities^ and  m  will  eaiily  be  determined. 

Ex.  6. 

Through  a  given  point  P  within  the  angle  BAC,  Fig 
/0  rfraw  a  right  line  BPC,  making  the  area  of  the    1. 
triangle  BAC,  /A*  leaft.  poffible. 

Draw   AP,  and  £P<:  extremely  near  BPC-,  then 
the  area  ABP  4-  ACP  zz  minimum.     In   the   very 

R  2  fmall 
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Fig-  fmali  iria^les  BP#  and  CP*,  the  vertical  angles 
i.  at  P  are  equal,  and  BPr^P,  as  alfo  CP  zz  c P, 
extream  near.  Therefoie  the  areas  BP£,  and  CPc, 
are  to  one  another  as  EFZ  to  CP*  (Gecm.  19.  II). 
But  CP*  is  the  increment  of  the  area  APC  •,  and 
BPb  is  the  decrement  of  the  area  APB.  There- 
fore BPb  -  CPr,  or  BP1  zz  CP2  ;  therefore 
BP  zz  CP,  Whence  if  PD  be  drawn  parallel  to 
CA,  then  DB  ±  DA. 

Ex.  J. 

£•       To  find  the  great  eft  triangle  inficribed  in  a  circle 
ACBD. 

Draw  the  diameter  AB,  and  CD  perpendicu- 
lar thereto  -,  alio  draw  AC,  AD.  Let  AB  —  d% 
AE  zz  x,  EC  zz/;  then  triangle  ACD  zz  xyzzmax. 
of  xxyy  zz  max.  but  yy  z=l  dx  —  xx  3  therefore 
/&*  —  a;^  zz  wtf#.  zz  dx*  •+-  o>dxte  — x+ — 4x3e  (putting 
x  +  e  for  >v),  and  $dxle  zz  4#V,  or  4*  =  3d,  whence 
#  zz-l^/. 

Scholium* 
When  any  quantity  is  a  maximum  or  minimum, 
its  root,  or  its  fquare,  or  its  cube,  &c.  will  like- 
wife  be  a  maximum  or  minimum.  Alfo  when  any 
quantity  is  a  maximum  or  minimum,  any  given 
quantity  may  be  added  to  it,  or  fubtracted  from 
it,  and  it  will  ftill  be  a  maximum,  or  minimum. 
Likewife  it  may  be  multiplied  or  divided  by  any 
given  quantity,  and  ftill  remain  a  maximum  or 
minimum, 

PROBLEM     LXXXIV. 

A  number  or  quantity  being  given  \  to  find  its  loga* 
rithm  by  a  fieries,  or  to  turn  numbers  into  logarithms. 

x 
Let   —    be    the   quantity    given;    M  zz  1,    for 

Neper's  logarithms,  or  M  zz  ,434294482,  for  the 

common- 
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common  logarithms.     And  let  x — y—V,  x+y—z. 

Then  the  logarithm  of  — ,  will  be  denoted  thefe 

y 

feveral  ways  following,  deduced  from  the  nature 
of  logarithms. 

1.  Log:  —  —MX:  - - — h h—  *~  &c* 

y  y    vz    3yl    4y*    bf 

Or, 

2.  Log:  -  =  MX:  — +— l  +  — +  — +  —  +  &c 

y  x      xx      2X      4*      5* 

Or, 

3.Log:-zz2Mx:  -  +  —  +  —  +  —  +  &c. 

y  z      $z>      $&       7Z? 

Cor.   1.  If  v  be  far  kfs  than  i.     Then 


VV  V1  V*         Vs 


Log:  1  -+v  zzMx-v- 1 -  H &c. 

2  3        4        5 

This  is  plain   by   putting  y  zz  i.      For   then 

x 

x  =  1  +  v,  and  £.  n  1  +  v. 

Cor,  2.  Leg:  j  +  v  zz  log  :_y,  +  M  X  :  —  —  — 

y  %y* 

+  ~- —    &c. 

*r  %.7  +  -y=%7>  +Mx:-  +  — •  +  -2l  +  2l&c^ 

*         2XZ         3^         4#4 

•r  &^+v=/«V.  +2MX:  1  +  ^l  +  i^+  g  &c. 

2      32*     52S     727 

For  log:  #  or  y+'ynlogtyX  —  =log:  y+log:  -■ . 

y  y 


R  3  Co*. 
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Cor,  3.  If  I  zz  logarithm  of  n> 

and  I  4-  szz  logarithm  of  n  +  v.     Then  the  ad- 
ditional fart  of  the  logarithm^  that  is> 

s  —  MX: H r-    &c. 

»  2»a  3«J  4«+ 

•7;        .  «Z;i  <y* 

*r     5  =  MX:  —  +  ..  + :  &c. 


#  +  v       2.n  +  v\z       3.72  + v\* 


or  s  =  2MX: 


v 


+ 


v* 


+ 


v5 


&c. 


2^+^       3.2W+V11       5>2n+v\s 


For  "fince  7+j —log:  »+?;,  and  /zzlog:  n  \  there- 
fore I  +  s  —  Izz  log:  n  +  v  —  log:  n  zz  log: » 

that  is,  s  zz  log:  **         .  And  by  this  prop,  (writing  n 


for^y,  #+?;  for  x,  and  20+^  for  2) ;  ^or  log: 
will  come  out  as  above. 


n+v 


Cor.  4.     If  dc  be  far  lefs  than  a,  then 
Log:  a  -f-  bx  +  cx%  +  dx*  &c.  ±  log  :  *  +  M  X  : 

£#  -f-  cxx  +  */#'  &c.        bx  -4-  «*#  &c/. 

•  ii  ■  ■         * 

*  iaa 

bxJzcX  _  hQt 

*nd  log:  7 9 — j—  =Mx: 

■         6    a — bx  —  cxx  —  dx*  &c. 


bx  +  rax1  +  *&r3  &c.        bx  +  cxx  &c.|» 
tf  2a  a 


■+  **iP  &c. 
3«J 
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a  4-  bx  4-  cxx  4-  dx%  &:c. 
and  log:  7 Z2MX: 


£*  +  cxx  +  dx%  &c.         £#  -\-  cxx  &c  [' 
'     a~  '  3^ 


.     bx  H-   &c.l?    0 
+  — JL &c: 

5<*5 

The  firft  cafe  appears  from  Cafe  1,  Cor.  2. 
writing  a  -f-  bx  +  a*  &c.  for  *,  a  for  ^,  and 
£*  -f-  cxx  &c.  for  1;. 

The  fecond  appears  from  Cafe  2.  of  this  prop. 
writing  a  for  x,  a  —  bx —  cxx  &c.  for  y,  and 
bx  -+-  cxx  &c.  for  v. 

The  third  appears  from  Gafe  3,  of  the  prop, 
writing  a  -f  £#  -f-  ftf*  &c.  for  #,  4  —  bx  — » ttw  &c, 
for  j,  2##+2f#x  &c.  for  v%  and  20  for  z. 

Scholium. 

2  Mi; 

The  log  :y  +  v  =  log  :;> :  H —  very  near, 

2y  +  1;        * 

when  v  is  very  fmall ;  which  is  only  the  firft  term 

of  the  feries,  Cafe  3.  Cor.  2. 

PROBLEM    LXXXV. 

A  logarithm  being  given  •,  to  find  the  quantity  belong- 
ing to  it)  or  its  number^  by  a  feries.  Or  to  turn 
logarithms  into  numbers. 

Let  /+  s  be  the  logarithm  given,  n  +  v  its  num- 
ber, and  let  /  be  the  logarithm  of  the  number  n. 

Put  m  zz  3.30258509 3  --,  for  the  common  lo- 
garithms, or  m  —  1,  for  Neper's  logarithms.    Then 

by  Cor.  3.  laft  Prob.  s  =  M  X :  —  —  V—  +  —  &c. 

'  °  n       in       3«' 

R  4  and 
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and  —  or  ms  zz -  H &c.  Then  by  re- 

M  n       2tr      3»J  r 

yerfion  of  feries  (Prob.  lxii ),  —  =  ms  +  ^L 

«  2 

+   —  +  — L   &c.    Then 
2-3         2.3.4 

1.  vzznXims+^L    +  Si    &c.     Whence 
2  2.3 

2.^=«X:i+^+^V^+^-  &c  and 
2         2.3      2.3.4 

3-    — —    =  I   +  W  +  +    — -    &C. 

n  2  2.3 

That  is. 

Number  of  /  +  s  zz  number  of  /  X  :  1  +  ms  + 

ms\z     .     ms\z     ,      ms\*     Q 

—    +   —    +   &c. 

2  2.3  2.3.4 

Cor.  1.  If  n  zz  1,  and  I  zz  o  ;  then 

1   -h  v    or    number    of   s  zz   1   +  ms  + 

fig  +  ^.3  +  ill  &c. 
2       2.3     2.3.4 

Cor.  2.  If  Izz  log:  n,  and  l  +  s  zzlog:  n  +v\  then 
the  additional  part  of  the  number,  that  is, 

v  zznXims  + +  . —   +  «c. 

2  2.3         2.3.4 

Cor.  3,  7/*  L  fo  /£<?  %:  of  the  number  N,  /&» 

t     .   ntxlX     ,    mxlX       mxL\   - 

W  zz  1  +  w*L  -1 +  + &C. 

2  2.3  2.3.4 

For 
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For,  by  Cor.   1.  1  +  v  (numb,  of  s  log.)   = 

1  +  m  +  —   +  —  &c.     Where  1  +  v  may 
2  2.3 

reprefent  any  number,  and  s  its  logarithm.    There- 
fore let  1  +  v  zz  N,  and  s  ~  L  •,  then 

N  (numb,  of  L  log.)  =  i+f»L  +  2^1*  +  0^ 

2  2.3 

&c.  therefore  by  the  nature  of  logarithms,     

N*  (numb,  of  xL  log.)    =  1  +  mxh  +  ^T 
2 

2.3 

Cor.  4.  7f  y  =  n-\-v,xzzr  +  e,  Izz  log:  n.  then 


f  or  iT+d      =*X  :  i  +  ml  +  ^   +  2fl!! 

2  2.3 

0  ,  r  +  e       v    ,   r  +  *      r  +  e — 1      vv 

&c.  x  :  1  +  -Z-  X  —  +  — —  X  — ?  x  — 

1  n  1  2  nn 

t    r  +  e      r  +  e —  1       r  +  *  —  2       «z;* 

+  -1--   X  — X  — X  -  &C 

12  3  »5 


For  n  +  v\r+e  zznr+*  X  1  +  Z\       zzn'XwX 


*;lr  +  < 


1  +  —  I       ,  but   by  Cor.  3.    ne  =z  1   +  w*/  4. 
n 

™t  +  ^!1  &c.  and  i"73r+  =1  +l±f  v* 
223  «'  i  » 

+  ^+i   X   r-±i^   X   =    &c. 
1  2  nn 

Cor.  5.  If  I  zz  log:  n  \  then 
N'+<  =  w  X  :  i+ml  +  St   +  *E1!    &c, 

2  2.3 

For  here  1;  z:  o.  Cor. 
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Cor.  6.  If  v,  e  be  exceeding  /mall,  then 


rv 


n  -+.  vr+e  =  nr  X  :  i  +  mel  +  —  nearly \  being  on> 
ly  the  fir  ft  power  of  e  and  v. 

Cor.  7.  If  n  zz  number  of  the  logarithm  a  •,  /#£« 
the  number  of  the  logarithm  a  «•}-  bx  +  <w#  +  dfo*   &c. 


>;r 


X  n  X  Mtf0  i  +  m  X  ^  +  a4  +  dx*  &c.  +  — •  X 


#2?        — ,  m± 


bx  +  £*#  &cJ    +  —  X  ^  +  cxx    &c.|J  + -x 

bx  +  &C.I*  +   &c. 

This  follows  from  this  problem,  putting  /  z=  a, 
and  s  zz  bx  +  fx*  &c. 

PROBLEM    LXXXVI. 

y£  problem  being  refolved  analytically,  to  demonftrate 
it  Jynthetically* 

RULE. 

When  a  problem  has  been  folved  algebraically, 
the  demonftration  of  it  is  to  be  deduced  from  the 
fteps  of  the  algebraic  procefs  ;  by  going  backward 
from  the  end  of  it  to  the  beginning  *  obferving 
how  each  ftep  is  formed  from  the  foregoing,  and 
forming  your  procefs  accordingly. 


SECT. 


*5« 

SECT.      VIII. 

The  Rejolution  of  Equations  $  and  the  extraction 
of  their  roots  in  numbers. 

PROBLEM     LXXXVII. 

To  find  the  limits  of  the  roots  of  an  equation. 

WH  E  N  an  equation  is  propofed  to  have  its 
root  extracted,  it  is  proper  to  find  the  li- 
mits of  the  roots •,  left  we  lofe  our  time  in  feeking 
che  roots  beyond  thefe  limits. 

RULE. 

Reduce  the  equation,  that  the  higheft  term  may 
have  i  for  its  coefficient ;  then  fquare  the  coeffi- 
cient of  the  fecond  term,  from  which  fubtradt  twice 
the  coefficient  of  the  third  term,  then  the  fquare 
root  thereof  is  greater  than  the  greateft  root  of 
the  equation.  But  the  equation  fhould  be  clear 
of  impoffible  roots. 

For  that  quantity  is  the  fum  of  the  fquares  of 
the  roots,  by  Prob.  xl.  Art.  9.  and  that  fum,  is 
greater  than  the  fquare  of  any  one  root. 

Or  thus, 

Subftitute  feveral  numbers  fucceffively  for  the 
unknown  quantity  ;  till  at  laft  you  find  two  num- 
bers which  give,  one  a  pofitive,  and  the  other  a 
negative  refult.  Then  the  root  is  between  thefe 
numbers. 

There  are  other  rules  among  the  writers  of  Al- 
gebra, which  come  nearer ;  but  then  they  are  more 
laborious. 

Em 
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Ex.  i. 

Let  #J  +  3#z  —  5*  —  2ozo. 

Then  3x3  —  2X  —  5  z:  q  +  ion  19. 

and  v/  19  —  4.3,  &V.  Therefore  4  3  is  greater 
than  any  or  the  roots. 

Ex.  2. 

Suppofe  xx  — . x  —  5  z:  o. 

If  #  z:  2,  then  the  refuk  is  2  —  5  z:  — 3. 
If  #  z:  3,   the  refult  is  6-5Z  +  1. 
Therefore  the  root  is  between  2  and  —  3. 

PROBLEM    LXXXViII. 

To  refolve  a  quadratic  equation*  and  extraft  its  root 
in  numbers* 

I  comprehend  all  equations  under  the  name  of 
quadratics,  in  which  are  two  terms  involving  the 
unknown  quantity  ;  and  where  the  index  of  one  is 
double  to  that  of  the  other.     As  in  thefe, 

aa  +  ba  zr  d 
a*  +  bazzzd 
a6  -f*  ba^  =  d>  &c. 

where  b9  dy  may  reprefent  any  numbers,  affirma- 
tive or  negative. 

Every  quadratic  equation  has  two  roots,  though 
perhaps  only  one  of  them  will  anfwer  the  queftion 
propofed.  And  to  find  thefe  roots  the  equation 
propofed  mult  be  firft  reduced,  by  dividing  all, 
by  the  coefficient  of  the  higheft  term ;  and  then 
tranfpofing  the  known  quantity  to  the  contrary 
fide.  Which  done,  the  equation  will  appear  thus, 
aa-\-bazzd.  Now  add  to  both  fides  \bb  the  fquare 
of  half  the  coefficient  of  a*  and  we  have 
aa  H-  ba  +  \-hb  z:  ^bb  +  d,   where  the  firft  fide  is  a 

compleat 
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compleac  fquare  •,  therefore  extract  the  fquare  root, 
and  a  +  \b  zz  ±  s/^bb  +  d9  tranfpofe  J,  then 
a  =  — ii  ±<S^bb  +  ^  So  0  becomes  known,  be- 
ing either  pqual  to  —  \b  +  s/+tt'+Y9  or  "to 
— * *  —  v/^  +  </.      Whence  this 

1     RULE. 

The  equation  being  cleared,  compleat  the  fquare 
by  adding  to  both  fides  the  fquare  of  halt  the  co- 
efficient of  the  fecond  term.     Then  extract  the  root 

ot  both    fides,   which   may   be    either   4-   or 

then  rranfpofe  the  known  quantity. 

Note,  If  the  abfolute  number  is  negative,  and 
greaLer  than  J  the  fquare  of  the  coefficient';  the 
equation  is  impoffible. 
If  aa  +  ba  zz  d, 
Then  a  =  ±  s/±bb  +~d—\V. 
And  the  ro  ot  extracted  in  numbers  gives  a ;   but 
if  \bb  is  letter  than  d%  and  d  negative ;  it  is  im- 
poffible. 

Ex,  1. 

If  aa  +  $a  zz  6$. 

Then  a  =  ±  •68+1^—  i  =  ±  V^-  2#5  . 


74.25  (8.6168  &e. 
64 


166)1 
+  6/  , 


166^1025  ±    8.6168 

9^  —    2.5 


272i\   9°o                       +    6.1168  zza 
1/1721  , 


4- 


172^6) i 17900 
4-6  103356 


—  11.1168  zzza 


l7*2 2)    J 454400  Ex. 
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Ex.  2. 

(  Let  aa —  6a  zz  27. 

Then  a  zz  3  ±  \/g  -J-  27  zz  3  ±  v^3^ 
that;  is,    *  z:  3  -J-  6  z:  9. 
or        0  =  3  —  6=z  —  3. 

Ex.  3. 

Suppofe  aa  —  2360  zz  —  1 1 55. 

Then  a  zz  118  ±  v^ib*  —  11555 
that  is,  *z  =  118  +  113  zz  231 

or        a  zz  118  —  113  =z      5. 

2       RULE. 

When  you  have  large  numbers  to  deal  with  i 
it  is  better  to  proceed  thus.     Clear  the  equation) 
And  if  aa  +  ba  zz  d9 

then  a  zz  - ,  the  form. 

b  +  a 

To  find  the  firft  quotient  figure,  take  --,  when 

b  is  far  greater  than  a ;  or  take  \/d9  when  a  is 
far  greater  than  b  ,  or  take  —    when    a    and    b 

are  nearly  equal ;  thus  it  will  eafily  be  found  by 
a  few  trials.  Or  in  general,  take  the  firft  figure 
iuch,  that  when  it  is  multiplied  by  the  fum  of  it- 
felf  and  b9  it  will  produce  the  firft  figure  or  fi- 
gures of  dy  or  the  next  lefs :  this  is  all  the  dif- 
ficulty. Then  multiply  and  fubtracl:  as  ufual,  the 
remainder  is  the  refolvend. 

Then  to  continue  the  divifion  ;  you  muft  find 
a  new  divifor  for  each  quotient  figure,  thus.  Add 
the  laft  quotient  figure  to  the  laft  divifor  (duly 
obferving  their  places),   for  a  new   divifor;    fee 

how 
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how  oft  this  is  contained  in  the  refolvend,  fet  the 
anfwer  in  the  quotient,  and  alfo  add  it  to  the  di- 
vifor  5  then  multiply  the  whole  divifor  by  that  quo- 
tient figure  -,  and  fubtract  the  product,  for  a  new 
refolvend.  But  when  any  of  the  figns  are  nega- 
tive, the  proper  quantities  are  to  be  fubtracted,  in- 
ftead  of  being  added.  This  work  is  always  to  be 
repeated  for  each  quotient  figure. 

When  any  quotient  figure  is  fo  great  that  the 
product  exceeds  the  refolvend,  place  a  lefs  figure 
in  the  quotient. 

When  you  have  got  more  than  half  your  in- 
tended number  of  figures  in  the  quotient,  you 
may  continue  the  divifion  without  adding  th^  new 
quotient  figures  to  the  divifor. 

Obferve,  each  quotient  figure  is  to  be  added 
twice  to  the  divifor ;  once  before  multiplication, 
and  once  after  \  juft  as  in  extracting  the  fquare 
root,  and  for  the  fame  reafon.  For  this  method 
extracts  the  fquare  root,  when  b  rz  q. 

When  one  root  is  had,  the  other  is  found,  by 
adding  this  to  the  coefficient  b  ;  for  the  fum, 
changing  its  fign,  is  the  other  root. 

This  rule  is  the  foundation  of  the  method  for 
extracting  the  roots  of  adfected  equations. 

Ex.  4. 

Let  aa  +  320  s  4644. 
then                   4644 
a  zz ■ 


32  +a 


_          r     4600  r 

Suppole zz  100  too  great  for  <g. 

v/4644  zz  60,  which  is  alio  too  great  for  a.    Take 
*  s  -j—  =  7,  too  great.    Take  a  zz  50. 

32 
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+  5° 


82)  4644  (5° 
+  54  4io  •. 

I36)  544  (  4 
544—— 
— —  I  54  =  §1 

Ex.   5. 

Let  aa  H-  35a  zz  28349994 

28349994 
j  =  —— — 

35+* 
Here  ^  =  \/28  &c.  =5000  nearly. 

+35 
5000 

5035^  28349994  (5307  =  I 
5300/  25175  ••• 


™335)     31749 
307/     31005 


10642)         74494 
74494 


Ex.  6: 

Suppofe  aa~-szoia  zz  —  184520.' 

—  53°7  +  «        53°7— ° 
Here  o  =  i-i  =  30  nearly. 


5307 
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5307)  184520  (35  =a. 
—30  15831* 

5277)  26210 
— 35   26210 

5242)    -» 

Ex.  7; 
Z*/  aa  +  4.63a  —  26698 
26698 

"  463-M* 
463)  26698  (51.855342  zzal 

+50    2565; 

513)     1048 

+  5*      _5^4 

564)   484.00000 
+  1.8  45264 

565-%)     3l*36o° 
+.85  283325 

Mil  '     ■  II      ft 

S6665)  30275 

t-5   28335 

566.70    1940 
•  •  •  •    1700 

240 
226 

14 

II 


Scholium.     If  #+  +  &vl  =5  </.     Put  a  rz  *#,  then 
*a  +  ba  zzi  5  and  find  a  as  above.    Then  x  zz  </a9 

S  by 
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by  extracting  the  root.     And  the  fame  for  higher 
equations. 

To  prove  the  truth  of  this  rule.  Let  x+y+z  &c. 
be  the  true  value  of  a\  x  the  firft  figure,  y  the 
fecond,  and  z  the  third,  &c.  Then  fince 
aa  +  ba  zr  d%  the  value  of  d  will  be 
bxx+y+z+x+y+zl*,  whence  x+y+z  &c.  or 
d         _  bx  -\~  by  +  bz  -{-  x  +  v  -\-  zf 

~~  b  +  a   ~~  £-J-#4*jy  +  z 

The  operation. 

b     \bx-\-by+bz+xx+2xy(x+y+z&cc. 
+xj  +yy  +  2xz 

— •  +  zz+  2yz 

i  divifor  b  4-  #)  £*•  4-  xx - 

+  *  +y 


2  divif#  b+2x+y)       by+bz+yy+2xy  refolvend 

+J  +  Z  +ZZ  +  2XZ 

•i »i,r  ■u, -f  2yz 

by+2xy+yy 

3  divif.  £  +  2X  4-  2j  +  2)  bz+zz+2xz  refolvend 

+  2yz 
bz  +  2  xz  4-  2yz +zz 


Here  bx  +  ly  &c.  being  divided  by  b  gives 
in  the  quotient,  and  x  added  to  b,  gives  £  +  x  foi 
the  divifor,  and  bx  +  xx  for  the  product,  whicl 
fubtracled,    leaves   the   refolvend   by  +  bz  +  2; 

-f-jyy    &C. 

Then  in  order  to  get  the  fecond  figure  y9  th( 
refolvend  by  +  2xy+yy  &c  is  to  be  divided  b) 
b  +  2x  4-  y.  Therefore  x  4-jy  is  to  be  added  to  tfy 
laft  divifor  b  4-  #,  to  get  the  new  divifor  £+2#+j 
This  divifor  multiplied  by  y>  gives  by  +  2#y  4-  jr; 

whicl 
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which  fubtracted,  leaves  bz  +  2xz  +  2yz  +  zz  for 
the  refulvend. 

Then  to  get  the  third  figure  z,  it  is  plain,  the 
refolvend  bz  4-  2xz  +  2y%  +  zz  muft  be  divided  by 
the  divifoi  b  +  ix  +  zy  +  z,  but  this  new  divifor  is 
£-f  2 x +>'-{- #+z,  tha:  is,  it  is  the  old  divifor  with 
x  +  z  added.  Then  this  divifor  multiplied  by  %% 
and  fubtracted,  o  remains.  Therefore  the  root  i3 
rightly  extracted,  and  the  rule  true. 

As  I  am  upon  this  fubject,  I  fhall  alfo  fhew 
the  truth  of  the  rule  for  extracting  the  fquare  root 
in  Arithmetic,  which  is  the  cafe  here,  when  b  ~om 


Let  x  +y  +  z\    be  the  fquare,  that  is, 
div,  x)  xx+2xy+yy+2xz->r2yz+zz  (x+y+z 
+  x)  xx 

ix    )  2xy+yy+2XZ-\-2yz+zz 

4-7  2*y+yy 

div.  2x  +y)  +2xz  +  2yz+zz 

+  .?4-Z  +2XZ  +  2)'Z+ZZ 

3  div.  ?x  +  2y  +  z)  o 

Here  x  being  the  root  of  the  firft  term,  its 
"quare  fubtrafted,  leaves  the  refolvend  2xy+yy  &c. 
Then  :o  find  y9  the  refolvend  muft  be  divided  by 
2x  +y.  That  is,  to  the  old  divifor  x>  add  x  +y 
for  a  new  divifor  2X  +y  ;  this  multiplied  by  y,  and 
fubtradted,  leaves  the  refolvend  2xz  +  2yz  -|-  zz. 
Again  to  find  z,  the  refolvend  is  to  be  divided 
by  2x  4-  2y  +  z  that  o  remain  •,  that  is,  to  the 
old  divifor  2x  +  y  add  y  -+-  z,  the  fum  is  the  new 
divifor  2X  +  2y  +  z,  which  multiplied  by  z,  is 
qual  to  the  refolvend%  fo  that  o  remains  i  and  the 
root  is  x  +  y  +  z. 


S  2  PRO- 
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PROBLEM     LXXXIX. 

To  extracl  the  root  of  a  cubic  equation. 

i      RULE. 

Take  away   the  fecond    term  of  the  equation! 
(by  Prob.  1L)  which  then  will  be  in  this  form, 

&  +  ba  zz  d. 

Then  fubftitute  numbers  in  either  of  the  following 
forrrs,  and  extract  the  roots,  by  which  means  a 
will  be  found. 


or  a 


-  VtdWidd+^i*  +  Vid—>/±dd+T'Tt\ 


Note%  When  b  is   negative,   and  ~Tb^   greater 
than  ±dd9  the  equation  is  impoflible. 

Ex.  I. 

Let  x*  —  6x  zz  —  9. 


Here  b  zz  —  6,  </  zz  —  9,  and  \/\dd  +  *V*J  zz 

v/izi  zz  31. 

and  V—  4f  +  3t  =  {/—  i  ~  —  1.     Therefore 
—  ~"2  —  _  —  — 


or    y~  4  i  —  34-  zz  {/—  8  zz  —  2,  whence 
#  zz  —  1  —  2       —  3,  as  before. 


Ex. 
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Ex.  2. 

Let  a*  -\-  6a  zz  20. 

Here  b  zz  6,  d  zz  20,  and  s/^dd^'^zzs/io^. 

And  v/.o  -I-  v/108  zz  1  +  v/3  (Pr°t>-  lxxii.)  and 

y^o  — v/ioS.z:  1  —  v/j.     Whence 

^1  +  ^  +  1-^3-2. 

Ex.  3. 
Lf/  a?  —  \§a  zz  4. 
Here  £  zz  —  15,  d  zz  4,  and  %/Ud  +  T'T<?*  = 
\/ —  121  zz  iix/ —  I. 

And  v^2  4-  1  i\/ —  1  =  2  +  v^ —  !•     And 
y/ 1  —  iix/-1-!  ?=  2.— v/ — 1. 

Whence  a  zz  2  +  y/  —  1  -f-2  —  -y/  —  *  —  4* 

£*.  4. 

Suppofe  &  +  240  zz  587914. 

Here  b  =  24,  rf=  587  rg^.     \/^aT+~^  zzi 
293957.000878. 

And  v^-r-29  &c.   zz  83.7731.     And 
zz  .0958  -,  therefore 


«3-77 

*  =  83 -7731  —  -°95%  —  83  6773* 

Scholium, 

It  fometimes  happens  that  the  rort  may  be 
found,  though  the  negative  quantity  -/74J  be  great- 
er than  \dd\  and  that  is  when  the  fu'rd  cubic  root 
can  be  extracted.  For  then  the  irrational  parts, 
in  different  parts  of  the  equation,  will  deitroy  c,ne 
another,  and  vanith  -,  as  in  Ex.  3. 

S  3  To 
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To    prove    the    truth    of    this    rule.       Put 
r  zz \/ldd  +  ?-7b\  s  rz  i/jT+r.     Then  a  zz  s  — 

— ,  and  *23zzj? — &H —  — ,  and  bazzbs , 

therefore  a*  +  la  a  /* «  —  irf  +r 


275'  £rf  4-  r 

idd  +  dr  +  rr  —-  »V  ,    *    >  ^ 

S~  • ,j  +  r 2J_     =    (reftonng    rr) 

idd+dr  +  jdd  4-  ^7£*  —  *7£3  _  \&&  -f  ^r        ,': 

17+  r  ""     id  +  r 

that  is,  a*  +  ba  zz  dy  according  to  the  firft  part  of 
the  rule. 

And  the  fecond  part  is  proved,  by  fhewing  that 

• f*  =  s/TJZZ r.     It  is  plain  id  +  r  X  {d —  r 

£=  Ud—'rr a  —  *S  therefore  |i— r  zz  ~LI*!  zz 
27  %d  +  r 

U— ,  and  v^i  J  —  r  a  — ~ •     Which   was   to 

27^  2  3s 

be  proved. 

Some  of  the  cafes  of  cubic  equations  may  alfo 
be  refolved  trigonometrically  by  the  table  of  fines. 
As  fuppofe  the  equation  x3  — px  zz  ±  qy  to  be  gi- 
ven,    By  Prop.  24,  25.  Trigonometry,  if  r  zz  ra* 

4.V3 
dius,  y  zz  fine  of  an  arch  ;  then   2y — 2L.  =  S.  of 

thrice  the  arch.  And  by  Prop;  26.  if  *zz  cofine  of  an 

arch,  then  —  —  —  x  zz  cofine  of  thrice  that  arch. 
rr         4 

Thefe  equations  reduced  give  >3  — A  rry  zz  —  — 

4  4 

X  fine  of  thrice  the  arch.  And  x3 — ^rrtfzz-RrrX 
cofine  of  thrice  the  arch.  Or  putting  y  for  ei- 
ther the  fine  or  cofine  of  the  arch,  C  for  the 
fine  or  cofine  of  thrice   the  arch  ;   then 

jv3- 
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fr 


yi  —  \rry  zz  ±  —  C,  the  fign  +  being  for  colines, 

4 
and  —  for  fines. 

Then,  if  the  given  equation  x* — px  zz  ±  q  is  to 
-be  refolved ;  it  muft  be;  compared  with  the  fore- 
going, and  all  the  parts  made  fimilar  in  both. 
Therefore  let  the  equation  x2—px  -4;^,  be  de- 
noted thus,  x3 — -JRRtfzz^^RRS,  S  being  the  fine 
or  cofine  of  thrice  the  arch.  Therefore  ARR  =  p9 
and    R  zz  v/t/)-     Alfa    9  —  -JRRS  3=  %p$9    and 

S  zz  3£    Whence  by  proportion  R  (i/*p) :  S  ( I?) 
P  P 

:  :  r  :  C  zz     *  ^    ,  the  cofine  or  fine  of  an  arch. 

Of  which,  y  is  the  cofine  or  fine  of  the  third  part. 
Then^  being  found,  it  will  be  r  :y  :  :  R  [y/^p) 

:  x  z~  J      l   ,  as  required.     Hence  this 
r 

2     R    U    L    E. 

Take  away  the  fecond  term  (by  Prob.  li.)  if  it 
have  any  •,  and  the  equation  will  be  reduced  to 
this  form, 

x*  —  px  zz  +  j. 

Then  take  -2-L.  —  the  cofine  of  an  arch  (if 
Ps/^P 
it  be  +  j),  or  the  fine  (if  _j).     Find  v  —cofine 

or   fine   of  -J-   that   arch;   then  <X-j£  zz  x    re- 

r 

quired. 

And  this  lad  arch  may  be  either  that  we  found, 
or,  that  -f-  120°,  or  the  fame  4-  240°.  By  which 
means  you  will  have  three  roots  or  values  of  y. 

But  note,  when        /       is    greater    thaji     1,    the 

Pk/tP 
queftion  is  impoflible  by  this  rule. 

S  4  There- 
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Therefore  this  rule  fupplies  the  defeft  of  the 
firft  rule,  which  only  folves  equations  that  have 
but  one  root  real,  and  two  impofiible  ones  :  while 
this  rule  folves  fuch  as  have  three  roots  real. 

XLX.    5* 

Let  a%  —  910  zz  —  330. 
Here  xzza>  pzzgi,  £—330,  and  v/4^  — 11.015, 

and  if  r  zz  1,  ■  3/     zz  .987655  =  fine  of  8i°  very 

Ps/tP 
near;  and  the  third  part  is  27,  or  147,  or  267  ; 
whofe  fines  are,  y  zz  .45399,  or  .54467,  or 
- —  .99863  ;  thefe  multiplied  by  11. 015  produce 
5.0004,  and  5.9991,  and  - —  10.9998  *  therefore 
the  three  roots  are  5,  6,  and  —  1 1. 

Ex.  6. 

Suppofe  x%  —  19*  ==  30. 
Here  p  —  19,  j  =  30,   and  y/*p  =  5-°3323  > 
and     * ;  -  ==  .94112  zs  cofine   of   190  45^,   and 

the  third  part  is  6°  35',  or  1260  35,  or  2460  ^s'y 
whofe  cofine  is  >>  ==  .Q9340,  or  — -59599>  or 
—  .39741;  which  multiplied  by  5.03323,  pro- 
duce 4.99998,  and  —  2. 99974,  and  —  2.00024. 
So  the  three  roots  are  theie,  5,  —  3,  and  — 2. 

PROBLEM       XC. 

¥0   refo/ve   a    biquadratic   equation,  by   dijfolving    it 
into   two   quadratics. 

Take  away  the  fecond  term  (by  Prob.  li.),  and 
let  the  refulting  equation  be  x*  +  qxz  +  rx  -f-  s  =  o. 
Suppofe  it  to  be  generated  by  the  two  quadratics, 
M  +a+/zo,  and  xx—ex+gzzo.  Thefe  being 

multiplied 
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multiplied  together  produce  x*+fx*+egx+fgzzo, 

+g  ~ef 

— ee 
Comparing  the  terms  of  this  with  the  firfl:  equa- 
tion, we  have  f+g — eezzq,  eg—efzzr,  and  fgzzs\ 


r 


whence  g  +/==  q  +  ee,  and  g  — /zz  -  ;  and  confe- 


q+ee  +  ~                 %+ee —  — 
quently  g  zz -,  and/  zz i-,     And 


r 

,  ana  /  zz * 

2  2 

qq  +  iqee  +  e*—? 

(fgzz) =  s.     And  by  reduction, 

4 
e6+2qe*  +  qqee  —  rrzzo*     Put  y  =  ee,  and   then 

—  4* 

y*+iqyz  +  q^—rrzzo.    A  cubic  equation  5  whence 

—  4J 
the  following 

RULE. 

To  refolve  the  biquadratic  equation  x*+qx*+ra 
+jzzo.  Take  the  cubic  equation  y*~)r2qyy+qqy — rr 

zz  o  ;  out  of  which  take  away  the  fecond  term  (by 
Prob.  li.) ;  and  find  the  root  by  the  laft  problem, 
or  otherwife  \  and    from   thence   find  y.      Then 

q  +  ee  —  — 
take  e  zz  \/y9  and  /  zz i  ,    and 


q  +  ee  H 

1  e 

I  =  : 


Ladly,  find  the  roots  of  thefe  two  quadratic  e- 
quations,  xx  +  ex  +  /  zz  o,  and  xx  —  ex  -f-  g  zz  o. 
And  thefe  will  be  the  four  roots,  of  the  biquadratic 
x*  +  qxl  +  rx  +  J  zz  o. 

Example, 


s66 


RESOLUTION    $f         B.  1, 


Example. 
Let  x* — 2$xz  +  6ox  —  36  zz  o. 

From  this  you  have  the   cubic    equation  y3  — » 
50j*  +  7.697  —  3600  =3  o.     I  ake  away  the  fecond 

term,  by  writing  v  +  —  for  >  And  we  have 
V  —  —  v  =  ^2.  And  by  Rule  2.  Prob. 
laft,  ^  ==  8.3333  &c.  =z  8  —  ,  whence  jy  =:  8  — 
25,     and     <?  =  5  j     therefore    /  zz 


.           60 
~-25  +  25 T 


5   — 


£5 — 6,  and^iz 


-*5+*5+^ 


2  2 

+  6.  Whence  #*  +  5*— 6  s±  o,  and  xx — 5X+6 
noj  and  the  roots  of  the  former  equation  are  1 
and  —6;  and  of  the  latter,  3  and  2.  Therefore 
the  four  roots  of  the  biquadratic,  #<■ —  25**  +  6o# 

—  36  zr  o,  are  1,  2,  3,  and  — 6. 

And  the  fame  roots  will  be  found,  by  making 
nfe    of    the    other     values    of    v9     which    are 

—  — ,  and  —  —  . 
3  3 

Scbol.  But  this  and  fuch  like  rules  are  of  little 
value ;  for  there  is  far  more  labour  here  in  get- 
ting the  roots  than  by  the  method  of  converging 
feries,  which  is  to  follow. 


PROBLEM    XCL 

To  extratt  the  root  of  any  pure  power  in  numbers* 

Let  G  be  the  number  given  to  be  extracted ; 
m  the  loot   required,   r   the   neareft    root,    and    * 

the 
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the  remaining  part  of  it ;  then  r  +  e[m  zz  G,  that 

r.    ,  m  —  x 

is   (Cor.   1.  Prob,  v.)   rm  +  mr™  e  +  m.  — — 

m 

ym-i  ee  +  m  *  — ^-  . rn-z  fi  &c.  =  G,  and 

2  3 

reje&ing  e*  and  the  higher  powers,  as  very  fmall ; 

m-~  1  ^ 

we   have   mr1*-1  e  +  m  .  1 — —  rm"2  ee  z:  \j  —  r*% 

2 

mrm»i  G  —  r*  TT 

"d- „-i  ./+»=    »~i    •  Hcncc 


this 


1    RULE. 

Let  G  =  abfolute  number. 

r  zz  the  neareft  root  you  can  find, 
r  +  e  zz  the  true  root. 

*»  =:  the  index  of  the  root. 

m  —  1 
D=      G-ra 


m. rm~2 

2 

Then  be  +  ee  zz  D,  or  <?  =:  y— -  nearly. 

b  +  e  ' 

Which  equation  is  to  be  refolved  by  Prob.  lxxxviii. 
When  e  is  had,  then  r  +  e  is  to  be  taken  for  a  new 
value  of  r,  and  the  operation  repeated,  perhaps  of- 
tener  than  once.  This  rule  generally  triples  the 
number  of  figures. 

But  if  the  third  power  of  e  be  takea  in,  then 

mrm'1  e  4-  m . rm-2  ee  +  m. •  . 

2  23 

fW-3  e%  _«  q  —  rm  ancj  fince  ^  _j_  ^  _-  ^  there- 
fore 
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fore  eezz D — bey  and^zzD* — bee,  and  m  . I- . 


07—2       ■,     ■  «r— -i    02 — 2 . 

r«-3  **  z=  m ir- .  rw-3  x  De  —  bee, 

3                            2  3 

whence  mrm"1  e  -}-  m. rm~2  ee  +  m  . 


2 

rw-3  XD^-k  z=  G  —  r w,  and  r're  +  . 

3  2 

D*+ ra— . beezz =rF, 

3  2  2g  0^ra-3 

G — rm 
by  fubfTtution,  (putting  F  =  — — ) ;  expunge  I  and 

m  —  1    m — 2          G  —  rm 
D,  then  r re  -\ • X e  + 

23  m  —  1 .  ■    ,      ~ 

2 

m—i  m—i    m — 2        zr  „      . 

ree X — —    eezzrF;  that  iss 

2  23        m — 1 

.    m  —  2      „     ;    w  —  1  02  —  2  ^ 

tt*  H X  F*  + r<?<?  — ree  z=  rF, 

3  23 

rr  - 

whence  this 


m  —  2^  .    i»  +  1  „ 

that  is,  rr  4 F  X  e  +  — —  ra  zr  rF, 


2     RULE. 

Let  G  zz  abfolute  number. 

r  zz  neareft  root  you  can  find. 

r  +  e  zz  true  root. 

m  zz  index  of  the  root. 

_.,        G—  r» 
r  zz . 

mrm~z 

Then  ■ e  +  ee  z:  — ^  ,  nearly, 

m  +  1  »j  4-  i 


Which 
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Which  is  to  be  iolved  as  Prcb.  lxxxviii,  and  re- 
peated with  new  r,  if  there  be  occafion  This 
rule  commonly  quintuples  the  number  of  figures 
in  the  root,  true  •,  at  each  operation ; 

The  root  of  any  number  may  alfo  be  extracted 
by  Prob.  lviii.  after  this  manner. 

3     RULE. 

Let  P  +  P#,  be  the  number  given  to  be  extracted. 
P,  the  greater!  power  contained  in  it, 
Pq,  the  remainder;  and 
q>  the  quotient  ariiing  by  dividing  the  re- 
mainder by  the  greateft  power. 
»,  the  index  of  the  root.     Then 


1 


yp  +  P?z:P«    +  -~Aq-—-Bq- 
C^  —  B^ll  Dq  &c.     Where  A,  B,  C, 


3»  \n 

&c.  are  the  preceding  terms.     In  this  rule,  when 

two  or  three  figures  are  got,  put  them  equal  to 
■         , 

P  n  ,  and  begin  the  operation  anew  -,  and  the  feries 

will  then  converge  exceeding  faft  j  and  fo  much 

fader  as  q  is  lefs. 

Cor.  Hence  it  follows,  that 
VF+Tq  =  y/P  +  L  Aq  -  ±  Bq  -  |  Cq  - 

—  Dq  —  —  Eq  &c.  for  the  fquare  root. 
VTTTq={/P+  ±Aq-±Bq-LCq- 

—  Dq Eq  &c.  for  the  cube  root. 

VYTVq  =  i/P  +  ±Aq-±Bq-LCq- 

-,Dj  &c.  for  the  biquadrate  root. 

V 
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~  Da  &c  for  the  fifth  root. 
20     2 

^F+P^=P^  +  -|A?-i-B?~|C?- 

—  D<7  —  &c.  for  the  cube  root  of  the 
fquare  *,  and  fo  on. 

Ex.  i. 

IVhat  is  the  cube  root  of  2. 

Here  G  =:  2,  r  ==  i,  m  =  3,  by  Rule  1,  £  ss  j; 

*«     \  -3333  O26  =  ' 
+  2/    24 

1.2    )  .0933         and  r  +  *z=  1.26 
+  26      876 

1.46  57 

Again,  for  a  fecond  operation  5 

Let  new  rzzi.26-,  then  G-r-r3= — .000376, 

,       /»  —  1  .000276 

and  w r=3rz=3.78,  and  D= ^    — 

2  •      *  '  3-7^ 

.000099471,    and    becaufe    e   is    negative    here, 

_  .00009947 *, 
1.26— * 


'1.2600000 
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1.2600000)  .0000994710  (-—.000078950106 
—7  881951 

1.2599300  1 1 275900 

—78  10078816 


1.2598520  11970840 

—89  H338587 

1  ~     —  ■  ■  ■ 

1.259843        632253 
•••••         629921 

2332 
1259 

r  zz   1  .  26000 
e  :z>— -  .  000078950106 
y/2  zz   1  .259921049694 

£#.  2. 

Extraft  the  $tb  root  of  2327834559873; 

Firft  point  every  fifth  figure  thus 

•  •  ■ 

2327834559873> 
Then  for  brevity's  fake,  take  only  the  firft  pe- 
riod, as  an  integer,  that  is  232.  Then  proceed- 
ing by  Rule  2,  we  fhall  find  2  the  root  of  the 
greateft  power  contained  therein  5  and  thence, 
r  zz  2t  and 

232  =-  G 
32   =3  r* 


200  —  G — rm 

and  40  zr  mrm~z 

Whence     —  =  5  =  F. 
40 


Therefore 
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Therefore   AAe  +  ee  zz  *,  or  *  zz  — - — 

4-5  +  ' 
4>5)  5-Go  (.92  zz  e. 
+9    4.86 

5.4  )    1400  whence  r  zz  2.92  5 

+92      1264 

6.32)      136 
Suppofe  again  new  r  zz  290. 
Then  r*  =  24389000. 
G   zz  2327834559873 
r5   =z  2051 114900000 

G  —  r'zz     276719659873 

F  =z    2269.217  whence 

297.825*  +  ee  zz  2269.217         • 

2269.217 

or  e  rz ^-— ^ 

297.825  ■+-  e- 

297.825)  2269.217  (7.43375 
+7  2*33-775 

304.825)    1354420 
+  7.4         1248900 

312.225)  105520 

+  43'  93796 

312,6515  11724 

+  33  938o 

312.68  2344 

2188 


*  •  • 


'56 

Whence  r  +  ezz  297.4337,  which  may  be  ta- 
ken for  new  r,  and  the  operation  repeated,  if 
there  be  occafion. 

Ed 
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Ex.  3. 

What  is  the  Jtb  root  of  ioooco. 

The  neareft  root  of  100000  is   5,  whence  by 
Rule  3d, 

P  +  Pq  zzz  s  00000 
P  tz    78^25 

P?  s=    21875. 
whence    ^  z=     .28  &c. 

And  \/p  +  p£  =  yp  +  i.  A*  —  i  B*  — 

13  ^  20n  27  0 

21       2  28  .55 

That  is,         \/P  zz  +5000 

+yA^  sz        .200 

— 4%  =    —  024 

— 44C?  =     +.004 

- — J-Lty  ~     — 001 

&c.  — — 

5.204  —  .025  =  5.179 

But  becaufe  this  converges  (low,  take  5.179  for 
the  root,  and  involve  it  to  the  7th  power,  and 
we  have 

P  +  Pj  n   1 00000. 
P  =     99935»S6,52873°94 

Pq  ZZ  64.1  ,'47126906 

q  zz  .0006417587 

Then  l/P  z:     5.1790000000  rz  A 

+-fAy  zz   +.0004748097  =  B 

— J-Bj  =   -  1306  zzC 

— »Cj  =  J- 1  =  D 

5.17947+  og8 
—  i4o6 


5.1794746792  rzy/ioooco 

T  &A*/. 
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SchoL  i.  If  the  root  is  required  for  only  a  few 
places  of  figures  •,  the  eafieft  way  by  far,  is  to  ex- 
tract it  by  the  help  of  logarithms. 

SchoL  2.  From  the  foregoing  procefs,  the  rule 
for  extracting  the  cube  root  in  arithmetic,  may  be 
demonftrated. 

Let  a  +  e  be  the  root,  a  the  firft  figure,  e  the 
fecond.  Then  the  cube  is  a*  +  %axe  -f-  ■7taez  -+-  e3 ; 
then  a*  the  greateft  cube  contained  in  it,  being 
fubtracted  ;  there  remains  %a *e+  %ae"\  fetting  afide 
el  as  being  very  fmall.  Divide  this  remainder  by 
3,  and  we  have  are  -f  aee,  from  which  to  find  e9 
this  remainder  or  rdblvend  mull  be  divided  by 
aa  +  ae.  That  is,  the  refolvend  muft  be  divided 
by  aa%  the  fquare  of  the  root3  and  then  to  the 
divifor,  there  muft  be  added  ae,  the  product  of 
the  root  by  the  quotient  figure  ;■  and  the  whole 
will  be  the  true  divifor  for  finding  e.  But  as  e1 
was  left  out  of  the  account  ^  the  root  got  this  way 
will  deviate  from  the  true  root ;  and  therefore  you 
muft,  after  a  few  figures  are  had,  begin  the  ope-, 
ration  again,  with  the  new  root  which  you  have' 
already  got. 

PROBLE  M    XCII. 

To  extracl  the  root  of  any  adfetted  equation,  in 

numbers. 

Preparation. 

Suppofe  Atf+B^+Cff'+Dtf'+Etf*  &c,  =N/ 
Put  r  +  f-^r  being  the  firft  figure  of  the  root  | 
and  to  find  r,  put  i,  io,  100  lucceflively  for  at; 
and  the  neareft  value  of  thefe  being  found,  try  the 
intermediate  numbers  5,  50,  &c>  then  expung- 
ing x,  we  have 

hr  +  Ae 
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Ar  +Ae  :=A*- 

Brz+2Rre  +  Bee  zzBxxt 

Dr++4Dr^+6DrV4-4Dr^+D<?4-  =  D^1 
&c.  &c. 

Sum  P  +  ae  +  bee  +  ce^  +  de*  &c.  ==  N. 
And  ae+bee+ce*+de*  &c.  =  N  — P=/. 

Then    fince   f  z:-  nearly,  we  (hall  have 

^  +  be  x  —  z=  /".    Or  ae  +-J  e  zzf.    From  whence 
#      '  a 

we  (hall  have  this 

i      R    U    L    & 

/ 


a  +  bx£- 


nearly, 


a 


Or,    if   more   exactnefs    be    required,    we    may 
faring  in  ee ;  then  ae  +  bee  ~f9  whence  this 

T     R    U    L    E. 
/ 

±e  +  ee  =  L  or  e  =  —b- ce%  +  **  &c* 

b  b  a  j-  >  a  +  be 

J    '    ' 
nearly,  to  be  wrought  by  lxxxviii.  Rule  2* 

Or  if  e*  be  taken  in  for  more  exadtnefs ;  pro- 
ceed thus,  bee  zz  f—ae,  and  ce*  -Jje~*aee  wnence 

b 

u  -f  bee  +  ce*  zz  ae  +  bee  +  €i  e  —  % eezzf,  whence 

a         b 


T  2  3    RULE, 
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3      RULE. 

e  +  ec  zz  ■ ,  very  near ;  to  be  wrought 

b  —  *1  b  —  - 

b  b 

as  Prob.  Ixxxviii.  Rule  2. 

In  any  of  thefe  rules  the  operation  muft  be  re- 
peated after  a  few  figures  are  had,  by  taking  a 
new  value  of  f,  and  proceeding  as  before, 

Ex.  1. 

Let  i2cw3  +  3657**  —  38059*  2=  8007  115. 
By  a  few  trials,  you  will  find  x  to  be  greater 
than  30,  and  lefs  than  40.  Therefore  iuppofe 
r  zz  30,  and  30  +  e ^  zz  x  the  root  fought,  which  be- 
ing involved,  and  taking  the  leaft  powers  firft,  as 
in  the  rule,  we  have 
— 1141770— -  38059*  -\ 

+  3291300+219420*4-  3657^  s  2=8007115. 

4-32400004324000^4  10800**4  l20e3J 

Which  being  added, 

53$953°+5°536™+  $4457^+ 120^  =  80071 15 

and         505361*4- 14457^+120*^2617585. 

or  ae+  bee+ce*      —f. 

Then  to  fhorten  the  work,  divide  by    1000,  and 

then  505*+ 14ft?  &'c.    =2617,  and   by  Rule   1, 

2617  0  ,  2617 

e  zz i  zz  5,18  \  or  rather  e  zz 


5°5  5°5  +  I4X5-i8 

- — L  sz  4  53.     Whence  r  +  e  or  x  zz  34.5  for  a 
577 
new  operation.     Which  being  involved,  beginning 

at  the  highelt  power  firft,  we  have 

4927635    4-    42849^+12420^} 
+  435*744-1-+  252333*  +    3657eeC  =  8oo7I!5' 
— '3,3°35i—   38°59tf  J 

That 
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That  is, 
796?3*il  +  257123*+  i^oyyee  zz  8007115. 
or  257l23e  +  i6ojjee  zz  ^977 1. 25 

whence  159932^  +  ^  —  2.473799 

and  by  rule  2d,  e  zz -— — ?— . 

15-993'2  +  * 

I5-9932)  2.47^99  (.1532  =  ' 
+.i  1.60932* 

16.0932)      86^479  r   =  34-5 

+15  81 2160  e   zz       .1532 


16.24,?.)        52319  r+*zz  34.6532  zz;*;. 

+  .53  48888 

16  29612)         3431 
+  3  3260 

16.30  171 

JlLX  »    Z . 

!.<?/  s*  —  32*  —  752;  =  IOOOO. 

Here  by  a  few  trials  z  will  be  found  very  near 
o.     Therefore  let  r  zz  10,  and  r  +  e  zz  z.      Then 

2*    zz  10000  +  40c o*  +  600**  &c.  1 
«—  32;1  zz — 300 —     600 —     3**        v  zz  ioood. 
+-  752:  zz  +750  +      75*  J 

Being   added, 

10450  +  4°i5*    +  597^  25    10000. 
or  4015*    +   597**   ±  —4-5° 

or  6.725*  +   ee  zz —  0.753769 

herefore  e  is  negative,  and  by  Rule  2. 
e  zz  -Q-753769  . 
6.725+* 

T  3  6.725 
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6.725)  —0.753769  (—0.1 14  =  e 
*-*•!  — 66'$*' 

6  t>2$)     —  9126  rz  10  000 

e  r  — .114 


6501 


— 

9126 

6515 

— 

26119 

26004 

—  115 

6*5l5)     —  26119  r  +  e  zz  9.886  z:  £, 

—  14 


Again,  put  r  =  9  886,  and  r  +  e  zz  2;  then 

955i.7385o;i35  +  3864«753593824* 
—293.198988        —      59  316^ 

+  74I-450  +      75* 

•i-5%6»3979/6tt      =  10000;   that  is  by  addi-; 
—3^ 

rion,  9999-9895I9I35  +  388o-43?593824*  +  583r 
39797°^?  —  1 0000  }  and  tranipofing, 

3880.437593824*  -h  583-397976^  =  .010480865* 

A    ,          ,01048086/:  . 

And  £  zz  — ^  —  .00000270005,   nearly, 

3880.437  •  I 

Then  r  +  e  zz  9.88600270095  z:  2. 

£#.  3, 

Suppcfe  jy*  +  2ioq>'5  —  Sooqv*  z:  3850000000, 

By  a  few  trials  y  will  be  found  between  50  and 
60  *,  therefore  put  r  zz  $oy  and  r  -{-  e  zzy  •,  then  ex- 
punge^. Or  rather  thus:  Since  the  numbers  are 
large,  transform  the  equation  (by  Prob.  xlii ),  by 

putting  x  zz  —  y,  or  y  zz  io#f  which  done  we  have 

700000^5  +  2  100000X5™— 8ooooo^'zz:  38  500CC000, 
or  yxs  -h  2i#3 —  8*^38500.    Then  to  extract  the 
root  of  this,  ym  r  zz  5,  and  r  -f  e  or  5  +  e  zz  X 
and  x  being  expunged,  we  have 

21875 
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21875  +  21875*  4-  .8750**  4-  1750*3  ) 
+  2625+     1575*+    315**  +       21**^=38500. 
—   200  —        80*  —         8**  J 

That  is, 

24300  +  2*370*  +  9057**  4-  1729*3  zz  38500. 
and       23370*  +  9057**  4-  1729*'  zz  14200. 

Then  by  Rule  3,—  zz  2711,  --  zz  4461,  whence 

5,675*  4-  **  zz  3,0900. 

5675)  3.0900  (.5004  zz* 
+  5         30875 

6.175  25 

+  5 

6.675 

Again,  put  ^—5.5,  and  repeating  the  operation^ 

35229.90625  4-32027.187*-!- 11646.25^ 

i  3493-875     4    i9°575  e+     346-5  ">  =  385°°- 
—   242.  —       88.       *        — 8.     eej 

That  is  when  added, 

3848178125  +  33844.937^  4-   11984.75**  zz 
38500.  And 

33844937*  +  H984«75"  =  18.21875.^ 

Then ~  zz  .0005383  zz  —  zz  *  nearly. 

33845  a 

Then  b  X  —  zz  6,451,  and  (Rule  1.) 
a 

18.21875 

— ^ - — - zz  .000558190  zz  *,  more 

33844  937-r-°  45i  °*     Jh 

exactly.  Then 

r  4-  e  zz  5.500538198    zz  x9  andy   zz   iox  33 

55x0538198. 

T  4  The 
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The  root  may  alfo  be  extracted  as  follows.  Hav- 
ing got  ae  +  be1  +  cv  +  de*  =z  f,  as  before  direct- 
ed •,  let  v  be  the  firft  figure  of  the  value  of  e%  s  the 
fecond.  Then  putting  v  +  s  for  e\  ax  v  +  s  + 
bXv  i-^-f  cXv  +  s\l  &c.  =/;  that  is,  av+as+ 
lvz  +  ibv  3  &c.  4-  ev*  +  3fy2j  &c  ~/.  And 
as  +  ibvs  +  $cvxs  &c.  =/ — av~-bvz —  cv*  &c. 
Whence 


__/ — av —  bv^  —  cv^  &c, 
a  -f-  ibv  -{-  '$cvz  &c. 


Whence  this 


4    R    U    L    E. 

Having  any  equation  given,  proceed  as  in  the 
other  rules,  till  you  get  ae  +  bee  +  ce*  +  de*  &c.  rz/. 
Then  find  by  repeated  trials,  the  firft  figure  i/,  of 
the  value  of  e>  fo  that  v  X  a  -\-  bv  -\-  cvL  -\*  dv>  &c. 
may  be  nearly  zz.f\  and  take  that  product  from 
/  to  find  the  remainder- 
Then  to  find  the  next  figure  or  figures.;  divide 
this  remainder  by  a-\-  bv  +  %cvv + \dvl  &c,  the 
quotient  is  the  faid  figure,  which  mud  be  added 
to  v9  for  a  new  value  of  v.  Then  repeat  the  ope- 
ration with  new  v,  viz.  take  vxa  +  bv  -\-cvz+dvi 
&c.  from  /,  and  divide  the  remainder  by  a  4-  ibv 
4-  3cvl  &c.  and  add  the  quotient  to  laft  v\  and 
fo  on. 

And  note,  after  the  divifor  once  takes  place,  each 
new  quotient  may  be  continued  to  near  as  many 
figures,  as  all  the  preceding  ones.  Alfo  in  the 
divifor,  you  need  not  continue  the  parts  of  the  di- 
vifor ibvt  $bvl  &c.  any  farther  in  decimals,  than 
to  anfwer  the  number  of  figures,  you  would  have! 
true  in  the  root. 


General 
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General  form. 

f  f 

v  zz  — ;  or  v  =  — ^— -—    nearer;    or    v  n 

<Z  tf  -|-  ffV 

,  nearer  (till  j  fcJV.  then,  next  figure 


a  +  bv  +  cvv  '  .*.--© 

f — 1  av  —  bv%  —  cv*  &c. 
7"     a+  ibv  +  $cvv  &c. 

£#.  4. 

£#  2?  —  1  yzz  +  542  —  350. 

Here  z  is  greater  than  10,  and  lefs  than  20» 
Let  r  zz  10,  r  +  e  zz  z  •,  then 

1000  +  300*  +  30**  +  e3   I 
—  1700  —  34CX?  —  17^  ■  >    zz  350.' 

+    540  +     54*  J 

or —  160  +     14*  +   13**  +  e5  zz  359. 
that  is  14?  +    i$ee  +  e3   zz  510. 

To  find  e,  try  j,  2,  3,  6ff  and  you  will  find 
e  very  near  5,  but  fomething  lefs.  Therefore 
take  v  zz  5,  and  i;X^+^+^2  —  5X  14+65  +  25 
—  520,  and  510  —  520  zz — 10,  then  *z  +  2fo;  + 
|*v2  zz  219,  and 

^zz_to45  ^  =  5.ooo 

219  ™  —  .045 


*  =  4-9^5 


Let  new  v  zz  4  95  ;  then  a  -{-  bv  -\-  cvl  X  v  zz 
509  119875,  and  510 — 509  1198/  5  zz  0880125. 
Alfo   #  +   2^^  +   %cv'  zz  216.2075.       Whence 

O.880  J  25  , 

s  zz J±   zz  .00407,    and    *  zz  4.95407  •, 

216.2075 

whence 


282         RESOLUTION     of        B.  L 

whence  z  zz  14.95407.     Or,   if  you    pleafe,   put 
v  zz  4.5 5 407  for  a  new  operation. 

Ex.  5. 

Let  2V4 — i6#*  +  4o#z — 30^— — r. 

By  a  few  trials,  it  appears  that  x  is  between  1 
and  2.  Therefore  put  rzzi9r  +  ezzx.  Then 
expunging  #, 

2  +     Se  4-  12^  +     8f'  +  2^1 

—  x6  —  48^  —  48**  —  i6<?3  >  z=  —  1. 
+  40  +  8oe  +  \oee                         (  ~~ 

—  3°  —  3oe  J 

The  fum  is 

—  4  +  io<?  +  4**  —  Se3  +  2<?4  =  —  1 
or       io*  +  4^  —  8<??  +  2<?+  =  3 

^  *  i  d        f 

Here   we   have   e  zz  —  =  -3*  or  more  exaftly 


*  zz 


10 

ac  -^—  —  .26  zr  v, 


10  +  4*       11.2 
Then     for     the     next     figures    of    the     root, 

vXa+bv  +  cv*  +  dv*  zz2.73%93,  and  3  — 2.73893 
-.26106.     Alfo  a  +  ibv+3cv%+4dv  11:10.59b, 
and 

.26106  ^ 

IO.598 

1;  zz  .26 


then     *  =c  .2846 


Take  new  v  zz  .2846,  then  vXa+bv+cv>+dv*  f 
-2.99869*39,  and  3—2.99869539=1.00130461. 
Alfo  a  +  zbv  +  3<w*  + +dv*  zz  10.51728.    .  1  hen 

.00130461 
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.00130461 
...    ■ zz  .00012404 

10.5173 

.2846  ZZ  V 


.28472404  zz  e9 
whence  r  +  e  or  x  zz  1.28472404. 

The  roots  of  equations  may  alfo  be  extracted  by 
help  of  the  Rule  of  Falfe  Pofuion  in  Arithmetic, 
as  follows. 

5    R     U    L    E. 

In  fuch  equations  as  contain  furds,  exponential 
quantities,  &c.  make  two  fuppofitions  in  numbers, 
for  the  root,  as  near  as  vou  can  get  them.  Then 
each  of  thefe  being  put  in  the  equation  inftead  of 
the  root,  you  mutt  mark  the  errors  (that  is,  the 
excefs  or  defect)  arifmg  from  each  of  them. 

Then  multiply  the  difference  of  the  fuppofed 
numbers  by  the  leait  error,  and  divide  the  pro- 
duct, by  the  difference  of  the  errors,  if  they  are 
like,  (that  is,  both  exceftes  or  both  defects) ;  or  by 
the  fum,  if  unlike.     Then 

The  quotient  is  the  correction  of  the  number 
belonging  to  the  leaft  error;  and  is  to  be  added 
if  that  number  was  too  little  ;  or  fubtracted,  if 
too  great.     This  gives  the  root  nearer  ihan  before. 

Jn  like  manner  try  this  root,  and  the  neareft  of 
the  former,  or  elfe  take  a  new  fuppofed  number; 
then  find  their  errors,  and  proceed  as  before,  and 
t  you  will  get  a  root  full  nearer.  And  thus  by  re- 
peating the  operation,  you  may  continually  ap- 
proximate, as  near  as  you  will,  to  the  true  roc:. 


Ex. 
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Ex.  6. 

Suppofe  xx  zz  ioo,   to  find  x. 

By  the  nature  of  logarithms  x  X  log:  x  zz  log, 
ioo  zz  2. 

Here  #,  by  a  few  trials,  will  be  found  greater 
than  3,  and  lefs  than  4.  Suppofe  x  zz  37  •,  then 
/;#zz.  5440680,  and  #/;#z:  1.9042 3 80,  which  mould 

be  equal  to  jz 

— .0957620  zz  iEr.  too 
little. 

Again,  fuppofe  x  zz  3.6,  then  l:x  zz  .556302 5, 
and  #/;*  zz  2.0026^90 
2 

+.0026890  zz  2  Er.  too  great.     Hence 
we  have 

1  num.  2*5  *  er«  — -°957^2 

2  num.  3.6  2  er.  +.002689 

diff.     0.1  fum     .098451 

rri  O.lX. OO268Q 

Then  2 _ y  zz  .00273  zz  cor. 

.09845 

2  num.     3.60000 
correct.     —-.00273 

3,59727  zz  x. 

Again,  fuppofe  x  zz  3.597,  then  l:x  zz. 5559404, 
and  xl:X  zz  1.9997176,  which  fub tracked  from  2, 
gives  —  .0002824  the  error,  too  little.     Whence 

2  num.  3.600,  2  er.  zz   +  .0026890 

3  num.  3.597,  3  er.   z  —  .0002824 

'■'     '      ■  '  ■  - 

diff.       .00?,  fum     .0029714 

Then 
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Then   -o°3X. 0002824  =  .000285  the  cor. 

.OO297I4 

3  num.  3.597 
cor.   •+-     ,000285 

x  zz  3*597285  as  required. 

Ex.  7. 

If  s  be  the  fine  of  an  arch  z9  rad*  zz  I,  and 
j^sz  zz  5,  to  find  s  and  z. 

By  div'fion  sz  zz  1.25.  The  length  of  1  degree 
is  zz  ,01745329  fcSV.  By  a  few  trials,  we  may 
find  z  between  /o  and  80  degrees.  Suppofe 
z  zzyo  deg.  then  ,01745X70  zz  1  2215  ;  alfo  S.  70 
zz  .939  zz  s,  and  sz  zz  1.1469,  and  1.25  —  1.1469 
zz.1031   the  firft  error,  too  little. 

Again,  fuppofe  z  zz  75  deg,  then  .01745X75 
zz  1.3087,  and  s  zz  .966,  and  sz  zz  1.2642 -,  and 
1.264* — 1.25ZZ0142  the  fecond  error,  too  much. 
Hence 

1  num.  70  1  er.  — .1031 

2  num.  75  2  er.  +  .0142 


5.  fum      .1173 

5X.0142        .0710       ^     . 

Then  - —  zz  — - —  zz  .60  the  cor. 

.1173  .117 

2  num.  75.0 

—  cor.       .6 


1.2^8524*  zz 
then 


Again,  let  z  zz  74.4  zz  740  :  240,  s  zz  .963 1626  ; 
then     .01745329     X     74-4     zz     1.298524,     and 


.01745329  x  74-4  zz  1.293524,  ana 
15245  zz  1.2506895,  from  which  fubtraft  1.25, 
.0006895  zz  3d  error,  too  much. 


2  num, 
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2  num.  75  2  er.   +.0143937 

3  num.  74.4  3  er.   -f  .0006895 


diff.         .6  diff. 

then  ^X^S95^.o3io. 

3  num.  74.400 
—  cor.         .031 


•0^33105 


#nd  z  zz  74.369  zr  740 :  22' :  8^ 
and  j-  zz. 9630372. 


S  c  h  o  l  1  u 


M. 


There  are  alfo  other  ways  of  extracting  the  roots' 
of  equations,  though  not  much  different  from  fome 
of  the  foregoing  ones,  particularly  a  method  of 
Sir  L  Newton's,  which  is  like  the  procefs  ufed  in 
the  fecond  method  foregoing  •,  the  principal  dif- 
ference being,  that  he  every  where  takes  a  new 
letter,  where  we  find  a  new  value  of  c. 

Alio  furd  or  tranfcendental  equations,  may  be 
refolved  by  reducing  fome  of  the  quantities  to  in- 
finite feries  ;  proceeding  by  the  rules  of  Se£t.  VI. 

In  equations,  where  the  terms  involve  a  great 
many  factors,  which  makes  it  tedious  to  multiply 
them  together;  it  will  be  a  fhorter  way  to  add 
the  logarithms  of  the  feveral  factors  together ;  and 
then  find  the  number  belonging,  which  will  be 
the  numeral  coefficient  of  that  term.  And  thus  all 
the  coefficients  of  the  particular  terms  may  be 
found. 

We  may  note,  that  though  the  third  rule  con- 
verges falter  than  the  reft  ;  yet,  as  there  is  fo 
rnuch  trouble  in  finding  the  coefficients,  and  di- 
vifors,  it  will  be  found  not  fo  expeditious  as  the 
fecond,  or  even  the  firfU 

In 
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In  making  ufe  of  the  fecond  rule,  after  half  the 
number  of  places  are  found  for  the  value  of  e ;  it 
will  be  needlefs  to  form  new  divilbrs  ;  for  the  reft 
of  the  figures  will  be  as  truly  found  by  plain  di- 
vifion.  For  what  is  added  to  the  divifor,  in  places 
fo  far  back,  does  not  at  all  affect  the  quotient. 

The  root  may  alfo  be  extracted  as  in  the  follow- 
ing problem,  and  the  coefficients  a,  £,  c,  &c. 
found  as  there  directed  ;  which  is  a  compendious 
method,  when  the  equation  confifts  of  many  terms. 

PROBLEM    XCIII. 

To  extracl  the  root  of  the  infinite  feries  Az  +  Bzz  + 
Cz>  -f-  Dz*  +  Ez*  &c.  n  N,  in  numbers  j  juppo* 
fing  this  feries  to  converge  f aft  enough. 

Preparation. 

Take  r  as  near  the  root  z,  as  you  can  find  it ; 
and  let  r  +  e  z±  z,  and  z  being  expunged,  we  have 

Ar   +  A<? 
+  Br1  +  2  Ere    +    Bez 
+  Cr'  +  sCr**  +  3Crez    +    G?3 
4-  Dr*  +  4-Drie  +   6DrV  +    ^Dre*    +   De* 
+  iir*  +  5Er*e  +  ioEr*ez  +  ioErze*  +  sEre*+  \  —  ^ 
Ee<  &c. 

the  fum 
P+^  +  ^  +  ce*  +  de*  +  get  =  N 
and  ae  +  be"'  +  ce*  +  de*  +  ges  ~  N  —  Pz:/. 
Whence  this 

RULE, 

Take  r  very  near  z,  and  let  r  +  e  rs  %,  then  fub- 
ftitute  the  powers  of  r  +  £  for  thofe  bf  2,  till  you 
get  P  -|-  ^-f-^-t-^'  &c.  zz  N,  and  ^  -f  Z>^  &c. 
=  N  —  P  n/,  which  equation  is  to  be  relblved  by 
Prob.  lxxxviii  -,   or  elfe  the  equation  ae  +  be7-  +  ce* 

•fir* 
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+  de*  Sec.  zzf,  is  to  be  refolved  by  fame  of  the 
rules  in  the  laft  problem,  and  the  operation  re- 
peated if  there  be  occafion. 

And  here  the  coefficients  a,  £,  c,  d,  &c.  are 
moft  eafily  had  from  the  terms,  which  compofe 
the  value  of  P  ;  for  we  have  P  =  Ar  +  Brz  + 
Cr3  +  Dr*  &c.     Whence 

Ar  +  2  Br*  -f  3O  +  4Dr+  &c. 
*  = ~r 


*  = 


Br*  +  $Cr*  +  6Dr+  +  ioEr* 


rr 


Cr3+4Dr*+ioEr5  &c;        Jr  . 

c  =  — 1 ,  and  fo  on ;  where 

r 

the  numbers  in  a,  are  r,  2,  3,  4,  &?f,  in  £,  1, 
3,  2Xj,  2X5.  3X5.  3X7,  4X7>  4X9,  GV.  in 
r=i,  4,  4?»  4?*  fr  i-5,  4/  &c;  where  p9  q>  r,  j, 
/,  &c  are  the  foregoing  terms.  And  in  rinding 
tf,  £,  c,  Sec.  you  mull  go  through  all  the  terms, 
till  they  gruw  very  fmall,  and  at  laft  vanifh.  But 
you  need  not  find  above  two  or  three  of  thefe  co- 
efficients a  b%  c9  &c.  and  each  iucceeding  one 
may  confift  of  fewer  places  of  figures. 


Example. 
Let  z  —  —  zz  -J z* 


2.3.4 


z*  + 


2,3.4.5 


2« 


&C.    ZZ   -. 


Here  by  feveral  trials  z  is  found  nearly  z:  ?  5 
therefore  put  r=f,  and  r+ezzz.  Then  P=A  + 
Brz  +  Cr'  &c.  that  is, 


r  zz 
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'•=•333333  —ir*  =  —  .055555 

+  ir>=       6172  —x\r*=z—         514 

+  TiTr<=           34  —T^r5=      —         2 

1                        ■  1           "                                  ii 

-339539  —.056071 
—  .056071 


Pzz. 283468 


•333333  —  -ihiio 
+  18516 — -      2056  -352019 

+      170         — 12       — .113178 

then  0  zz zz x  2  zz 

3  A 

•716523,     Alfo 

—  -055555  +  .018516 

—  3084  +         340        — .058669 

:       —         3°  +.018856 

b  =z =  x  9; 

9  k 

zz  — ^35^3.     Hence 

.283468  +  .71652*— .3583^  =  *  =.285714 

and  .71652* — *35%3M  zz  .002246 

and       1.9998*  —  ee  zz  .00627 

.00627 

e  zz ~ 

1.999  —  e 

1.999)  .006270  (.00314  zze 
—   3         5988 


1.996 

282 
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j  99 

83 

79 

4 

u 

Then 
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Then  r  zz  .33333 


Lzj.M4Z 

or  put  r  zz  .33647  for  another  operation. 

Scholium, 

If  the  feries  breaks  off,  then  it  is  no  matter  whe- 
ther it  converges  or  not.  And  in  that  cafe  it  co- 
incides with  ^he  Iafl:  problem,  and  may  be  folved 
by  any  of  the  rules  therein. 

And  if  e  be  very  fmall,  the  equation  ae  +  bee  + 
cel  &c  zzf,  may  be  expeditioufiy  folved  by  Prob. 
Jxii.  Rule  i,  in  which  you  need  only  ufe  the  three 
firft  terms ;  which  will  be  (horter  than  taking  new 
r.  But  that  rule  cannot  fo  conveniently  be  ap- 
plied to  the  given  feries,  becaufe  it  does  not  con- 
verge lb  fail  as  thisi 

PROBLEM    XCIV. 

"T'o  ex  trail  the  root  in  numbers  of  the  infinite  fericS 
Az  +  BzJ  -J-  Cz*  +  Dz7  &c.  s=  N  5  fuppofing  it 
to  converge  f aft. 

Preparation. 

Take  r  as  near  the  root  as  it  can  be  found  by 
trials,  and  put  r  +  e  zt  zt  and  expunging  z,  w* 
(hall  have, 

Ar  +  Ae 
+  Bn+3Br*e+  %Bree  +  Be* 
4.O5  4.5OV+  ioCr»**+ioCr**i  +  $Cre*8cc.  1 
4-Dr7-f  7Dr6<f+2iDrs^+35DrVJ  +  35D^^>zzN 
•|-Er9  +  ^Er8^+36Er'^+84Er6^+i26Er^) 

the  fum 

P  +  ae  +  bee  +  ct*  +de*  &c.  s  N. 

an 
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and    ae  +  bee  +  ce^  +  de*  &c.  =  N  -*  P  zzf* 
Whence  this 

RULE. 

Affume  r  by  trials  very  near  z,  2nd  r  +  e  tz  z± 
len  fubttitute  the  powers  of  r  +  e  for  z.  in  the 
iven  feries,  till  you  get  P+ae+be*  +  se*   &c.z,N*, 

And  ae  +  be1  +  a3  &c>  =  N  —  P  zs/. 

Vhere  P  z=  Ar  +  Br*  -f  Cr^  +  Dr7  -f  Er*  &e3 
__  Ar  -f  3Br*  -f  aO5  +  ;Dr?  &c. 
r 
3Br?  +  loO*  -f  2iDr7  &c. 
rr 
_  Br3  +  ioCr*  +  3$1>7  &c. 
C  -  r* 

&G. 

fhere  the  numbers  of  a,  are  i,  3,  5,  7  faV.  of 
3,  2x5,  3><7>  4*9,  5X11,  6x13,  &?<:.  And 
ch  feries  is  to  be  continued  till  the  terms  become 
iry  fmall  and  vanilh  -,  which  will  happen  in  a  lit- 
t  time,  becaufe  the  given  feries  converges.  The 
rms  of  a,  b,  c,  are  eafily  had  from  the  terms  of 
as  above,  without  much  labour  ;  then  having 
)t  ae  +  bee  -f-  ce%  &c.  zz/,  in  numbers-,  find  the 
ot  e,  by  Prob.  lxxxviii.  or  by  fome  of  the  rules 
Prob.  xcii. 

Example. 

Let  v  +  4ry*  +  —y*  +  t^~Z T  + 

J  6  y  4.5 y  72.4.6y 

^--—r/  &c.  z=  .698132,  to  find  y. 

The  fcries  abridged  will  be  jy  -|-  ±—  +  4 

U  2  -j. 
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+  i-J?  &c.   =  .698132  ;■  Q,  R,  S,  being  the 

numerators.     By  a  few  trials,  j>  is  nearly  zz  .6,  put 
r  zz .6  ;  then 


r  zz  .600060 
Q  zr  .108000 
R   zz      29160 

S    =■ 


T  3: 

V  ±j 
Wz 
X  = 

Y  zz 

z  == 


8748 

2756 

893 

*95 
98 

33 
11 


?    zz  .600000  ==  Ar 
3)  Q  ==     36000  zz  Br? 
5)  R  zz       5832  zz  Cr>- 
1249  ==  D^7 
306   &c. 
81 

0 
2 

1 


7)S    ± 

9)T  - 
n)V  == 

i3)Wzz 

15JX    zz 

i7)Y   zz 

19)  Z  = 


.643500  zz  P. 

Then  #  zz  1.2500,  the  fum  of  the  firft  column  d* 
-vided  by  r.     £  zz  .585  ;  whence 

♦643500  +  1.250^  +  *s^5ee  =  -698132 
and  1.250*  +  .585^  =  .054632 

and  e  zz  -°      -  zz  .043  nearly. 
1.25 

^54632 
1.2500  +  .0251 


,  .054632 

ana  *zz 


1-2500+.585X.043 

054632  jnl 

— — ~  zz  .04284  more  exactly. 
L275 

add     r  zz  .60000 


.64284  zz  y. 
'>x  take  new  r  zz  .6428  for  another  operation. 


PR 
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PROBLEM     XCV. 

'p  extract  the  roots  of  two  given  equation:,  containing 
two  unknown  quantities  x9  y  ;  though  never  fo  com- 
pounded. 

RULE, 

By  federal  trials  find  two  near  values  of  x  and 
,  viz:  r  and  s,  and  put  r  +  e  zz  x9  and  s  -$-  y  zz  y. 
\.nd  inftead  of  the  powers  of  x  and  y\  put  in 
hole  of  r  4-  e,  and  s  +  ^-  Then  involve  all  iurds 
>y  the  byrtomjal  theorem  (Prob.  IviiiJ,  alio  re- 
luce  logarithmic  quantities  to  ieries  (Prob. 
xxxiv,  Ijcxxy.),  and  the  like  for  ail  compound 
quantities ;  fo  that  at  lad  the   equations   may  con- 

ft  only  of  fimple  terms.  And  in  doing  this,  re- 
eel:  all  powers  of  e  and  v  above  the  firft,  and 
illb  their  products. 

Then  you  will  have  two  fimple.  equations  of  e 
ind  v,  which  being  relolved,  will  give  their  va- 
lues ;  and  from  hence  x  arid  y  will  be  known. 
Then  put  new  r  and  s  for  thefe  values  of  x  and 
and  repeat  the  operation,  which  may  be  done 
as  often  as  you  pleale,  till  you  get  the  roots  as 
near  as  you  have  a  mind.  Ancf  the  fame  form 
may  ftand  and  ferve  for  all  tfrele  operations. 

Jlx.  1. 

Suppofe  y/yy  —  xx  H -==  ~z  20  zz  b 

Vyy  -fr-2* 

and  ^f^W^i  -.  6  = 

y  3 

Let  a  zz  2.  And  by  fome  trials  we  find  x  near 
4,  andjy  near  13  ,  then  put  r  zz  4,  j  zz  13,  and 
by  involution,  and  putting  r  +  e  for  x>  and  :  -f  v 
for  j,  we  have 

U  3  ss- 
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ss  —  rr  +  2sv  —  2re\*   +   zrs  +  2rv  +  2se    X 
ss  4*  2sv  4-  ar  -f-  ^l"2"  ==  £    and 

log:  r  4-  *  -f  rr  4-  2r<?  4-  w  4*  2J&I*   __  i, 
J  +  v 


but  ji  —  /r  +  26V  —  irefi  zz  \/ss  —  rr  4- 


and  ss+ar+2sv+ae\~*  zz 


s/ss — rr 
2sv+ae 


x/ss+ar       2Xss+ar\%* 

;  -_ — r  — re+sv 

alfo  rr  4-  jj  -h  2r* 4-  2  jw*  nz  vrr  +  ss  +  —j^- « 

vrr+ss 

put  ddzzss — rr9  ffzzss+ar,  ggzzss+rr.     Then  we 

1  j  .  ^ — r<?   ,  : 1       2sv  +  ae 

have  a  4-  « — — '  4-  2rs+2rv+2seX  ~r 7- 

<*  /  2/J 


7     ,           ,  N  2s        r        ars  s 

zzb,  that  is,  (1)  — j  —  —  X  e  +  ~  4- 


2r       irss 


A^ain   log:  **  4-  *  4-  n-  4-  JJ  4-  2r<?  4-  isv\*  _  tf  . 
log:  r+e+g+ -j-         /;  _  W^J 


,  and  log:  r  4-  *  4-  £  + 


^  +  ^  £ 


Z5  +  ^/Xf.     Put  /  zz  r  4-  £,  /  s;  log:  /. 
m.   "±  .4342945,    then    (Prob.    lxxxiv,)    / 

&»/*  4-  *»■*?; 


» 


zz  a  4-  ^,    which    reduced,    is    (2] 


Wtc  4-  rnsv  zz  tg  X  <ri  — /.     Then    numbers    being 

fubftituted  in  thefe  two  equations,  give 

(1)  1.588*4-     1.075?;     zz —  0.190 

(2)  7.643*?—  17.33261;  zz  4-  0.59536; 

An< 
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And  thefe  equations  being  refolved,  give 
ctz — .0743,  and  ^'=—.0671;  whence  r  +  e  or 
x  zz  3926  j  and  j  +  v  or  y  zz  12  933. 

Or  for  another  operation,  put  r  zz  3.926  and 
$  zz  12.933,  and  finding  new  values  for  */,  /,  £,  /, 
and  /,  you  will  have  two  equations,  which  will 
give  e  and  v  more  exactly. 

JEy.  2. 

Let  #  +  logr^v  zz  b  zz  8.76791 14. 
#;/<i  jr  +  log:  #  zz  c  zz  3.4760046. 

By  a  few  trials,  we  find  x  nearly  zz  8,  and 
>yzi2f.  Put  r  zz  8,  and  r-f  tfzz*  ;  alfo  j  zz  2f,  and 
j  4-  z;  zzy.     Alio  M  zz  .4342945  ;  then  we  have 

Mv 

r  +  e  +  l:s  +  v  —  bzzr  +  e  +  hs-\ ( Pr,  84.) 

, ,        M* 

and  s  +  v  +  l:r+  e zzc tzs  +v  +  l:r -\ i 

r 

Thefe  equations  reduced  become 

Mv 
e   +   =  b  —  r  —  l:s. 

v  +  —    zz  f  —  s  — -  /;r. 

And  put  into  numbers  are 

and  v  +  .0543*  —  -^S0* 

Which  equations  being  refolved  give  e  zz  .3608, 
and  v  zz  .0535;  whence 

r  zz  8. 0000  j  zz  2.5 

+  t  zz      3608  +^z     .0535 

*  zz  8.3608  y  zz  2.5535 

U  4  Again, 
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Again,  put  r  zz  8.3608,  and  s  zz  2.5535,  for  a- 
nother  operation ;   whence  will   be   found  —  z= 

'.170078,  — =.051944;    and  b  —  r  —  /:  s  zz — 

.0000245,  £"-" 5  —  £**=•  0002568,  and  from  thence 
will  arife  thefe  two  equations, 

e  +  .1700781;  zz  —  .0000245, 
and  v  +  .051944*  — :       .0002568. 

Which  being  refolved,  give  e  =z  —  .0000688,  and 
V  =:  .0002604;  therefore 

r  zz    8.3608000   ■  ■  s  zz  2.5535000 

j^.  e  zz  —  .0000688  +v  zz    .0002604 

*■     ■      '       1      I'      1  - 

*  =  8.3607312         .7  =  2.5537604. 


sec: 
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SECT.      IX. 

The  Geometrical  ConflruSiion  of  Equations* 


TH  E  conftruftion  of  equations,  is  the  drawing 
rights  lines  or  curves,  after  fuch  a  manner, 
as  by  their  interferons,  to  give  the  roots  of  the 
equation  propol'ed.  This  method  is  ufed  for  a- 
voiding  the  tedioufnefs  of  computation  ;  and  is 
exact  enough  for  finding  two  or  three  of  the  firft 
figures  of  the  root,  but  not  more.  For  where 
great  exadtnefs  is  required,  we  are  not  to  trull  to 
a  conftruction  by  lines  •,  but  make  a  computation 
in  numbers,  to  find  the  root. 

In  geometrical  con  ft  ructions,  the  fimpleft  is  al- 
ways to  be  made  ufe  of,  or  that  by  which  we  can 
come  the  fhorteft  way,  to  the  roots  of  the  equation 
propofed. 

But  fince  the  extraction  of  roots  by  converging 
feries,  is  now  brought  to  fo  great  perfection ;  geo- 
metrical conftructions  are  almoft  laid  afide.  There- 
fore 1  intend  to  trouble  the  reader  only  with  the 
fhorteft  methods  of  conftructing  equations  as  far  as 
the  fourth  power.  YvThen  we  come  to  higher  pow- 
ers, there  is  fo  much  trouble  and  difficulty  in  draw- 
ing the  lines  proper  for  them,  that  their  interfec- 
tions  cannot  be  depended  on  5  and  one  may  fooner 
extract  the  root  in  numbers. 

PROBLEM    XCVI. 

To  conjlruft  a  Jimple  equation, 

RULE. 

1.  When  there  are  feveral  fimple  quantities,  con- 
nected by  the  figns   +  and  — .     From  a  certain 

point, 
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point,  dtaw  a  right  line,  from  vvnich  point  fet 
all  affirmative  quantities  one  way,  one  ad- 
joining to  another ;  from  the  laft  point,  fet 
all  the  negative  quantities  the  contrary  way, 
adjoining  to  each  other  as  before.  Where  the 
laft  ends,  the  diftance  from  thence,  to  the  firft 
point,  gives  the  fum  (or  difference,)  of  all  ; 
which  is  affirmative  or  negative,  according  as 
it  lies  on  the  affirmative  or  negative  fide  of 
the  firft  point  affumed. 

2.  When  you  have  the  fquare  root  of  two 
quantities,  find  a  mean  proportional  between 
them,  by  Prob.  16.  B.  ViIL  Geometry. 

3  To  reduce  two  compound  quantities  to 
the  fame  defignation.  By  Prob,  15.  B.  VIIL 
Geometry,  find  one  or  more  proportionals 
thus  •,  fay,  as  the  firft  letter  of  the  firft  quan- 
tity, to  the  firft  in  the  fecond,  fo  the  Second 
in  the  fecond  to  that  fourth  proportional  A- 
gain,  as  the  fecond  letter  in  the  firft  quantity 
to  the  third  letter  in  the  fecond  -,  fo  the  fourth 
proportional  laft  found,  to  another  fourth  pro- 
portional. Proceed  thus  till  all  the  letters  in 
one  quantity  be  exhaufted 

Note,  when  any  term  is  of  too  low  a  di- 
menfion,  make  1  to  be  one  of  the  factors,  a$ 
oft  as  it  is  wanted.  And  when  you  have  fe- 
veral  fimple  quantities,  add  them  into  one,  by 
Art.  1. 

4.  For  many  compound  quantities,  reduce 
them  all  to  the  fame  defignation  by  Art.  3. 

Ex,  1. 

Suppofe  a  +  b  —  c  zz  x. 

pjo.       Draw  the  line  DAB,  and  from  the  fixt  point 

gf-  A,  fet  off  A  6  zz  a,  and  make  BC  5=  b%  both 

forward  ;    laftly,    make  CE  s  c>    backward. 

Then  +  AK  =  v.  #v. 
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Ex.  2.  Fig* 

Lei  ax  zz  bcy  to  find  x. 

Make  AB  (a)  :  AC  (b)  :  :  AD  (e)  :  AE  4* 
zzx9  (by  Prob.  15.  Geom.) 

Ex.  3. 

Suppofe  lab  ex  zz  sdefg. 

Make  as  la  :  gd  :  :  e  :  m  (Pr.  15.  Geom.) 

and       b   :   /    :  :m:  n 

and       r    :    g    :  :  n  :  p 

then  2^r  :  $dfg :  :  e  :  p 

and  2^^/>  zz  sdefg  zz  labcx 

or  p  zz  x9 

Ex.  4. 

Z,*/  tfix — fs/bc  X  tf  zz  dds/ac-^bd. 

By  Prob.  15.  Geom.  make  a  :  b  :  :  d  :  m  *9 
then  W  =:  tf/w ;  and  v/tff  —  bd  zz  s/ac  —  am9 
make  c  —  mzzn,  then  \/~ac~^—bd  zz  \/an. 
Find  p  a  mean  proportional  between  a  and 
#,  and  #  a  mean  between  b  and  r,  (Prob.  16. 
Geom.)  then  the  given  equation  becomes 
abx  — fqx  zz  ddp. 

Reduce  thefe  three  terms  to  the  fame  defig- 
nation,  thus  a  :  / :  :  q  :  r,  whence /^  zz  ar9  in 
like  manner  dd  zz  as  \  then  the  equation  is 
abx — arxzzaspi  or  bx — rxzzsp.  Put  b — rzz/, 
then  tx  zz  sp9  and  t  :  s  :  :  p  :  x  required. 

E*.  5. 

Let  labedd — eefgb  +  %kllmnzz$qrstz — snopIz9 
to  find  z. 

Reduce  all  the  quantities  to  the  fame  de- 
fignation,  then 

4qrsx 
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Fig.  4qrsx     zz  5 nop! 

4»  qqrstv   zz  zabccid 

4qrslw  zz  eefgb 
\qrsty    zz  ikllmn. 
then  the  equation  becomes 

4qrstv — 4  qrstw  4-  4^r  j/j  zz  4qr  stz — 4  jr  sxz. 
that  is,  /i;  —  tw  4-  /y  zz  /£  —  #z 
Put  u-w+jzA,  /  —  s-zzB,  then  A/ zz  Bz„ 
or  B  :  A  :  :  /  :  z. 

P  R  O  B.     XCVIL 

To  conjirucl  a  quadratic  equation. 

1     RULE. 

If  it  is  a  pure  quadratic  ;  reduce  the  quan- 
tities concerned  therein  to  the  fame  defigna- 
tion  (Prob.  xcvi.  Art.  3.)  by  which  means 
furds  will  be  denoted  by  fimple  quantities,  and 
at  laft  you  will  get  all  the  known  quantities 
equal  to  a  known  fquare,  whofe  fide  \s  the 
root. 

Ex.  i. 

Suppofe  yyzzab  —  C—  +  ds/aa  —  Tc. 

Make  b  :  c . :  :  d  :  m9  (Prob   15.  Geom.) 

then  cd  zz  bmy  and  -7-  zz  — -  zz  md.       Alfo 
£  b 

make  #  :  £  :  :  c  :  n,  then  be  zz  an -,  whence 

yy  zz  ab  —  md  4-  ds/  aa  —  #;z. 

Let  p  be  a  mean  between  a  and  # — n% 
(Prob.  16.  Geom.)  then  \/aa — anzzp*  whence 
yy  zz  ab  —  md  4-  dp. 

Let  d  :  a  :  :  b  :  qy  then  tf£  zz  d^. 

then  jyjy  zz  dq  —  dm  4-  Jp. 
Laltly,  put  ^ — m+pzzr^  and  find  j  a  mean 
between  d  and  r;  then  yyzzdrzzss,  and  jzzj. 

2    RULE. 
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2    RULE.  FiS- 

In  adfe&ed  quadratics,  reduced  to  this  form  5. 
aa-±ba=inn.  Draw  a  right:  line  AD,  then  take 
any  point  C  •,  and  make  CBzz f£,  towards  the 
right  hand  if  +  b,  or  towards  the  left,  if  —  b. 
Erect  the  perpendicular  BF  zz  n.  From  the 
center  C  through  F,  defenbe  the  circle  AFD, 
to  cut  AD.  Then  (BD,  BA)  the  diftances  of 
B,  from  the  interfections  A,  D,  are  the  two 
roots,  the  affirmative  to  the  right  hand,  the 
negative  to  the  left  of  B. 

Ex.  2. 

Let  aa  4-  Za  —  IO- 

Draw  the  line  AD,  make  CB  z:  it  on  the  5. 
right  •,  find  a  mean  proportional  between  1 
and  10,  fet  it  in  the  line  BF,  perpendicular 
to  AB,  with  the  radius  CF  defenbe  the  circle 
AFD;  then  ^zzBDzz  +  2,  and  azzBAzz— 5, 
the  two  roots  required. 

Ex.  3. 

Suppofe  aa —  3^  zz  10. 

Draw  the  line  AD,  make  CB  (on  the  left  6. 
of  C)  —  iti  find  a  mean  proportional  between 
1  and  10 ;  at  B  erect  the  perpendicular  BF, 
and  make  BF  =:  the  mean  ->  with  the  radius 
CF  defcribe  the  circle  AFD  ;  to  cut  AD  in  A 
and  D  ;  then  azzhDzz-t-fr  anc*  <*~BAzz — 2, 
the  roots  required. 

3     RULE. 

In  fuch  quadratic  equations  as  may  be  re-    7- 
duced  to  this  form,  aa±_batz. — nn.    From  any 
point  C  as  a  center,  in  the  right  line  BD,  with 
radius  f  by  defcribe  the  circle  BFD,  erect  a  per- 
pendicular at  I)  on  the  right,  if  it  be  +  b,  or 

on 
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Fig.  on  the  left  at  B,  if  it  is  —  b  ;  whofe  length  is 
7.  BA  =  n.  Through  A  draw  AFG  parallel  to 
BD,  to  interfedb  the  circle  in  F  and  G  ;  then 
AF  and  AG  are  the  two  roots  of  the  equa- 
tion •,  which  are  affirmative,  if  they  lie  to- 
wards the  right  hand  from  A  ;  or  negative, 
if  on  the  left. 

Note,  if  the  parallel  does  not  cut  the  circle, 
or  touch  it,   the  equation  is  impoflible. 

Ex.  4. 

Suppofe  aa  +  ya  =:  —  10; 

With  the  radius  37 ,  and  center  C,  defcribe 
S.  the  circle  BFD.'  At  the  end  of  the  diameter 
D,  on  the  right,  raife  the  perpendicular  DA, 
a  mean  between  1  and  10.  Through  A  draw 
AFG  parallel  to  the  diameter  BD,  to  cut  the 
circle  in  F  and  G ;  and  AF,  AG,  being  on 
the  left  from  A,  are  two  negative  roots  ; 
A  gs  AF  2:  —  2,  and  a  zz  AG  =  —  5. 

Ex.  5* 

Let  aa  —  70  z:  —  10* 
With  the  radius  CB  zz  3I,  and  center  Cy 
7,  defcribe  the  circle  BFD  ;  at  the  end  B,  of  the 
diameter  BD  on  the  left,  raife  the  perpendi- 
cular BA,  equal  to  the  mean  between  x  and 
10.  Through  A,  draw  AFG  parallel  to  the 
diameter  BD,  to  cut  the  circle  in  F  and  G  5 
then  AF,  AG,  lying  on  the  right  hand  from 
A,  are  the  two  affirmative  roots  j  and  #z=AF 
~  2,  and  a  zz  AG  ~  5. 

4    RULE. 

When  the  unknown  quantity  is  higher  than 

the  fquare,  and   the  index  in  one  term  double 

to  that  in  the  other ;  it  may  be  brought  to  fome 

*>f  the  foregoing  forms,  whofe  higheft  term  is 

a  fquare. 
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a  fquare.  A  flume  an  unknown  quantity,  Whofe  Fig, 
r^c.^ngle  with  (ome  given  quantity,  is  equal  to 
the  fquare  of  the  unknown  qu  ntky  propoled  ; 
for  this  fubftitute  that  ^ctanglej  and  you  will 
have  an  equation  as  required, 

Ex.  6. 
Let  z*  — ■  bzz  zz  n. 
Aflume  dx  zz  zz,  then  by  fubftitution,  ddxx 

— bdxzztiy  and  xx 7x  Z2  —* .     Let  d  :  b  :  : 

d  dd 

1  :  p ;  then  b  zz  dp ,  alio  make  d  :  n  :  :  1  :  q> 

and  d  :  1  :  :  q  :  r,   then    dd  .  n  :  :  1  :  r,   and 

*Wr  zz ».     And    the    lead  equation   becomes 

dp  ddr      .  1  •  1    • 

xx —  JLX  zz  -— -,  that  is,  xx—pxzzYy  which  is 
d  dd 

to  be  conftructed  by  fome  of  the  former  rules. 

To  demonftrate  thefe  rules.     Let  aa  +  ba 
zz  nn.    Here  we  have  CB  zz  £i,  BF  zz  #,  and    5* 
if  BD  zz  a,  then  CD  or  CF  zz  a  +  ib,  and 

CFazzCBH-BF%  that  is,  'a+fl\z  zz^bb+nn. 
Butif  BAzz—  a,  then  CA  orCFzz — * — \by 

and  — * — kb^zz-bb+nn.     In  both  cafes  ##  + 
£#  zz  «#. 

Again,  if  aa —  ba  zz  #»,  we  have  as  before 
CBzzi£,  BFzz;*,  and  if  BDzza,  then  CD  or   6. 

CF  zz  a—  lb,  and  a — iW|"  zz  JW  +  «. 
But  if  AB  zz— ^  then  AC  or  FC  zz  —  a 

+  lb,  and  — a+kb\lzznn  +  ibb,  in  both  cafes 
aa~ba  zz  nn. 

Again,  if  aa  —  ba  zz  —  nn  ;  here  BC  zz  '£, 
BAzzw,   and    AGzzBD  — AF,  therefore   if  7- 
AF  zz  0,    then    AG  zz  b  —  a,    and    AG  X 
AF  zz  AB%  that  is,  b  —  aXazznn. 

But 
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Fig.  But  if  AG  zzay  then  AF  zzBD— AG  zzb— a* 
and  AF  x  AGzz  AB\  or  b  —  ax&  zz  nn.  In 
both  cafes  aa  — ba  zz  —  nn. 

8.  Laitly,  when  aa  +  ba  zz  — nn^  then  BCzz|£, 
BA  zz  n,  as  before  ;  then  if  AF  zz  —  a,  then 
AGzzBD— AFzz£+a,  and  AFxAGzzAD% 
or  —  a  X  b  +     zz  nn. 

But  if  AG  zr— a,  then  AFzzBD— AG  zzb+a, 
and  AFx  AG  zz  AD%  or  b  +  ax —  a  zz  nn. 
In  both  cafes  aa  +  ba  zz  —  ##. 

P  R  O  B.     XCVIIL 

To  confirucl  cubic  and  biquadratic  equations: 

9.  To  conftruct  a  cubic  equation,  that  has  all 
its  roots  real,  by  a  circle.  Let  the  radius 
OB  zz  R,  fine  EF  zz  j,  GH  the  fine  of  the 
arch  GB   or   3BE.     Then  by   trigonometry, 

3s  —  i£  zz  GH.    Draw  CD  parallel  to  AB, 
RR 

and  put  SF  zz  r,  ES  zz  x,  GH  zz  b,  then  c  +x 

4       

zz j,  whence  3  X  £  +  *  —  jtt;  X  c+x\ J  zz  b,  this 

reduced  gives  x*  +  2cxl  +  2ccx     -f-  c *      zz  o. 

—  ^RR+i£RR 
~|*RR 

Su'ppofe  this  cubic  equation  be  given, 

x*  +pxz  +qx+rzzo.  Comparing  this  with  the 
former,  and  equating  the  coefficients,  we  have 
pzz%c,  and  tzzfp.  Alfo  qzzyc — |RRzz^/> 
— JRR,  whence  R  zz  ^s/pp — 3^,  and  r  zz  c3 

H-^RR—^RR  ;  whence  b  -g—^L  +  fa 

PP—34 
Hence  arifes  the  following 

i    RULE. 
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Fig* 
1      R    U    L    E.  & 

Having  the  equation  x*  +  px*  -j-p  +  ^o,  I0» 

given  ;  

1.  With  the  radius  \Vpp  —  32,  defcribe 
the  circle  BGAK. 

2.  Draw  the  diameter  AB,  and  CD  parallel 

to  it,  ac  the  diftance  of  \p  5  above  it,  if 
it  be  +  />,  but  below  it,  if  —  p. 

3.  Draw  alio  ZG  parallel  to  AB,  at  the  di- 

ftance ^       ™  +  ~p,  above  it,  if  it  is  af~ 

firmative  ;  or  below  it,  if  negative.     Let 
it  cut  the  circle  in  G. 

4.  Take   the   arch  BP  zz  -J-BG  5   and  make 

PQzzQKzzKP. 

5.  From  the  points  P,  Q,  K,  let  fall  perpen- 
diculars, upon  the  line  CD,  which  will  be 
the  roots  of  the  equation  ;  the  affirmative 
above  the  line,  and  the  negative  below  it. 

Scholium. 

If  3<7  be  greater  than  pp%  the  equation  is 
impofiible  •,  for  in  this  cafe  the  equation  has 
two  impofiible  roots. 

Alfo  if  p  zz  o,  then  the  radius  of  the  circle 

OB  =  \\S —  32  •,  and  CD  coincides  with  AB  ; 

and  the  diftance  of  ZG  from  AB  is  — —  • 

And  if  q  is  affirmative,  the  equation  is  im- 
pofiible. Thefe  conftru&ions  are  extreamly 
tafy. 

Ex.  1. 
Let  x*  +gx*  —  22* —  120  no. 
Here    the    radius    OB  =:  \Vpp  —  3%  rr  u; 
^81+66—8.0829,  and  4^  —  3,  the  diftance 
of  CD,  above  AB. 

X  And 
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F]S-      And  g^i  +  Ip  zz -to8°+'?*  +  *  x 6 

PP  —  34  81+66 

ii.  zz — 6  +  6=10.,  the  diftance  of  GZ  from  AB; 
therefore  ZG  coincides  with  AB ;  and  the 
arch  BG  and  alfo  its  third  part  is  o,  and  F 
falls  on  Bi  and  making  PQzzQKzzKP,  and 
letting  fall  perpendiculars  on  CD,  we  (hall  have 
PS  zz  —3,  QT  =  +  4,  and  KTzz— 10,  the 
three  roots  required, 

Ex.  2. 
Suppcfe  #?  —  i  yxz  +  &2x —  1 20  zz  o. 

!2,       The  radius  OB  =  ^2^9—  246  zz  4,37. 
.  fp  —  —  5.66,  the  diftance  of  CD  below  AB, 

and  V^  +  ip  zzZl^l^im  -  21 
/>/>— 32  269—246  3 

7.302 — 11.333  zz —  4*°3li  tne  diftance  of 
GZ  below  AB.     Take  BP  the  third  part  of 
BG,  and  making  PQ  zz  QKzzKP  ;  and  mea- 
suring the  perpendiculars  upon  CD,  we  have 
PS  zz  +4,  QT  zz  +  10,  and  KV  =  +  3,  th< 
roots  of  the  equation. 

£x\  3. 
Let  y3  —  1  jy  +  1 2  zz  o. 
33.       In  this  example  pzzo,  therefore  CD  coin- 
cides with  ABj  and  radius  OBzz-Jv — $qzz 

W'&  =  4.i8  i  and  —  -  =  ~  =  277  i 

diftance  of  ZG  above  AB.  Take  arch 
BPzzf  arch  BG,  and  make  PQzzQKzzKP3 
and  let  fall  perpendiculars  on  AB,  thcr 
PS  zz  +  1,  QT  zz  +  3,  and  KV  zz  —  4,  th< 
three  roots  required. 
*  1 4.  Cubic  equations  may  alfo  be  conftrued  b) 
a  cubic  parabola  and  a  right  line.  Let  FVAC 
b?  a  cubic  parabola,  whofc  laws  rectum  is  1 

Dra\ 


ABC 


I) 


HO  T  B 


\i 

12            \ 
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3T 
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Draw  VE  the  tangent  at  the  vertex,  perpen*  Fig, 
dicular  to  the  axis  VS,  and  Bl  parallel  to  it,  14.. 
and  SBC  perpendicular  to  AB. 

Then  put  VH  zz  b,  VD  zz  c,  VI  or  SB  zz  n, 
BC  zza*  V:>  =z  x9  then  SC  zz  n  +  a>  and  by 
the  property  of  the  parabola  VS  zz  SO,  or 
#  zz  n  -\-a\     By  fimilar  triangles,  VH  (b)  ; 

:  VD  (V;  :  :  SH  (x—b)  ;  SC  zz  £^Z£*.   and 

b 

ex     be 
BC  or  azz — - ny  and  ba  zz  *\v  —  cb  —  »£, 

whence  ^  —  ba  zz  cb  +  nb7  or  # #  zz  £  -fr* 

— ,  that  is  (expunging  #)  &  +  %nza  +  ^naz  + 

ai a  zz  b  -\ ,    which    reduced    is 

c  c 

**   +   +  3»£z  +  $nna  +  »;  -  o, 


Let  *'  +  pa1  +  qa  +  r  zz  o,  be 
any  cubic  equation.  By  comparing  them, 
and  equating  the  like  terms;  we  have  3»  zz/>, 
and  n  zz  'p.     Alfo 

3»« =  j,  and  —  zz  $nn  —  q  zz  -J-pp  — j. 

Again,  »»  —  £ zz  r,  or  TV^J  — ^  —  xP 

X-tPP  —  I  =  r,  whence  £  zz  j-pg  —  T*t#3  —  r. 
And   fince    —  zz  ->/>/>  —  7,    c  zz . 

#7  —  -*/>' -  27* 

K  " ~ —  4     Whence  we  have  the  fol- 

PP  —  M 
lowing  conltrudion,  by  this 

X  2  2    RULE. 


T4. 


I. 


CONSTRUCTION     of 

2     R    U    L    E. 
Given  the  equation  —  o. 

.rarneter  i,  i  is  YS 

defc: 

the  :  -i-:::  :  RAB,    fiftaot  ^  1 
axis  V5,  to  the 
tive  ;  and  c  -  tangent  ac  the  vertex 

D. 
In  the  axis  VS  ta]  =  -l;  r— .  ;'  —  rjl 

dvwnwiidsj  if  thrti 

In  :  fVD,  take  VD  = 


4 — '-:'  —  :■'■ 


:: 


IP  — 


:       .  nts  Di  Hi  < 

line  FDHC,  to  cu: 

all  the  points  :  -  faU  I?| 

per:  :A    ^  do  die  dumetei  AB,  v-L 

:e  the  rcc  '^i 

on   the    r                           A3  affirmative^ 

:    cfc  ml    C  left,    : 

-t      y  r5  arc 

ft  be  laid  the  cc: 
way  it  .s  directed  above  [Art,  I 

*i  3 

S   C  H  C  L  I   L'   il, 

If  the  *  be  wanting,  ;  =  c. 

AB  c  th  VS  i  and  then  VH  =  —  r\ 

VD  =  -• 

I:  t;  en  g  ten  in  the  equa 

pa  abola ;  t  ::on 

anged  i: 

by  Prob.  x '.. :.  £- 

4  Ex 


" 
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Ex.  4.  °' 

Let  the  be  a>  +  i.?;r —  .5125a  _ 

1     5  z=  o.  J 

r 

The    parabola    being   defrribedj    we   have  r4' 

Vlzzipzz  6,  the  diftance  of  13  from  the  axis 
VS,  on  the  right-,  and  VH  =z  \fq  —  ^-p\  —\ 

=.3 :  :en  downwards  from  the  vertex  V. 

And  VD  =  -_  zz  .  1 95)  on  the  leu  from  V. 

>ugh  D,  H  draw  the  right  line  FDHC 
:he  parabola  in  F,  G,  C;  from  which 

points   letting  tall  perpendiculars  on  AB.   we 
have  FR=  — i.75l  GL  =  —  .S,  and  CB - 

+  -75*  the  three  roots  of  the  equation. 

Ex.  5, 
Let  tfi  —  !*  +  *.  =  a 

&£<¥*  and   ther^°re   AB   coincides  ,, 
ith  \  j  ;  then  make  VH  =  —  r  -  —  »     „r^     5' 

—       — »  up- 

ward  ,  and  VD  =  L  -  _^  t0  the  right  hand< 

Then  through  H,  D  draw  the  line  FDC  to 
:ut  the  parabola,  in  F,  G,  C  ,  from  which 
ettmg  fall  perpendiculars  on  VS,  we  have 
JR=—  U,GL  =  -i-.,  2ndCB  =  +  i,  the 
three  roots  required. 

Cubic  arid  biquadratic  equations  may  alio     , 
JB  conftructed  by  the  common  parabola.     Let  l6' 
t\  AL  be  a  parabola,  VS  its  axis,  AB  a  dia- 
meter parallel  to  it      EA,   and  SBC  two  or- 
I    ates  perpendicular  to  VS.     Draw  alio  HD 

JawHC      '     and    HQ     Paralkl    t0    VSi 
x  3  Put 
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Fig.     Put  EA   or  SB  zz  c,  AD  zz  d9  DH  zzg, 
i6.  HC  zzf9  and  BCrz^,     Then  QCz:£+tf,  la- 
tus  rectum  of  the  figure  zz  i. 

Then  by  the  property  of  the  figure  AB  zz 
FBxBC  =  2ca  +  aa9  and  DB  or  HQ  =  2f*-K 
aa  —  d9  andHC*  =  HQ2+QC%  that  is, /  = 
a*  +  4ca3  +  4-ccaa+dd — \cad — zdaa+gg+2ga 
+  aa  \  which  reduced  is, 

^4  +  4^3  +  4<r^  +  2ga  +  gg  zz  o. 
—    2^  —  4^  -f-  dd 
+  I  — i 

Let  a*  +  p£J  -f  f a%  +  nz  +  j  —  o,  be  any 
biquadratic  equation ;  compare  this  term  by 
term  with  the  other;  to  find  the  values  of 
the  quantities  c,  d,  /,  g.  Then  we  have 
4c  ==  />,  and  c  zz  ip. 

Again,  ^CC' — 2d+izzq9  and  2dzz4.cc+i- 

Afd     I  -   f 

Again,  2g< —  ^cd  zz  r,  and  g  zz  - 

__pd+r 

2 

Laftly,  gg  +  dd—ff'zzs,  and  ffzzgg+dds* 
From  hence  arifes  the  following  conftruclion. 

3      RULE. 

Having  the  equation, 

a*  +  pa}  +  qa*  •+■  ra  +  s  zz  c. 
or     tf *  -J- paz  +  qa   +rzo. 

i.  Defcribe  a  parabola  FVAC,  whofe  pa- 
rameter is  I,  and  axis  VS.  Draw  the  diame- 
ter AB  at  the  diftance  of  ^p  from  the  axis, 
on  the  right  hand*  if  p  is  affirmative.  Then 
for  the  central  rule. 

2.  From 


BD 


15 


\r 

14 

3            "^ 

V- 
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I 
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P1.IT./W(r 
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2.  From    A,  the  top  of  the  diameter,  take  Fig. 

AD  ~  ~e2LS±1ZZ1  ,  downwards,  if  affirmative. 
2 

3.  From  D  in  the  perpendicular  DH,  take 

DM  -PX^  +  r  towards  the  left,  if  affir- 

2 
rnative. 

4.  But  when  any  of  thefe  quantities  are  ne^ 
gative,  fej  them  the  contrary  way. 

5.  From     the    center    H    with    the    radius 
^/ALV  +  DB1-;  =  \/HA2~~j.  defcribe  a    - 
circle  which   will  cut  the  parabola  in  feveial 
points  as  C. 

6.  From  the  points  of  intcrfection,  let  fall 
perpendiculars  upon  the  diameter  AB,  and 
thefe  will  be  the  roots  of  the  equation  ;  thefe 
(BC)  on  the  right  fide  of  AB,  are  affirmative 
roots  5  and  on  the  left  fide,  negative.  And 
there  are  always  as  many  real  roots,  as  there 
are  points  of  incerfec~tion  j  and  the  reft  are 
impoiTible. 

S  C  H  O  L  I  U  Mr 

If  the  fecond  term  be  wanting ;  then  pj  =  o, 
and  the  diameter  AB  coincides  with  VS.    Then 

alfo  AD  -  1—^,  and  DH  =  \r. 
2 

In  cubics  s  is  wanting,  and  then  the  ra- 
dius HC  becomes   zz  HA. 

If  the  numbers  or  coefficients  be  too  large 
for  your  parabola,  you  muft  transform  the 
equation,  into  another  to  fuit  your  parabola, 
by  Prob.  xlii.  and  then  conftrucl  it;  and  la(l- 
ly,  reftore  the  true  roots. 


X  4  Ex, 
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Ex.  6. 

Suppoje  y  +  2oyz  —  5oqy  —  6ooo  —  o; 

The  numbers  being  too  large,  pin  xzzT%.y, 
or  yzzio*;  then  the  equation  becomes 
ioootf' +  200CW* — 5000^ — 6ooozzo,  that  is, 
scx  +  2xz — £# — 6zzo,  where  the  numbers  are 
fmall, 
j  j.  The  parabola  FVC  being  defcribed,  make 
EAzr-J-pzz-l-,  on  the  right,  and  draw  AB  pa- 
rallel to  the  axis  VS. 

2  2  ° 

downwards.      Draw    DH    perpendicular    to 
AD,  and  make  DH  =  **£5+r  =  22<fc_6 

2  2 

n  ?,  to  the  left.  From  the  center  H,  with 
radius  HA,  defcribe  a  circle,  cutting  the  pa- 
rabola in  R,  A,  C,  F;  from  which  letting 
fall  perpendiculars  on  AB ;  we  have  RAz — 1, 
BC  =  +  2,  FB  zz  —  3,  the  roots  of  the  equa- 
tion x3+2xz — 5#>—  6zzo,  and  multiplying  by 
10,  we  have  —  10,  +  20,  and  —  30,  for  the 
roots  of  the  given  equation  y*  4-  2oyz  —  500^ 
•—  6000  =  0. 

Ex.  7. 

Let  x*  —  1.75X5  —  4.625.x:*  +  4.875.x;  + 

6.75  zz  o. 

j  8.      Defcribe  the  parabola  FVC,  and  draw  the 

axis  VS,  and  make  EA  5a  ip  zz  — .44,  to  the 

left,  and  draw  AB  parallel  to  the  axis,  make 

AD  zz. H\      VZlff  zz  3.19  downwards.     Draw 

DH    perpendicular   to   AB,    and    make   DH 
~  PXM  +  r         _  tQ     ^     right# 

2 

From 
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From     the     center     H,      with     the     radius  Fig, 
v/aL)4  H-  Ohl2,  —  0.75  rr  2,  defcribe  a  circle  l$* 
cutting  the  parabola  in  F,  R,  G,  C  ;  from 
which   drawing   perpendiculars    to    AB,    we 
haveROzz— 1,  FB  zz  —  ii,  Glzz2,  CPzz 
2.25,  the  roots  required. 

Ex.  8. 

Given  the  equation  x* —  1.5*1  +  5^  — •  g#  — 
6  zz  o. 

Defcribe  the  parabola  RVC  to  the  axis  VS,  *9* 
and  make  EAzzlpzz — .375,  to  the  left,  and 
draw    AB    parallel    to    VS.     Take   AD    zz 

— 1 -  zz  —  1.72  upwards.    Then  (per- 

2 

pendicular  to  AD)  take  DH  zz  ?xAD+r  - 

2 
—  3,21,  to  the  right.  With  the  center  H, 
and  radius  4.39  (zz  v^AD1  —  DH1  +  6),  de- 
fcribe a  circle,  to  interfedt  the  parabola  \  from 
the  points  of  interfection,  letting  fall  perpen- 
diculars on  AB,  gives  the  roots,  RO  zz  — -  .5, 
and  CB  zz  4-  2.  The  other  two  roots  are  im- 
poflible,  which  is  known  from  this,  that  the 
circle  interfecls  the  parabola  in  no  more 
points  than  thefe  two. 

Ex.  9. 

Let  x*  —  5  6jxz  4-  .806*  +  3.864  zz  o. 
Here  p  zz  o,  therefore  defcribe  the  parabola  20. 
FAC,  whofe  axis  is   AS  •,  and  make  AD  zz 

1  zz  3.33^,  downwards;  and  DHzzIrzz 

2 

•403,  perpendicular  to  AD,  to  the  left.  With 
radius  v^AD'  +  DH' — 3.864ZZ2.72,  defcribe 
a  circle  cutting  the  parabola,  in  R,  G,  C,  F ; 

and 
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Fig.  and  the  perpendiculars  from  thefe  points  up- 
20.  on   AS,    give  REz=— ,8,  GIz=  +  i,  CBz=  + 
2.  i,  and   Fj~—  2.  3,  the  roots  of  the  equa- 
tion. 

Scholium. 

Geometrical  equations  may  be  conftruc~ied 
by  lines  as  well  as  by  numbers.  For  proper  lines 
may  be  found  for  the  coefficients,  by  proceeding 
according  to  Prob,  xcvi;  and  fo  the  whole 
may  be  done  geometrically. 

Quadratic  equations,  whofe  general  form  is 
a*  4.  pa  +  q  —  o,  may  alfo  be  conftru&ed  by 
the  laft  rule;  and  then  r  and  s  will  be  =  o ; 
but  the  method  of  conftruding  by  the  circle, 
is  eafier. 

4    RULE. 

Any  cubic  or  biquadratic  equation  x*  +  px* 
+  qxz  +  rx  -f-  s  zz  o,  may  be  conftructed  me- 
chanically thus : 
21.  1.  Upon  a  plain  fmooth  wail,  draw  a  hori- 
zontal line  AB,  and  CD  perpendicular  to  it, 
and  take  CP  2=  £/>,  to  the  left  hand  if  p  is  af- 
firmative. Hang  a  thread  and  plummet  EPF 
to  any  point  E,  in  the  perpendicular  EP  5 
make  a  knot  in  the  thread  at  «,  and  tie  the 
other  ends  fo  to  the  fixt  point  E,  that  ?n  may 
be  =2.  Then  with  a  pin  or  the  point  of  a 
compafs,  move  the  thread  EF  fideways  toward 
CD,  till  the  knot  n  falls  in  the  point  C; 
mark  the  point  D  in  the  line  CD,  where  the 
pin  is,  when  that  happens. 

2.  From  D  take  DG  =  ffi+1~?  (  =  <0, 

2 

downwards,   if  affirmative.     And  in  the  per- 
pendicular GH,  take  GH=f/>+r,  to  the  left, 

if 
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if  it  is  affirmative.  But  if  any  of  thefe  quan-  Fig. 
tities  be  negative,  they  muft  be  taken  the  con-  21. 
trary  way,  to  what  is  directed  above. 

3.  Then  with  the  radius  or  diftance 
v/HD"  —  s,  and  one  foot  of  the  compares  in 
H,  move  the  other  foot  along  with  the 
thread,  round  in  a  circle,  and  the  weight  F 
will  afcend  and  defcend,  as  the  thread  EF 
moves  laterally.  Obferve  always,  when  the 
knot  n  falls  in  the  line  AB,  and  mark  all 
thefe  points,  Q,  N,  O,  R.  Then  the  di- 
ftances  of  thefe  points  from  C,  are  the  roots 
of  the  equation  ;  the  affirmative  on  the  right, 
the  negative  on  the  left  hand  of  C  5  thus  RC 
is  an  affirmative  root,  and  QC,  NC,  OC, 
negative  ones. 

It  is  plain,  this  rule  is  founded  on  the  lad.' 
For  the  moving  point  of  the  compafs  is  al- 
ways in  the  curve  of  a  parabola,  when  the 
point  n  is  in  the  line  AB.  To  prove  which, 
iuppofe  the  parabola  ADB,  to  be  defcribed, 
whofe  focus  is  E.  Then  by  the  property  of 
the  figure,  EL  +  LR  zz  EP  +1  parameter  — 
EP  +  ?n  or  En  =  ED  +  DC.  Therefore  the 
circle  cuts  the  parabola  in  L  •,  and  the  diftance 
of  L  from  DC,  that  is  RC  is  one  root  of  the 
equation  j  and  the  like  for  the  reft. 


SECT. 
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SECT     X. 

Rules  and  Directions  for  the  invejligation  and 
Jolution  oj  Problems. 


PROBLEM    XCIX. 

To  find  if  a  queftion  be  truly  limited. 

A  Queftion  is  faid  to  be  truly  limited,  when  it 
admits  but  of  one  folution  ;  or  at  moft,  of 
as  many  as  is  the  index  of  the  higheft  power  of  the 
unknown  quantity  in  the  final  equation.  And  whe- 
ther a  queftion  be  limited  or  not,  may  be  known 
from  the  equations,  by  this 

R    U    L    E. 

When  the  number  of  unknown  quantities,  is  jufl; 
as  many  as  the  number  of  given  equations,  not 
depending  on  one  another;  then  the  queftion  is 
truly  limited. 

But  when  the  number  of  unknown  quantities 
exceeds  the  number  of  equations  given  ;  then  the 
queftion  is  unlimited,  and  capable  of  innumerable 
anfwers. 

And  when  the  number  of  unknown  quantities 
is  lefs  than  the  number  of  given  equations ;  then 
the  queftion  is  abfurd  and  impoflible,  except  thefe 
equations  be  dependent  upon  one  another  -9  in  which 
cafe  the  dependent  ones  may  be  (truck  out. 

Equations  are  faid  to  be  dependent  on  one  ano- 
ther, when  they  may  be  formed  or  derived  from 
one  another,  by  any  operations,  with  the  help 
of  the  known  axioms. 

For 


Seel.  X.      Rules  for  folving  Problems.  317 

For  by  Cor.  1,  2.  Prob.  liiL  one  unknown  quan- 
tity may  be  taken  away  by  each  equation  -,  fo  that 
at  laft  there  will  remain  but  one  equation,  and  one 
unknown  quantity  in  it ;  and  therefore  it  is  truly 
limited. 

But  if  there  were  more  unknown  quantities  than 
equations,  there  will  remain  more  unknown  quan- 
tities than  one,  in  the  laft  equation.  And  then  the 
queltion  is  not  limited  •,  for  all  of  them,  but  one, 
may  be  taken  at  pleafure  •,  and  this  is  the  reafon  of 
queftions  being  unlimited. 

Laftly,  if  there  be  more  equations  than  unknown 
quantities,  then  at  laft  there  will  remain  one  un- 
known quantity  for  feveral  equations;  and  then 
the  queftion  is  more  than  limited ;  and  will  there- 
fore be  impofllble.  For  the  unknown  quantity  be- 
ing exterminated,  there  will  be  an  equation  con- 
fiding of  all  known  quantities  •,  which  muft  be  con- 
tradictory to  one  another,  except  they  were  fome 
way  or  other  depending  on  one  another,  fo  as  to 
make  an  equality. 

Scholium. 

As  a  problem  is  truly  limited,  when  the  number 
of  independent  equations,  is  equal  to  the  number 
of  unknown  quantities  ;  fo  likewife  a  problem  is 
truly  limited,  though  there  be  never  fo  many  equa- 
tions, provided  all,  above  that  number,  are  de- 
pending upon  thefe,  and  derived  from  them.  This 
is  plain  from  any  algebraic  procefs ;  for  in  the  ope- 
ration, all  the  fucceeding  equations  are  derived 
from  thefe,  firft  given ;  and  all  equations  fo  de- 
rived, make  no  alterations  in  the  limitation  of  the 
problem. 

A  problem  may  be  impoffible  and  more  than  li- 
mited, though  the  number  of  equations  be  lefs  than 
the  number  of  unknown  quantities  •,  and  that  is 
when  the  equations  are  contradictory. 

A* 
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As  if  a  +  e  +  2jy  zz  b. 

And  ia  +  ie  +  4y  —  c  ;  #,  ^,  y  being  unknown 
quantities,  and  b9  c,  known  ones.  Now  if  it  hap- 
pen that  c  zz  2^,  the  problem  is  unlimited  ;  but  if 
c  is  not  zz  2&9  then  the  problem  is  impofiible. 

And  therefore  in  general,  problems  are  abfurd, 
when  the  equations  given  are  derived  from  abfurd 
equations,  or  may  be  reduced  to  fuch  :  even  though 
the  number  of  equations  be  equal  to  or  lefs  than 
the  number  of  unknown  quantities. 

The  equations  given  in  a  problem,  ought  to  be 
independent,  otherwife  they  will  either  be  confe- 
quential,  or  contradictory  to  one  another.  In  the 
iirft  cafe,  you  will  at  laft  find  fome  quantity  equal 
to  itfelf.  And  in  the  fecond  cafe  you  will  arrive  at 
fome  abfurdity,  where  a  greater  quantity  is  equal 
to  a  lefs.  And  it  often  happens,  that  at  the  end 
of  an  operation,  the  equations  given,  are  found  to 
be  either  dependent  or  inconfiftent  with  one  ano- 
ther j  which  at  firft,  could  not  fo  eafily  be  difcovered. 

PROBLEM     C. 

To  invejligate  an  algebraic  Problem. 

RULES. 

t.  When  a  queftion  is  propofrd  to  be  refolved 
algebraically  •,  the  firfb  thing  to  be  done,  is  to  con- 
fider  the  nature  and  circumftances  thereof,  to  find 
out  what  is  given  therein,  and  what  required.  And 
the  nature  and  tenor  thereof  being  clearly  under- 
flood  •,  reject  every  condition  of  circurnftance,  which 
has  no  neeeflary  connection  or  relation  v/ith  the 
thing  enquired  after.  Then  give  names  to  all  the 
quantities  concerned  in  the  calculation,  whether  gi- 
ven or  fought;  that  is,  for  the  feveral  numbers  or 
quantities,  or  at  leaft  for  the  principal  of  them, 
put  fo  many  different  letters,  as  diiected   in  the 

notation, 
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notation  ;  taking  care  to  make  the  fame  letter  Hand 
invariably  for  the  fame  thing,  throughout  the  whole 
operation. 

And  in  general  problems,  it  will  be  convenient 
to  make  choice  of  fuch  letters  or  iymbols,  as  may 
fome  way  reprefent  to  the  mind,  the  things  de- 
figned  by  them;  as  r  for  radius,  s  for  fine,  /  for 
lams  rectum,  v  for  velocity,  /  for  time,  &c. 

And  if  there  be  never  fo  many  quantities  of  dif- 
ferent forts,  we  may  repftfent  them  by  any  num- 
bers we  like  •,  or  even  all  of  them  by  i,  which  is 
the  moft  fimple  notation.  Thus  we  may  call  any 
degree  of  motion  1,  any  degree  of  velocity  ,  and 
we  may  put  1  for  any  quantity  of  fpace,  time, 
matter,  &c.  But  then  we  muft  take  care  to  re- 
prefent other  quantities  of  the  fame  fort,  by  pro- 
portional numbers. 

We  can  alfo  meafure  any  kind  of  quantity  by 
any  other  kind  of  quantity,  by  taking  parts  or  de- 
grees of  one  fort,  proportional  to  the  parts  or  de- 
grees of  the  other.  Thus,  quantities  of  force  may 
be  meafured  by  right  lines  proportional  to  them  ; 
bodies  or  quantities  of  matter  by  their  weights; 
Velocities  by  the  fpaces  deicribed  in  equal  times  ; 
and  all  forts  or  quantities  or  things  by  numbers. 

2.  But  as  that  folution  of  a  queuion  is  reckoned 
the  more  artificial,  the  fewer  unknown  quantities 
are  a  (Turned  at  firft.  Therefore  when  the  princi- 
pal quantities  are  denoted  by  letters ;  fome  of  the 
quantities,  that  may  be  eafily  derived  from  the 
red,  are  left  without  a  name.  As  when  the  whole 
is  given  and  a  part,  the  other  part  is  eafily  had 
from  thence ;  or  the  parts  being  given,  you  may 
find  the  whole.  Alfo  when  two  fides  of  a  right- 
angled  triangle  are  denoted  in  algebraic  terms,  the 
third  fide  is  had  from  thele,  by  addition  or  fub- 
tra&ion  of  fquares.  Likewife  three  terms  of  a 
proportion  being  given,  the  fourth  term  is  eafily 

derived 
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derived  from  thefe  three ;  and  in  all  fuch  like 
cafes,  where  the  values  of  fome  are  eafily  derived 
from  the  reft.  And  by  this  means  there  will  be 
fewer  terms  to  exterminate. 

3c  After  the  defignation  of  the  quantities,  by 
letters,  as  aforefaid  •,  we  muft  next  abftradt  it 
from  words,  and  tranflate  it  out  of  the  Englifh 
into  the  Algebraic  language  :  that  is,  we  muft  de- 
note all  the  conditions  of  it,  by  fo  many  algebraic 
equations ;  and  this  is  called  Hating  the  queftion.  In 
order  to  this,  we  muft  fuppofe  the  thing  done 
which  was  required  ;  and  then,  without  making 
any  difference  between  the  known  and  unknown 
quantities,  aflume  any  of  them,  known  or  un- 
known, to  begin  your  computation  from -9  taking 
fuch  as  you  think  will  bring  out  the  fimpleft  equa- 
tion, or  give  the  eafieft  folution.  And  it  is  beft  to 
aflume  that  quantity  to  begin  with  firft,  which  is 
eafieft  found  or  brought  to  an  equation.  And 
therefore  it  is  often  more  convenient,  not  to  begin 
with  that  which  is  directly  required,  but  with  fome 
other,  from  which  the  quantity  required  may  be 
eafily  had. 

From  thefe  firft  afiumed  quantities,  you  muft 
proceed  in  a  fynthetic  method  to  find  other  quan- 
tities wanted,  and  from  thefe  to  find  others,  &c* 
according  as  the  nature  of  the  queftion  dire&s,  till 
you  get  what  equations  you  want.  To  this  pur- 
pofe,  you  muft  attend  ftrictly  to  the  nature,  de- 
fign,  and  meaning  of  the  queftion,  and  fearch  in- 
to all  the  circumttances  of  it,  and  examine  into  the 
particular  relations  of  the  quantities  to  one  another; 
fo  that  from  thence  you  may  get  a  proper  number 
of  equations.  But  fometimes  thefe  equations  can- 
not be  had  from  the  words  of  the  queftion  ;  but 
depend  upon  the  hidden  properties  of  the  quanti- 
ties concerned  therein  ;  and  then  the  equations  are 
to  be  deduced  from  them,  by  a  proper  chain  of 

reafoning, 
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reafoning,  according  to  the  nature  of  the  fubjeft 
under  confederation.  Thus,  in  numerical  que- 
ftions,  v.  e  muft  proceed  by  the  properties  of  num- 
bers: in  geometrical  problems,  by  the  elements 
of  geometry  :  in  mechanical  problems,  by  the 
principles  of  mechanics:  in  trigonometrical  pro- 
blems, by  the  rules  of  trigonometry  :  in  philofo- 
phical  problems,  by  the  laws  of  motion ;  and  fo 
of  other  fubjefb.  And  here  great  care  muft  be 
taken  that  your  equations  do  not  depend  upon 
one  another  ^  and  that  there  be  as  many  as  there 
are  unknown  quantities,  otherwife  the  queftion  will 
not  be  limited. 

4.  Having  got  a  proper  number  of  equations, 
our  bufinefs  is  now,  to  exterminate  them  one  by 
one,  as  faft  as  we  can,  till  there  only  remains  one 
unknown  quantity,  in  one  final  equation  :  then  the 
problem  is  (aid  to'  be  brought  to  a  folution.  And 
by  thefe  equations,  you  mud  exterminate  thefe 
quantities  firft,  that  are  mod  eafily  exterminated ; 
that  is,  the  fimpleft  ftrft,  and  fo  on  •,  till  the  quan- 
tity that  remains  at  laft,  may  give  the  fimpleft 
equation  poffible ;  or  more  fimple  than  if  any 
other  of  the  unknown  quantities  remained  in  the 
inal  equation.  And  in  all  your  procefs,  great 
care  mult  be  taken,  to  keep  to  a  juft  equality  ; 
which  will  certainly  be,  if  you  obferve  all  along, 
to  work  according  to  thefe  juft  rules  or  axioms,  ac 
the  beg-inninpr  of  this  book. 

5.  As  to  che  chufing  fit  terms  or  quantities  to 
itgin  the  calculation  with  ;  it  lometimes  happens 
hat  there  is  luch   a  relation  of  two  terms  of  the 

queftion,  when  compared  with  the  reft,  that  in 
making  ufe  of  either  of.  them,  they  will  bring  out 
quations  exactly  alike  ;  or  that  both,  if  they  are 
nade  ufe  of  together,  (hall  bring  out  the  fame  final 
equation,  as  to  form.  Then  it  will  be  the  beft  way 
0  make  uf;  of  neither  of  thefe  terms ;   but  inftead 

Y  thereof, 
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thereof,  to  chufe  fome  third,  which  has  a  like  1  ela- 
tion to  both.  Asfuppofe  the  half  fum  or  half  diffe- 
rence, or  perhaps  a  mean  proportional  •,  or  any  other 
quantity  related  to  both  indifferently,  and  without 
a  like. 

6.  The  proper  defignation  of  the  terms  will  often 
much  abridge  the  operation.  As  if  two  numbers 
are  fought,  whofe  fum  or  difference  (n)  is  given, 
it  will  be  convenient  to  take  in  A-  a*  and  |n  —  a, 
for  the  numbers. 

Alfo  when  feveral  numbers  are  fought  in  arith- 
metical progrcilion,  where  the  common  difference 
(d)  is  given  ;  we  may  properly  put  a  —  d>  a9  a  -f  d, 
for  the  numbers,  when  there  are  three  :  ov  a — i{dy 
a —  \d9  a  +  \dy  a  +  \\d9  for  the  numbers,  when 
four  are  required  •,  and  ib  on. 

Again,  if  feveral  numbers  are  fought  in  geome- 
trical progreflion ;  put  aa9  ae>  ee9  for  three  numbers  : 
and  0?,  a*-e,  ael9  e*%  for  four  numbers :  and  #%  a*e, 
axex,  ae\  <?*,  for  five  numbers  ;  and  fo  on.  Or  de- 
note them  by  fuch  other  feries,  as  will  give  them 
all,  with  the  feweft  letters. 

7.  Sometimes  problems  will  run  up  into  very  high 
equations,   where   the  unknown  quantities  cannot 
be  expunged   without  great  difficulty.     Therefore 
in  fuch  a  cafe,  if  you  can  fubftirute  new  letters  for  the 
fums,  or  produces,  or  powers,  &c.  of  fome  of  the 
old  quantities ;   and   then   expunge   all   thefe  old 
ones,  and  get  a  proper  number  of  equations  ;   you| 
may  often  find  the  value  of  thefe  new  quantities,  b 
eafy  and  low  equations  ;  from  whence  the  old  quan 
tides  may  be  more  eafily  determined.  And  you  mu' 
find  thefe  new  quantities  by  trials,  fuch,  that  whe 
they  are  fubftituted,  they  may  render  the  equation 
cafier.     See  Prob.  xxiv,  xxv,  B.  II. 

Likewile  in  any  operation,  when  you  have  a  mul 
titude  of  unknown  quantities,  for  the  coefficient  o 
any  power  of  the  unknown  quantity  •,  put  a  fingl 

letd 
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letter  for  them  all,  which  will  much  abridge  the 
operation. 

8.  In  geometrical  problems,  there  is  often  more 
labour  and  fkill  required,  than  in  numerical  ones. 
In  thefe  you  muft  firft  draw  a  figure,  according  to 
what  thequeftion  requires  to  be  done.  And  then  it 
is  often  requifire  to  produce  right  lines  ;  or  to  draw 
lines  parallel  or  perpend, cular  to  other  lines  ;  and  to 
certain  points,  or  through  certain  points ;  or  to  make 
fimilar  triangles,  and  fuch  like;  all  preparatory  for 
the  foiution  of  the  problem  :  always  endeavouring 
to  refolve  the  fchems  intofimilar  triangles,  or  right- 
angled  ones,  or  given  ones.  Then  affume  fuch  a  line, 
&c.  for  your  unknown  quantity,  as  you  judge  will 
bring  out  the  fimpleft  equation.  For  you  may  begin 
your  computation  with  any  quantity,  known  or  un- 
known :  which  done,  you  muft  proceed  fynthetical- 
ly  to  find  the  reft.  In  general,  let  thefe  quantities  be 
denoted  by  letters,  that  lie  neareft  the  given  parts  of 
the  figure,  and  by  means  of  which  other  parts  ad- 
joining may  be  eafily  had,  without  furds.  In  trian- 
gles draw  a  perpendicular  from  the  end  of  a  givea 
fide,  and  oppofite  to  a  given  angle.  Such  prepara- 
tions as  theie  being  made,  juft  as  you  find  neceifary 
for  the  method  of  foiution  you  intend  to  try;  pur- 
fue  your  computation  according  to  the  nature  and 
property  of  lines,  and  the  conditions  given  in  the 
queftion,  proceeding  from  the  quantities  alTumed, 
to  other  quantities,  as  the  relation  of  the  lines  di- 
rect ;  till  you  get  two  values  for  one  and  the  fame 
quantity,  or  find  one  quantity  denoted  two  different 
ways,  by  which  you  will  get  an  equation.  The  ge- 
neral principles  for  carrying  on  the  computation  are 
fuch  as  thefe  ;  the  addition  or  fubtradlion  of  lines, 
to  find  the  fum  or  difference.  The  proportionality  of 
lines  (arifing  from  fimilar  triangles),  where  'three 
terms  being  given  to  find  a  fourth.  The  addition  or 
fubtraftion  of  fquares  in  right-angled  triangles,  where 

Y  2  two 
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two  fides  being  given,  the  third  may  be  found. 
Likewife  the  do&rine  of  proportion  will  be  of  fre- 
quent ufe.  Befides  we  mult  make  ufe  of  fuch  pro- 
portions in  geometry  as  are  fuitable  to  the  purpofe  5 
fuch  as  B.  I.  prop.  1,  2,  4,  8,  10, 1 1.  B.  II.  2,  3,  10, 
13,  14,  15,  18,  21,  24,  25,  26.  B.  III.  1,  6,  7,  17, 
2a  B.  IV.  9,  f2,  13,  14,  16,  17,  20,  27,  31  ;  and 
fome  in  the  following  books,  as  occafion  requires. 
By  help  of  thefe  principles,  and  a  chain  of  right 
reafoning,  we  (hall  obtain  as  many  equations  as  un- 
known quantities,  which  being  had,  we  muft  change 
our  method,  and  exterminate  the  fuperfluous  quan- 
tities, and  find  the  root  of  the  final  equation. 

9.  If  the  method  you  go  upon  at  firft,  for  the 
folution  of  the  problem,  proceeds  but  badly,  as 
running  into  high  equations  and  furds.  You  mult 
draw  ire Pn  fchemes,  and  begin  your  computation 
anew,  .till  you  have  hit  on  a  method  as  elegant  as 
poffible.  £or  the  principal  art,  of  reviving  pro- 
blems, is  to  frame  the  pofitions  with  fuch  judg- 
ment, that  the  folution  may  end  in  as  fimple  an  e- 
quation  as  poflible.  For  fome  methods  will  pro- 
duce more  intricate  equations  and  folutions,  thari 
others.  But  the  ficill  of  finding  out  the  mod  fim- 
ple and  eafy  ways  of  refolution  is  not  to  be  pre- 
scribed by  any  rules,  but  is  only  attained  by  con- 
flant  practice  and  experience. 

10.  If  you  have  any  doubt  what  quantity  to  take 
for  the  quantity  fought,  fo  as  to  bring  out  the  fim- 
pleft  equation.  Suppofe  you  have  got  a  final  equa- 
tion with  x\  take  fome  other  quantity  jy,  which  you 
fufpect  may  be  as  fimple,  leek  an  equation  between 
v  and  y ;  then  if  y  be  of  as  high  a  power  as  x  ; 
the  final  equation,  if  y  were  ufed,  would  be  as  high 
as  is  the  final  equation  with  x. 

Or,  Having  got  an  equation  between  x  and  y  ; 
fubltitute  for  *  its  value  in  terms  of  ^,  in  the  faid 
final  equation  with  x,  and  you  will  find  what  pow- 
er 
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er y  will  arife  to,  without  forming  the  procefs  anew 
for  y.  But  if  the  equation  between  x  and  y  he  not 
a  fimple  equation  ;  it  will  often  be  as  well  to  begin 
the  procefs  anew  for^. 

Or,  If  there  be  feveral  quantities,  and  you  do  not 
know  which  will  bring  out  the  fimpied  equation. 
Put  letters  for  them  all,  and  get  as  many  equations. 
Then  by  expunging  fuch  as  are  moil  eafily  ex- 
punged ;  you  will,  for  the  molt  part,  get  the  moll: 
fimple  equation. 

ii.  Lalily,  when  the  final  equation  is  obtained, 
extract  its  root  by  Sect,  VIII,  and  you  have  the 
anfwer  in  numbers. 

JSote,  The  numbers  given  in  a  quedion,  cannot 
always  be  taken  at  pleafure,  but  mull  often  be  fob- 
ject  to  one  or  more  determinations  or  redactions, 
which  for  the  mod  part  are  discoverable  by  the  theo- 
rem refuiting  from  the  refolution  of  the  quedion. 

12.  When  you  have  an  equation  containing  the 
quantity  fought;  and  the  equation  is  alfo  effected 
with  a  fecond  unknown  quantity,  which  you  want 
to  get  rid  of-,  the  extermination  of  which  runs  you 
to  a  very  high  power.  Now  if  it  happens  that  this 
fecond  unknown  quantity,  is  but  in  a  few  of  the 
terms,  which  are  but  fmall  in  refpect  of  the  red". 
Then  if  you  can  nearly  guefs  at  its  value,  you  may 
retain  it  in  the  equation,  putting  that  value  for  it, 
which  will  make  little  difference  in  the  equation,  a- 
mong  fo  many  quantities,  if  you  mifs  its  value  a, 
little.  Then  the  root  of  the  equation  being  extract- 
ed will  give  the  other  unknown  quantity  very  near. 
And  this  being  had,  the  fecond  unknown  quantity 
will  then  be  found  more  exactly,  and  may  be  fubdi- 
tuted  for  it  again,  and  the  operation  repeated,  fjfe. 

And  one  may  often  guefs  nearly  at  the  value  of 
this  fecond  quantity,  from  the  conditions  of  the  pro- 
blem ;  efpecially  if  it  be  a  geometrical  onea  from  the 
condruction  of  the  figure. 

Y  3  Thcfc 
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Thefe  forts  of  equations  may  alfo  be  refolved  by 
the  Rule  of  Falfe  Pofition,  as  dire&ed  in  Pr.  xcii. 
Rule  5  •,  as  alfo  by  Prob.  xcv. 

13.  When  you  want  to  compute  a  problem  for 
fome  practical  ufe  in  common  life,  but  by  purfu- 
ing  it  in  its  mathematical  rigour*  you  fall  upon 
fome  irrefolvable  equations  or  intricate  furds  or  fe- 
ries.  Then  you  may  often  refolve  it  on  very  Am- 
ple principles,  by  neglecting  fuch  quantities  or  fuch 
conditions,  as  ferve  only  to  embarrafs  the  problem, 
but  make  little  or  no  difference  for  the  purpofe  you 
want  it.  Tn  fuch  cafe,  negledt  fuch  quantities  or 
fuch  conditions,  as  are  of  little  moment ;  and  in- 
flead  of  fuch  quantities  as  make  the  calculation  dif- 
ficult, take  others  nearly  equal  to  them,  which  will 
make  the  operations  more  fimple,  or  as  fimple  as 
poffible.  Or  fome  of  the  leaft  moment  may  be  en- 
tirely left  out.  And  thus  one  may  come  at  an  eafy 
folution  of  the  problem. 

Thefe  are  the  general  rules  of  working ;  all  which 
tvill  be  made  clear,  by  the  examples  in  the  follow- 
ing Book  II. 


BOOK 


3*7 

BOOK     II. 

The   Solution   of  Problems. 


A      Problem  is   a  queftion  propofed  to  be  re- 
folved ;  and  the  Solution  of  a  problem,  is 
the   finding  fuch  numbers,   lines,   &c.   as 
will  fulfil  the  conditions  of  the  queftion. 

"Of  problems  thefe  are  determined^  that  have  a 
determinate  number  of  anfwers  :  and  in  determined^ 
which  have  innumerable  anfwers. 

Problems  are  of  leveral  kinds,  as  numerical, 
geometrical,  trigonometrical,  philofophical,  me- 
chanical,   &c. 

A  problem  of  one,  two,  three,  &c.  dimenfions, 
is  that  which  has  one,  two,  three,  csV.  lolutions 
cr  anfwers. 

We  have  hitherto  been  laying  down  fuch  rules, 
as  are  neceflary  for  the  inveftigation  and  folution  of 
problems.  The  reader  muft  take  particular  care, 
to  make  himfelf  well  acquainted  with  thefe  rules, 
and  keep  them  in  mind,  fo  that  he  may  have 
them  ready  for  ufe,  upon  all  occafions  ;  for  with- 
out them  no  problem  can  be  folved.  But  as  pre- 
cepts are  but  of  little  ufe  without  examples,  and 
generally  reach  no  farther  than  mere  fpeculation  ; 
I  (hall  therefore,  in  the  next  place,  apply  them  to 
practice,  and  that  in  the  folution  of  a  great  variety 
of  problems,  in  the  mod  material  branches  of  the 
mathematics  j  which  I  fhall  now  begin  with  di- 
rectly. 

Y  4  SECT 
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SECT.      I. 


Numerical  Problems. 


PROB,     I. 

There  ave  two  numbers  whofe  fum  is  25,  and  the  pro* 
portion  of  one  to  the  other  is  as  2  to  3,  what 
are  the  numbers  ? 


a  zz  greater. 

e  =  lefier. 

e  :  a  :  :  2  :  3 

2a  zz  3* 

a  zz  \e 

a-t-ezze  +  2-ezz25 

ie  +  3*  zz  5*  zz  50 

e  zz  V  zz  10,  the  lefier. 

#  zz  -|<?  zz  15,  the  greater. 


Otherwife  thus^ 

Suppofe     1  <z  2=  greater,   j  zz  fum,    zz  25  ;   then 
j  —  a  zz  lefier. 
£><?r  queft.     2  2  :  3  :  :  s  —  a  :  a 
2  X         3  2#  zz  3J —  30 

3  tranf.     4  5^  z=  35 

4  -5-  (5)     5  *  =  V  =  V  =  *5» the  greater  nurnr 

ber. 
6;  j  —  #  zz  10,  the  lefier. 


Suppofe  < 

1 

2 

*><?/*  queft. 

3 

3>< 

4 

4-r(2) 

5 

^r  queft. 

6 

6x(2) 

7 

7 -(5) 

8 

5> 

9 

PR  OB. 
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P  R  O  B.     II. 

A  man  having  a  certain  number  of  pence*  gives  to 
A  §  of  them*  to  B  I*  to  C  i*  *»^  /<?  D  XV»  ^»^ 
/to  Atfi  3   remaining.      How   many  had  he  at 

fir  ft? 


Let 

i 

a  z=  number  of  pence  he  had. 

per  queft. 

2 

f«   +    t«    +   ftf   +   T"T«=«  — 

•3 

2, 

o 
0 

ytfSJ^j. 

3  tranf. 

4 

^r*  =  3 

4X 

5 

(3  =  72 

P  R  O  B.    III. 

/£  man  hired  a  labourer ',  *#  condition*  that  for  every 
day  he  wrought*  he  fhould  have  isd.  tf//rf  /or 
^i^ry  day  he  idled*  he  fhould  forfeit  8d.  After 
390  ^yj,  neither  of  them  was  in  debt.  To  find 
the  number  of  work  days  and  play  days* 


Let 

per  queft. 

2  tranfp. 

3  +  (*o) 


^  zz  the   working   days,   b  z=  39O5 
then  b  —  a  zz  the  play  days. 

1 2<z  zz  390  —  ^  x  8  zz  3 1 20  —  8 j, 
2o#  zz  3120, 

—  3>2°  — 


20 


156,  the  work  days. 


b  —  azz  234,  the  playing  days. 
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PROB     IV. 

Some  young  men  and  maids  had  a  reckoning  of  37 
/hillings  ;  and  every  man  was  to  fay  3  Jhillingsy 
and  every  maid  2  •,  now  if  there  had  been  as  many 
men  as  maids ,  and  maids  as  men*  the  reckoning 
would  have  come  to  4  Jhillings  lefs.  What  is  the 
number  of  each  ? 


a  zz  men,  e  zz  maids,  b  zz  37,  c  zz  4, 

3a  -|-  2e  zz  b 

2a  +  %e  zz  b —  c 

ga  -f-  6e  zz  $b 

4a  +  6e  zz  2b —  2c 

$a  zz  b  +  2c 

b  +  2.C  , 

~z  9,  the  men. 


Suppofe 
/wqueft| 

I 

2 

3 

2X(3) 
3X(2) 

4—5 

4 

5 
6 

6 --(5) 

7 

2  — 3« 

8 

8  4- (2) 

9 

#  : 
e  : 


5 
:£  — 30 

£  — 3**  . 
2 


5,  the  women. 


PROB,      V. 

/I  man  being  ajked  what  a  clock  it  was  ?  anfwered% 
that  it  was  between  8  and  9  -,  and  that  the  hour 
and  minute  hands  were  both  together \ 


x  zz  time  required,  3=8,  c  zz  12, 
d±zi. 

fince  the  two  hands  divide  the 
hour,  and  the  whole  circumfe- 
rence in  the  fame  proportion, 
therefore  c  :  x  :  :  d :  x  —  by 

ex  —  cb  zz  dx 

ex  —  dx  zz  cb 

*zz .-L.  zz8  43  38  T*T 

PROB. 


Let 

1 

1 

2 

2  X 

3  tranf. 

3 

4 

4T" 

5 

•    1 
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P  R  O  B.      VI. 

A  man  gives  the  jirft  beggar  he  meets  with,  £.  of  the 
pence  he  had  and  4<d.  more :  to  the  fecond  4-  the 
remaining  pence  and  8  d.  more  :  to  the  third  \  the 
remaining  pence  and  i2d.  more,  and  fo  on,  in- 
€reafing  4d.  every  time,  till  at  laft  he  had  nothing 
left  \  and  then  all  the  beggars  had  equal  fhares. 
§}uery,  the  number  of  pence  and  beggars. 


Suppofe 

1 

I 

per  queft. 

2 

I  2 

3 

3  *(«) 

4 

4 +  (3) 

5 

2  =  5 

6 

6x(36) 
7  tranf. 

2, 

8,  9- 


a  zz  pence  he  had  at  firft. 

-^  +  4  =  pence   given  to  the  firft 

beggar. 
4  tf  —  4  =  remainder. 

D 

A  *  —  4-  =  T- tne  remainder. 
36  6         6 

5  4  • 

-^  a  —  -g-  +  8  zz  pence  given  to  fe- 
cond beggar. 

6#  +  144  zz  50  —  24  +  288 

tf  zz  120 

20  4-  4  zz  24  zz  fhare  of  each. 

—  =  5  =  number  of  beggars. 
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P  R  O  B.     VII. 

There  are  three  numbers,  the  firft  with  .f  the  othet 
two  makes  14,  the  fecond  with  ^  the  other  twi 
makes  8  ;  the  third  with  -f  the  other  two  make 
8.     What  are  the  numbers  ? 


Let 

f 

1 

>frqueft  ^ 

3 

f 

4 

2  X  (3) 

5 

3X(4) 

6 

5-6 

7 

5X(5) 

8 

4X(5) 

9 

8—9 

10 

7X(4) 

ii 

10X  (3) 

12 

11  +  12 

*3 

I3-H5) 

»4 

7  tranf. 

l5 

15  *•(») 

16 

5  tranfp. 

£7 

a>  e>  y  be  the  number 

*  + ^  =  14. 

3 

i*Z±>-±* 

4 

7+2*jf.:=:« 

5 

3<*  +  *  +  v  ZZ42 

4e  +  a  +  y  zz  32 

2tf 3?  ZZ  10 

15*  +  5*+  5y  =210 

*  + e  +  5y  =  40 

140+  4<?  zz  170 

8^—  I2£  ZZ  40 

420  +  lie  zz  510 

500  zz  550 

0  zz  II 

3*  zz  2a —  10 

2a  —  10 

p  ~ ~                    «■■■  * 

3 

y  =  42  —  3a  —  e  zz  5. 

P  R  O  B.     VIII. 

Having  given  the  fnm  of  two  numbers  8,  and  thi 
difference  of  their  fquares,  1 6  \  to  find  the  num- 
bers. 


Let 


x  zz  letter  number,  a  zz  8,  £  zz  16 

0  —  A'  zz  greater  number. 

1  ©■'a 
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I  ©*2 

3 

2fr2 

4 

4~3, 
5  tranf. 

5 
6 

6  ^-  ia 

7 

2> 

s 

##  —  fquare  of  the  leffer. 

aa — *ax+xx~  fquare  of  the  greater 

ea  —  iax  zz.  b  per  queft. 

iax  —  aa  —  b 
aa  —  b 


x 


ia 


—  3,  the  lefTer. 


x  ~  5,  the  greater. 


P  R  O  B,     IX. 

wbere  are  three  numbers,   the  fum  of  the  firfi  and 
fecond  is  9,  of  the  fir  ft  and  third  io,  of  the  je- 
cond  and  third  13.     What  are  the  numbers  ? 


Let 

1 

#,  jy,    £,    be   the   numbers,   < 
£  =  10,  c  =  13; 

»  =9» 

\ 

2 

#  +jy  ~  # 

wqueft^ 

3 

y  +  zz^ 

( 

4 

J  +  z=f 

2 X 

5 

y  zzz  a  — x 

3—* 

6 

z  zz  b  —  x 

4,  5'  6 

7 

a  —  x  +  ^  —  x  zzz  £ 

7  tranf. 

8 

2*  zz.a  +  b  —  c 

l-S-(a) 

9 

a  -\-b  —  c 

*  =      2      =3 

5» 

10 

y  =  «  —  a;  =  6 

6, 

|ii 

2  —  £ — x  —  j 
P  R  O  B,     X. 

ow  travellers  A  tf»^  B,  360  ;»//«  diftance,  fet  out 
at  the  fame  time,  A  travels  10  aw&J  *»  /war ; 
B  8.     How  far  does  each  travel  before  they  meet  P 


Suppofe 

y  propor, 
2  X 


A   travels  x   miles,    then    B    travels 

360  —  x. 
x  :  3  60  —  x  :  :  1  o  :  8 
8#  =;  3600 —  icw 

3  tranf. 
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1  Sx  zz  3600 

2600  A,    . 

#  =  £-—  zz  200,  As  journey, 


360  —  jv  zz  160  zz  B's  journey. 
PROB,    XL 

If  three  agents  A,  B,  C,  can  produce  the  effecls  a, 
b9  c,  in  the  times  e,  f  g9  refpefiively.  In  what 
time  will  they  all  jointly  produce  the  ejfecl  d  ? 

Let 


by  pro- 
portion 


2,  3>  4> 
5  reduced 


x  zz  time  fought* 

ax 
a  :  -L-,    A's  effect  in  the 
e 


e  :  x  :  : 
time  x. 


hx 


f :  x  :  :  b  :  ~  =  B's  effect  in  time  x. 

ex 

g  :  x  :  :  c  :  —  zz  C's  effect  in  time  X. 

S  .. 
ax       hx    ,    ^        , 
"7  +  -r  +  —  =  «• 

#  — -, —  time  required 

a     ,     b  c 


PROB.     XII. 

A  woman  can  buy  apples  at  10  a  penny,  and  pears 
at  25  for  2  pence  ;  if  fhe  lay  out  97  pence  for 
100  apples  and  pears  together*  How  many  of 
each  mujl  Jhe  have  ? 


Let 

by  pro- 
portion 


a  zz  apples,  then    100  —  a  zz  pears, 

iO  :   id.  :  :  a  :  — ,    price    of    the 
10 

apples. 

25  :  2d*  :  :   100  —  a  : 

price  of  the  pears. 

per 


200 


2£ 


25 


Seft.  I. 
per  que  ft 

4X  (50) 

5  tranip. 
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200  —  2^  __      t 

-4- ~   9a 


25 

400  —  4^  r:  475 
a  zz  7  c--,  the  apples 
100  —  a  zz  25  the  pears. 

PROB.     XIH. 


zf  vintner  would  mix  wine  at  tod.  the  quarts  with 
another  fort  at  0  .i  ;  to  make  a  1 00  quarts  to  be 
fold  at  7  d.     //Ip-te;  »mi>  of  each  nmft  he  take  ? 


a  zz  quarts  of  10  penny,  e  zi  quarts 
of  6  penny,  b  zz  10,  c  zz  6,  m  zz 
100,  /  =  7; 

1  :  b  :  :  a  :  ba,  value  of  0  quarts. 

1  :  c  :  :  e  :  ce,  value  of  e  quarts. 

ba  +  ce  zz  mf. 

a  +  e  zz  m 

e  zzm  —  a 

ba  -{-  cm  —  ca  zz  mf 

ba  —  ca  zz  fm  —  cm- 
cm 


Let 

1 

by  pro- C 
portion    ( 

per  qu.  \ 

5  —  a 
4,    6 

7    tr. 

2 

3 

6 

7 

b 

8  4- 

9 

6, 


fm 
a  zzJ 


ro 


£  —  c 


PROB.     XIV. 

A  fatlor  exchanged  6  French  crowns  and  2  dollari 
for  45  /killings  \  and  9  French  crowns  and  5 
dollars  for  76  jhillings.  IVhat  is  the  value  of  a 
French  crown  and  a  dollar  ? 


Suppofe 


x  zz  French    crowns,    y  zz  dollars, 
azz6,  bzzz,   dzzQ,  ZZZy$%  czz4S% 

f=lb. 

per 
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4  —  5 
6-r 

8  tr. 
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##  +  by  zz  £ 

eax  +  *£y  ±2  ^ 

bdx  +  *£y  =  £/ 

aex  —  bdx  zz  ec  —  bf 

^  —  ba 

ec  —  bf  bfa  —  bde 

ae —  bd 


io 


X  zz 

ec 
ae 


ae  — -  bd 
af—cd_    t 

ae  —  ld 


P  R  O  B.     XV. 

g*o  divide  a  number  by  into  four  farts ;  fo  that  the 
firft  being  increafed  with  d>  the  fecond  diminijhed 
by  dy  the  third  multiplied  by  d9  and  the  fourth  di- 
vided by  d  \  may  be  all  equal. 

a*  e*  u,  y,  be  the  four  parts, 
a-\-e  +  u+yzzbt 
a  +  d  zz  e  —  d 
a  4-  d  zz  dy 

e  zz  a  +  2d 
a  +  d 

u  zz  ad  +  dd 

a  +  a  +  2d  +  d-X*  +  ad  +  ddzzb 


Let 


per  qu. 


5  reduced 


a  zz 


id— d* 


d 

7dd 


dd  +  zd+1 
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n\  e  zz — 


337 


I  2 


dd  4-  id  +  i 


7  = 


13  « 


^  4-  2d  -r  1 

-  bdd 

"  ^  4-  2^  4-  1 

P  R  O  B.     XVI. 


./£  merchant  I  ought  (a)  bujheh  of  wheat,  (b)  bujheh 
of  barley,  and  (c)  bufoels  of  oats  for  (m)  pounds, 

Afterwards  be  beught  {d)  bufhels  of  wheat,  (e)  bufo- 
els  of  barley,  and  (f)  bufhels  of  oats,  for  (n) 
-pounds. 

And  after  that,  (g)  bufhels  of  wheat,  (#)  bufhels  of 
barley,  and  (k)  bujheh  of  oats  for  (p)  pounds, 
each  fort  at  one  price.     What  was  each  per  bufhcl  ? 


Let 


per  qu, 

2Xfk 

3Xck 

4*ff 

5-6 
6-7 
iubftit.  I 


10 


reduc. 


11   reduc. 

12    ZZ   13 

HX 


1    x,  y,  z,  be  the  prices  of  the  wheat, 
barley,  and  oats. 

7  .  ax  +  hy  +  rz  zz  m 

3  dx  4-  ey  4-  fz  zz  n 

4  gx  +  by  +  kz  zz  p. 

5  afkx  4-  b/ky  +  cfkz  zzfkm 

6  ckdx  4*  ckey  +  cfkz  zz  ckn 
?   cfgx  4-  cfhy  4-  #Z  zz  cfp 

8  */£#  —  ckdx  4-  #/£y — objy  zzfkm  —  <:£#. 

9  £&/#  —  cfgx  4-  £/£^  —  cfhy  zzckn — cfp, 

1 0  A*  4-  By  zz  C 

1 1  ix  4-  Gjy  zz  H. 

C  —  A  x 

12  y  zz 


»3 


14 


15 


^  - 


B 

H  —  F* 

G 


C  —  At  __  H  _  Fv 

B G 

GC—  GA*  =  BH  —  BF.v 
Z 


tf4 


33% 


*5  tr- 


NUMERICAL 
BFx  —  GA*  zzBH  —  GC 
BH—  GC 


B.li. 


by  refti-C 
tution  J 
io,  ii./ 


.  cfk 


i»-=-^— 


cfk 


IQ 


BF  —  G  A " 

bcfkkn  +  ccfkep  +  cffkbm 
—  cffbpk  —  cfkkem  —  ccfkhn 


X  zz 


X 


bcfkkd  +  ccfkge  +  acffkb 
—  bcffgk  —  acfkke  —  ccfkhd 
_Jbkn  —  bfp  +  cep — kem+fbm — chn 


bkd  —  bfg  +  eeg  —  aek + afh — cdb 
i<  being  had,  y  may  be  found  by  ftep  12th  •,  and 
then  z9  by  reducing  the  equation  in  ftep  2d. 

P  R  O  B.     XVII. 

If  the  number  of  oxen  a»  eat  up  the  p allure  b,  in  the 

time  c\  and  the  oxen  d  eat  up  as  good  a  pa/lure  e; 

in  the  time  f%  and  the  grafs  grows  uniformly.     To 

find  how  many  oxen  will  eat  up  the  like  pafture  gi 

in  the  time  h. 


State  it  thus : 


Oxen, 
a 

d 

y 


Weeks, 
t 

f 

b 


Acres 
b 
e 


Let 


by  pro- 
portion 


4 


in 


y  zz  number  of  oxen  fought 
x  zz  grafs  upon  an  acre  at  firft. 
z  zz  grafs  growing  upon  an  acre, 

a  week  afterwards, 
1  zz  grafs   which    an   ox   eats   in   a 

week. 
bx,   ex,  gx  zz  grafs  on  the  paftures 

h  **  g- 
cbz9  fez,    hgz  zz  grafs     grown     af- 

wards   on  the  paftures  b,  e,  g,  in 

the  times  r,  /,  b. 
ac,    df>    by  zz  grafs    eaten    by   the 

oxen,  a,  d%  y,  in  the  times  c,  /,  h. 

per 


Seft.  I. 
per  qu.  < 

gxcb 

II  12 


*3   * 


9X£ 
10  x* 

16  —  15 

17  * 

8-£ 

19,  14,  18 
Put 

20,  21 

22  Xpr eg 

23  tr. 

24> 

21,  25 

26,    2I> 
»7  * 


PROBLEMS; 

ac  zz  bx  +  cbz 
df zzex  +fez 
yh  zzgx  +  bgx 
acef  zz  efbx  -+-  efcbz 
cbdf  ss  cbex  -f-  rfo/2 
acef —  cbdf  zz  efbx  — -  tbliki 
acef —  cbdf 

X  w  » 

efb  — ■  ecb 
gdf  3  £<?#  +  #2 

r  _  eyh—gdf 
"  ebg—efg 

ac 

-r  zz  x  +  cz 

b 


233 


20 
21 

22 

23 
24 

25 

26 

2/ 
28 


ac       acef — cbdf       ceyh  —  cgdf 
—  __  —__————  -f-   . ■■»  > 

b  efb  —  ecb  ehg  —  efg 

p  —f —  cy  r  zzh  — /,  r  +  p  zz  h — C, 

"  acef —  cbdf       ceyh  —  cvdf  , 

ac  zz   — -| —  o. 

pe  reg 

acpreg  zz  acefrg  —  cbdfrg  +  pceyhb  — *§ 

pcdfgb 
peyhb  zz  apreg  —  aefrg  -f  bdfrg  + 

pdfgh. 


pebhy  z 

:  areg  X 

p—f+bdfgXr+p. 

pebhy  z 

z  —  aregc  +  bdfg  x  r  +  P- 

pebhy  z 

-  * fl?f  X 

f—b+bdfg*  h  —  c 

y  _  aceg  x/- 

-  £  +  W/£  X  £  —  f 

■1  ■*  • 

bebxf — c 


PROD. 


H° 


NUMERICAL 


B.  II. 


P  R  O  B.    XVII. 

*To  divide  ten  thoufand  into  two  fuch  parts,  that  when 
each  of  them  is  divided  by  the  other ,  the  Jum  of  the 
quotients,  may  be  5. 


Let 


per  qu, 


j 


2  —  a 
3X  ae 

7± 
8  £ 

^  reduc. 
4> 


10 


1  i 


a,  e  be  the  parts,  h  zz.  iooco,  c 

a  -\-  ezzb 

a     ,     e 

h  —  zz  c 

e  a 

e  zz  b  —  a. 

ee  zz  bb  —  iba  +  aa 

cae  zz  aa  +  ee 

cab  —  caa  zz  laa  —  iba  +  lb 


2  4-  caa  — •  2b  +  be. a  zz  —  bbi 
^<s  —  £0  zz 


jhb 
a  zz  J  _. — 

4 

£  zz  1726,732 


JL.  +  *.  =8273,26  j 


PROB,    xvin. 

<tf  general  would  range  his  army  in  a. fquare  battle,  but 
finds  he  has  284  foldiers  to  fpare ;  but  if  he  in* 
creajes  the  fide  of  the  fquare  with  one  man,  he 
wants  25  to  fill  up  the  fquare.  How  many  fol- 
diers had  he  ? 


Let 
per  qu. 


{ 


2  =  3 
4  tran 

5*2 


a  zz  fide  of  the  fquare. 

aa  -f  284  zz  number  of  men 

25  zz.  number  of  men 
z  aa  4-  2a  4-  1  —  25 


*  4-.il- 
^  4-  284 

2tf  ZZ  308 

a  zz  154 
tftf  4-  284 
men. 


24000,  the  number  of 
PROB. 


Seft.  !. 


PROBLEMS, 


34i 


P  R  O  B.     XIX. 

Several  per  fens  dining  at  an  inn,  the  reckoning  came 
1   to  75  /hillings ;  but  two  of  themjlinking  away,  the 

rejt  had   \o  /hillings  a-piece  more  to  pay.     Query, 

the  number  of  per/ons  ? 

Put         i   a  -z^  number  of  perfons  at  firft. 

_  —  each  man's  Ihot. 
a 


per  qu 


3  X 

4  tranf. 

5  -*• 
6  reiblved 


a—  2  X  — ?  +  10 

a 


*75- 


175a  +  io^  —  35°  —  2Ca  —  *75* 

lOtffl 20<2  —  35O 

tftf 2<Z  —  35 

*~7 

i££  =  25,  the  club. 


P  R  O  B.     XX. 

2^r<?  *j  £  number,  confifting  of  three  digits,  who/e 
pro  duel  is  315,  and  the /urn  of  the  fir  ft  and  laft  is 
double  the  fecond-,  and  that  number  with  396 
added  makes  a  number  confifting  of  the  jame  digits 
but  inverted. 


Suppofe 


per  qu, 


4  ± 

2  —  a 
6  =  7 


a,  e,  y  the  digits. 


a     e    y 
yea 

a  +y  —  2e 

aey  —315 

\ooa  ►]-  ioe  +  y  +  %c)6~iQoy+iQt 

99^  +  396  =  99? 

2f  —  a  zz  y 

a  +  4  zz  2  <?  —  £ 


Z 


8, 


34* 

6, 

3.  9>  IO 
11  refolv. 

Q,  io 


NU  MER1C  AL 


a  zz  *  —  2 

jy  zz  £  +  ^ 

aey  zzexe 
ezzy 

a  zz  5,  ^  zz  9 


2X^+2  = 


B.  II. 


■4^=3T5 


P  R  O  B.     XXI. 

1*0  find  the  value  of  a>  when  ^/tf—l/aazz 4.9624. 


Put 
^r  quell. 

2 

b  zz  4  962 

<za  — #3   zz  ha 

2, 

alTume 

3 

4 

a? . —  ^  zz  £# 
#6  zz  j,  then 

4, 
3>  4,  5 

7  tranf. 

8  refolv. 

5 
6 

7 
8 

9 

—                   1     4 
a6  zz  x9,  and  # 6 

#9  +  #4  =  £#s 
#*  —  1  zz  to 
#5  —  to  zz  1 

AT  ZZ  I.74256 

4, 

lio 

'  a  zz  27,998 

#4 


Given 


\ 


%  -f- 
1  V*' 

3>    4 


P  R  O  B.     XXII. 

£'£'  +  a1*'  zz  234000  zz  b, 
ae  4-  aez  +  tf£:j  zz  i860  zz  c. 
to  find  a,  e. 

c 

a  zz 

e  +  ^  +  e* 

b 
a*  -\-  a'  zz  —z 


cr 


t -f- *'+'*' f        e  +  ee -\- c'\L  el 


5X  e* 


:-:.::::  :.:  -. 


s 

6x 


.     —    r    —    :  : 


- 


prc:     : 

;   j  r^  #f  jhm,  #gf  #f  IE&60  saj  take*  41 
ptftef,  azs  j£&</  mp  mtb  <bcc 
z;zn^   :brn   ::::::     .;--:,      .-.;  ."j  ;  ;. .-•  /  -  j.  -\      _ 
tytbepr**f,t*rems:.  *  « 

r/.     /F£*/  srtfi  J^r  umtaa  cf  tbecmft* 

.,  then  i — J  zz    G  tt  remainder. 

And  fince  the  quantity  of  I  quor  is 

-i    :r.t  :z:;r  .:  _::":."::  .    :.-"-  r:_;t 


.   .  : : 


per 


: 


--•J 


= .  j- 


—  c 

.;  = .  .         . 

-   -  PRC 
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NUMERICAL 


B.  II. 


Given 


J, 

2, 

Put 


\ 


3>  5>  6 

4>  8 

9X  - 

io  X 

S,    12 


P  R  O  B.      XXIV, 

#3    ^    #*y    -J-  jyl#    _}_  yl    --    fay ■ 

#6  _|_  ^4-jjr*  4.  y*#a  -f-jy6  z:  bbxxyy. 
xl  ~\- yz  x  x  -t-  y  zz  dxy 


x%  4-  J4  X  xz  ~r  J4  ~  bhxxyy 
xy  zz  a 
x  V  y  zz  e 

ee —  2a  X  e  zz  da  zz  xl  -\-yl  X  x  -\-y 

da 

ee  —  2a  zz  —  zz  xx  +yy 

e 

ddaa 

■ — -  iaa  zz  x*  +  y* 

ee 

ddaa 


aa 


ee 


iaa  X  —  zz  x*  +_y4  x 


xz  -f-  yz  zz  bbxxyy  zz  bbaa, 


dd  —  2ee  x  da  zz  bbe% 

bbe1 
a  zz 


d>  —  2  dee 
2bbe*r 


db'e* 


e">  — 

d'  —  2dee        dl  —  2dee 

dW  —  ?des  —  2b  be*  zz  dbbe1 

dl  —  2 dee  —  2  bbe  z:  dbb 

bb  dd  —  bb 

ee  -\-  —  e  zz ,     a     quadratic 

a  2  ^ 

which    gives    e,     and    then    a    by 

ftep    12,    and    x    and  y    may    be 

found  from   itep   5  and   6. 


PROB. 


Seft.  I. 


PROBLEMS. 
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\ 

1 

Given  < 

2 

L 

that  is,    ? 
Put     -j 

3 
4 

5 
6 

3»  5>  6 

4>   5»  6 
7X8 

9^3 

7 
8 

9 
10 

7  -r  *o, 

11 

8-rIO 

12 

5  —  ^ 

*3 

6,  + 

14 

*3*  14 

15 

J  5  red- 

16 

P  R  O  B.     XXV. 

a*e  —  bda*  +  2ba3ee+bbae* — idbbcfe 

—  frde7-  ==  **6 
<z4^  —  <ib  date  +  bbddaz  +  £#V  — 
jidbbaf  +  bbd_+b*dze  zz  b*d\ 
aa  4-  fo|z  x  d£  —  bd  zz  ds. 
ae  —  bd\   x  aa  +  be  zz  W£ 
aa  +  be  zz  x 
ae  —  bd  zzy 
xzy  zz  d6 
yzx  zi  b*dd. 
xY  zz  b*ds. 

xy  zz  bddy/ldd 
__        d6  d* 

*~Tal(/fTd  =  ThVm 

Vdd  lb  %  j 

y  ==  —75=  —  -j  S/bbd 

bddVJId      d 

aa  zz  x  —  be 

y  -{-Bd 
a  zzJ— 


aa 


=  yy  +  ibdy  +  Ibdd  —  ^  —  be 


ee 


xee  —  le^  zz  yy  +  ildy  +  bbdd,  a  cu- 
bic equation  which  gives  e,  whence 
a  is  known  by  ftep  14. 


P  R  O  B.      XXVI. 

To  find  four  numbers  x3  jy,  2,  «y,  having  the  produft 
of  every  three  given. 

1  #y2?  —  h 

2  jyzTJ  zz  f 

3  zvv  zz  d 

i  v*]f  =  / 

1x2x3X4 


Suppofe 


346 
1X2X3X4 

5^3 
6  +  2 

6-3 

6  +  4 
6~i 


NUMERICAL 

xrfz'v3  =  ledf 
xyzv  =  v^bcdf 

r  -  J/*** 
r  -  y W 

f 

b 


B.  II. 


each 


P  R  O  B.    XX VI  I. 

numbers,  x,  y,  z,  having  the  produil  of 
and  the  fum  of  the  other  two,  given. 


per  q 


A 


1+2+3 

4  f  (2) 

5—  1 

5  — 2 

5  —  Z 

6x7x8 

9  Lw  2 

10  -~  6 

IO  -r-  7 
10 -r-  8 


1  #  xy  +z  =r  ^ 

2|yXtf  +  2zz£ 

3 

4 


5 

6 

*- 

8 

9 

ic 

i  j 
[2 

'3 


%  X  x  +jy  zz  i 

2*y  +  2xz  +  27Z  =  I  +  *  +  ^ 

xy+xz+yzzz  -+C*    £:*  byfubft. 

yz  =  J  —  5 


#£  zz  J 

Ay  ZZ  J 


xxyyzz  zz  j  —  £  X  s 
xyz  zz  v  j 

x  zz  ^  - 


c  X  J  —  ^ 


£  X  s  —  g  X  -J  —  <* 
X*  — ^ 


_£—  b 

•bX  s  —  d 


i — c. 

—     A  —  bxs  —  c 


i  —  d 


P  ROB. 


Sefl.  L  PROBLEMS. 
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Fig. 


5T<?  find  any  polygonal  or  figurate  number. 

A  figurate  or  poligonal  number  is  the  fum  22. 
of  a  feries  of  numbers  in  arithmetical  pto- 
greffion  fiom  i.  And  thefe  are  fo  called, 
becaufe  they  denote  the  number  of  points, 
which  fill  a  regular  poligon,  placed  at  equal 
diftances,  on  lines  drawn  parallel  and  equidi- 
ftant,  to  the  fides  of  the  figure.  The  fol- 
lowing table  (hews  the  arithmetic  proportio- 
nals, and  the  poligonal  numbers  formed  from 
them.  The  numbers  of  the  arithmetical  fe- 
ries fhew  what  number  of  points  are  placed 
on  the  feveral  parallel  lines  of  the  poligon  ; 
and  the  poligonal  numbers,  fhew  the  whole 
number  of  the  points  contained  in  the  figure. 


RanLr 

Arithm.  propor- 

Poligonal num- 

Names, 

tionals. 

bers. 

I 

I,    I,    i,   I,    i,   i 

1,   2,    3,   4-   5>  6 

laterals. 

2 

i>   2>  3>  4>  5>  6 

1,   3,  6, 10,15,21 

triangul. 

3 

i>   3i  5>  7>   9>IX 

1,    4,  9,16,25,36 

quadran. 

4 

i,  4,  7,10,13,16 

1,   5,12,22,35,51 

pentang. 

5 

*>   5>  WW&i 

1,    6,15,28,45,66 

hexang. 

6 

1,    6, 1 1,16,21,26 

i>  7>l8>34>55>8* 

heptang. 

7 

I,     7, 13, 19.25,31 ,  1,    8,21,40,65,96 

O&ang. 

Let       ;    1  r  zz  any  rank,  x  zz   poligonal  num- 
ber fought. 
n  zz  place  of  x  ;  then  r —  1  zz  com- 
mon dtff.  of  the  arithm.  feries. 


arith.prcp    % 
Fr.  6. 


1  -\-  n  —  1  Xr  —  1  zz  the  nth  term  in 
thcr  arithmetic  orogrefiion. 


b.  Pr.  7.    3 


+  n 


1  X  r  —  x 


X  n  zz  rih  term 


in  the  poligonal  numbers. 


4   X  zz 


I  X  r —  i 


X  * 
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SECT.     II. 


Of  Intereft  and  Annuities. 


PROB,     XXIX. 

The  principal,  time,  and  rate  of  inter  eft  being  given  \ 
to  find  the  amount*  or  money  due  at  the  end  of  that 
time  *  atfimple  inter  eft. 


Let 


by  pro- 
portion 


i>  4 


p  sz  principal,  /  zz  time,  r  zz  rate  of 
intereft  of  i  /.  for  a  certain 
time,  as  a  year,  &c*  s  zz  fum 
of  all  the  arrears. 

i  :  r  :  :  p  :  rp*  the  intereft  of  $ 
for  a  year. 

i  :  rp  :  :  t  :  prt9  the  intereft  for 
the  time  /. 

4  p  +  prt  zz  whole  arrear    at    the  en4 

of  the  time  /. 

5  p  +  prt  =  s,  the  arrear  fought. 


Cor.  i.  Hence  p  zz 


-, ,    when  s,    r,  /,    are 


rt  +  i 

given. 

Cor,  2.  /  zz         P>  when  s,  p,  r,  are  given, 
pr 

S  ■■!     i) 

Cor.  3.  r  zz £,  wfo#  j,  p,  /,  are  given. 

pt 


P  R  O  B. 


5e£t.  II.        Interest   and  Annuities. 
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PROB,    XXX. 

<[ke  annuity,  time  and  rate  of  inter  eft  Icing  given ; 
to  find  the  arrear^  at  the  end  of  that  time>  at 
fimple  intereft. 


Put 


by  pro- 
portion 


2,3>4>5>6> 

7 

arith.prop 
Prop.  7 

io, 


10 


ii 


a  zz  annuity  or  yearly  rent ;  /  zz 
time  of  forbearance ;  r  zz  inte- 
reft of  i  /.  for  a  year,  &c.  $  zz 
whole  arrear. 

p  zz  intereft  due  at  one  yearns  end, 

ra  zz  intereft  at  2  year%  end. 

2ra  =  intereft  at  3  year's  end. 

%ra  zz  intereft  for  4  years. 

/  —  1  .  ra  zz  intereft  for  /  years. 
ta  zz  rents  due  at  the  end  of  /  years. 
0+1  +  2  +  3. ..to/  — l  X  i°to 
ra  +  ta  zz  s. 


O  +  I+2  +  3  •   •  •  ' —  I   r= 


tXt—l    , 


*x/ 


r#  +  /#  zz  j. 


/  —  1  .r+  2  ■, 

— : —  ta  zz  s. 


Cor.  1.  a 

Cor.  2.  / 
Cor.  3.  r 


2J 


/  —  1  .r  +  2  X  / 


I  or 


ar 
is  —  ta 


t  —  iXta 


PROB. 


35$ 


1 1st  T  E  R  E  S  T    and 


B.  IU 


P  R  O  B.     XXXI. 

To  find  the  prefent  worth  of  an  annuity,  to  continue  a 
given  time,  at  a  given  rate  of  Jimp  le  inter  eft. 

p  zz  preient  worth,  a  zz  annuity,  /zz 

time,  r  zz  intereft  of  1  /. 
p  +  prt  zz  s 


Let 

1 

Prob.  29. 

2 

Prob.  30. 

3 

2-3 

4 

4  -51 

5 

j    1  ta  zz  s 

2 

p+prtzzt~i'r  +  2  ta 


t — 1 


t—i.r  +  2  2 

p  zz — ta  zz  — 

r         2rt  +  2 


Cor.  1.  a  =  -Ii±-L-    X    *• 


r  +  1 


r/  +  1 


id. 


t —  1 


r  +  1 


2  22>  2D 

Cor.  2.  */  ^ S  —  ix^  =  ~, whence t may 

r        a  ra 

he  found. 
Cor.  3.  r  zz 


r        a 

2ta  —  2 


L 


2p  —  / —  i.aXt 


PROB.    XXXIL 

The  principal,  time,  and  rate  of  intereft  being  given  5 
to  find  the  amount  at  the  end  of  that  time,  at 
iompound  intereft. 

Let  1  p  zz  principal,  /  zz  time,  r  zz  inte- 
reft of  1  /.  R  zz  1  +  r  the  amount 
of  1  /.  and  its  intereft.  s  zz  fum 
of  money  due  at  the  end  of  that 
time. 

per. 


Seel.  II. 
per  queft. 


by  pro- 
portion 


annuities; 


i,  6 


35* 


i  +  r  or  R  -  money  due  at  i  year's 

end. 
i  :  R  :  :  R  :  RR  zz  money   due   at 

2  year's  end. 

i  :  R  :  :  RR  :  R3  ;=  money  due  at 

3  year's  end. 

R/  zz  money  due  at  t  year's  end. 

i  :  R*  :  :  p  :  pR*  zz  the  amount  of 

p  for  the  time  /. 
pR<  zz  s. 


Cor.   i.  p  =£,. 

Cor.2.R'  =  -,or,=     S[o&:RgP- 

Cor.  3.  R  =  4/4  or  log:  R  =  log"-*°g?. 


P  R  O  B.    XXXIII. 

The  annuity,  time,  and  rate  of  intereft,  leing  given  ; 
to  find  the  arrears  due  at  the  end  of  that  time,  at 
compound  intereft. 


Let 


byProb. 
32 


};■ 


a  zz  annuity,  or  yearly  rent,  t  zz 
time  of  forbearance,  r  zz  intereft 
of  1  /.  for  a  year,  Csfr.  Rzi+r, 
s  zz  fum  of  all  the  arrears. 

a  zz  money  due  at  1  year's  end. 

2a  +  razza+Ra  zz  arrear  at  2  years 
end. 

a-\-a\i-\-aRRzz  arrear  in  three  years, 

a  +  aR  +  aRz  -{-  #R3  zz  arrear  for  4 
years. 

*  -f-  <*R  +  aRz  4-  £K3  .  .  .  .  to 
aR"1  zz  arrear  for  /  years. 


geom. 


35* 

geom.  ( 
propor.  - 
prop.  26 

6,   7 
1,  8, 


INTEREST     and 


B.  II. 


1  +  R  +  Ra  +  R3  ...  to    R'-1 
R  x  R'-1  —  1        R'  —  1 


R 


R'—  1 


^  zz  money  due  at  the  end 


of  /  years. 

R<—  1 

—  a  zz  /. 


Cor.  1.  ail 


rs 


RT^r 


rj    -  *  loB:  *  +  * 

Cor.  2.  R'  zz  —  +  1,  or  /  zz  — s — -  . 

a  log:  R 

Cor.  3.   -  R  —  R*  zz ,  whence  R  may  he 

a  a 

found,  and  then  r. 

P  R  O  B.    XXXIV. 

To  find  the  prefent  worth  of  an  annuity,  to  continue  a 
given  time,  at  a  given  rate  of  compound  inter  eft. 


p  zz  prefent  worth,  a  zz  the  annuity, 
/  zz  the  time,  r  zz  intereft  of  1  /. 
R  =  i+r. 

pR'  zz  s. 

R<  —  1 

a  zz  s. 


Let 

1 

Prob.  32. 

2 

Prob.  33. 

3 

2  =  3 

4 

4-v-R' 

5 

;>R< 


r 

R'—  1 

rR<     ' 


0 


J-R^ 


Cor. 


Sea.  II.        ANNUITIES. 
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Cor.  i.  <J=  — — 


i  — 


R< 


Cor.  2.  Rf=  -V,  or  /  =  fe=fe-£T. 
# — ^r  log:R 


Cor.  3.  R'  +  --  R' 
and  r  will  be  found. 


a 


R/+I  -=.  —•  >    whence  R 


P  R  O  B.     XXXV. 

2^  jf«i  /£?  value  of  an  annuity  to  continue  for  ever^ 
at  a  given  rate  of  compound  intered. 


Let 

Pr.  34.   \ 

ftep.  5.  1 

Prob.  73. 
cor.  7. 

2>  3> 


p   z:  prefent   worth,    a  22  annuity^ 
r  =  intereft  of  1  /.  R  ~  1  -f-  r. 
R<—  1 

*  rR' 

but    fince    /   is    infinite,  R'   is   infi- 
nitely   greater    than    i,     whence 
R<  —  1  =  R'. 

R'  x     a 


-(«?•*)    ?? 


Cor.  1.  aizpr. 

^  a 

Cor.  2.  r  —  — . 

PROB.    XXXVI. 

^  w&tf/  rate  of  inter -eft  will  iool.  amount  to  200L 
*#  9^  j^rj,  a/  compound  interejl. 


Let 
Prob,  32,1  2 


r  zz  rate  of  1  /.  R  zz  1  +  r,  /  =  9  £• 

2-H 


100R  +  zz  200.  ^r  qvieft. 
A  a 


354 


2-f- 

4^39 

5  —  i 
6xioo 


INTEREST    and 


B.  II* 


R*   =2 
R"  ±  16 

39 

Rziv/i6   zz  1.0737  by  logarithms 

R  — 1  zzr  =.0737. 

7.37  z=  rate  of  intereftp^r  r*#/. 


PROS,    XXXVII. 
If  a  principal  x  be  put  out  at  compound  interefl,  ft 
x  years ,  at  x  per  cent,   to  find  the  time  x>  in 
which  it  will  gain  x. 


ror 


Prob.  32.]  1 
per  queft 


1,  2 

2~x 

nature  of 

logs. 
Prob.  84 
cor.  1.      6 


6, 

by  reverf.    8, 


pR*  zzs 

pzzxy  rzz  — ,  R  —  H ?  t  —  x 

100  100 

5  =:  2x. 


#  X  M -I    S=  2tf, 

IOO 


1     * 
I  +  — 

IOO 


2, 


'    100 


X  XX 

ft  ^    ;   ____ 

100  20000 

&c.:=^3 
JVL 

+ 


+      * 


tf! 


3OOOOO0 


XX 

IOO 


*+ 


20000 

=,693147 

x  =z  8.49824  years* 


3000000 


&c 


PRO 


ANNUITIES. 
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.PROB,    XXXVIII. 

jiven  the  rate  per  cent,  for  a  year  (5 1.),  to  find 
what  the  amount  of  any  fum  (100I.),  will  be  at 
the  year's  end^  at  compound  inter  eft ;  fuppofmg  it  to 
wife  from  the  principal  and  inter  e  ft  due  every  dayfiLQ, 

r  zz  intereft  of  1  /.  for  a  year. 
n  zz  365  the  parts  of  a  year, 

—  zz  intereft  for  1  day. 

n 

r 
1  +  —  zz  money  due  at  one  day's  end. 

zz  money  due  at  the  year's 


Let 


\ 


3> 
'rob.  32. 


6, 

6x100 

or  5, 


i  +  - 

n 

end, 


ic 


n  x  log  :  1  H zz  log  t    amount 

n 

for  a  year  zz  .0215694. 

1.0509  zz  amount  for  a  year. 

105,09  zz  amount  of  100/. 

.    r  T  ,        .  n  • n 

H zz  1  +  r  + 


2nn 


rr  + 


n,n 


1 .  n 


r*  &c»  the  amount 


2.3«? 

for  a  year. 
If  the  intereft   is    fuppofed   to  gain 
intereft    every    moment,    by    be- 
coming   part    of    the    principal  j 
then   n   is   infinite,   and 

r~\n  rz  r*  r+ 

i  +  -   =i  +  r+-  +  —   +  

n  2         2.3         2.3.4 

&c.  the  amount  at  the  year's 
end.  But  this  feries  is  the  num- 
ber belonging  to  the  hyperbolic 
logarithm  r,  whence 

A  a  2  The 


356 


INTEREST     and 


B.  IT. 


u  The  number  belonging  to  the  lo- 
logarithm  .43429448 r  zz  amount 
of  1 /.  for  a  year  =e  10513! 
and  for  100  zz  105.13,  to  gain 
intereft  continually. 

SchoL  If  the  intereft  for  a  day  be  required,  fa 
that  it  may  amount  to  1  4-  r  at  the  year's  end,  at 
compound   intereft ;  then   the  amount  at   1   day's 

end,  will  be  Vi  +  r  ;  which  is  fomething  lei's  than 


+■2. 

n 


fROB,     XXXIX. 


A  man  puts  out  a  fum  of  money  at  6  per  cent,  tc 
continue  40  years ;  and  then  both  principal  and  in 
tereft  is  to  fink.  What  is  that  per  cent,  to  conti* 
nuefor  ever  ? 

The  queftion  amounts  to  this;  if  100/.  b( 
paid  for  an  annuity  of  6L  a  year  for  40  years 
what  is  that^r  cent  ? 


a  zz  6,  p  zz  100,  /  zz  40,  rzzrate  0 

1  /.  R  z  1  +  r. 

los,:a  —  log:^  — pr 


Put 

l 

?rob.  34. 
cor.  2. 

2 

2  X 

3 

Suppofe 

4 

Suppofc 

5 

Log:  R   =  l0"  :  *  ~  1q*  :  "-* 


1:6  —  1:6 


ioor 


40 

R  zz  1.05;  then  r  zz  .05,  m 
L:R  zz  .019454;  whence  R  1 
1.046  which  is  too  little. 

R  zz  1.053,  then  r  zz  .053,  m 
L:R  zz  .023324,  and  R  zz  1.05- 
too  big.  Thc. 


eifh  II.        ANNUITIES. 
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'hen  by  Rule  5,  Prob.  xcii.  B.  I.  you  will  find 
:  zz  1.052,  and  the  rate  zz  5.2  per  cent,  which  may 
e  repeated  for  more  exactnefs. 

PROB.     XL. 

r  200 1.  be  due  3  years  hence ;  and  80 1.  5  jy<?ar.r 
>ter£  i  /#  what  time  muft  both  be  paid  together ',  #f 
5  per  cent. 

i)  /  zz  the  time, 
200 

:;  zz  172.76.  the   prefent   worth 

uo:5|s        **/  * 

of  200/. 

80 
==-  zz  62.68,   the   prefent   worth 
1.05I' 

or  80/. 
235«44>   the   whole   prefent  worth. 
t  zz  lQg:28°-—  lQg;  235-44.,^ 
log :  1.05 

years, 

R  R  O  B.     XLL 

&#/  *»«/?  /  ^#y  /<?r  an  annuity  of  70  L  /0  i^f /«.  6 
y^?n  ^<?«^,  and  then  to  continue  for  21  years ',  */ 
5  per  cent  ? 

^  zz  70,    /  zz  21,    R  zz  1.05,   tf  zz  6. 


Let 

i) 

rob.  32. 
cor.  1. 

2 

ib. 

3 

2+3 

4 

■ob.  32. 

5 

or.  2. 

3-5527 


Let 

1 

ib.  34. 

2 

ib.  32 

pr.  1. 

3 

I  — 


k 


^  zz  prefent   worth   of    the 

annuity  7  years  hence  zzj. 
1 

I  —  R>         R<— 1 

;  zz  ~^r~  a  zz  5^77;  a  zz  prefent 

worth  of  s>  7  yeas  hence,  zz 
669.704  /.  the  prefent  worth  of  the 
annuity  in  reverfion. 

A  a  3  SECT. 


35*  B.  IT^ 

SECT.      III. 

Arithmetical  and  geometrical  Progrejjiort, 


PROB,    XLII. 

A  traveller  Jets  out  and  goes  9  miles  a  day  \  3  days 
after  >  another  follows  him,  who  travels  the  fir  ft  day 
2  miles,  the  fecond  3,  the  third  4,  and  fo  on.  In 
what  time  will  he  overtake  the  fir  ft  f 


per  queft, 
arith.  pro- 
grcflion. 

pr  qu.  < 

3-5 

6  reduced 
7  extr. 


x  zz  days  the  lafi:  travelled, 

x  —  1  +  2  =  his  laft  day's  travel. 

his  whole  journey* 


i  +  4 


X  x 


x  +  3  zz  days  the  firft  travelled, 
firft  man's  journey. 


#  +  3X9 
xx  -j-  Zx 


gx  +  27 


xx — 15*  ^54, 
x  -  18. 


P  R  O  B.    XLIIL 

tyhere  are  three  numbers  in  arithmetic  progreffion,  tfa 
fquare  of  the  firft  together  with  the  producl  of  th 
other  two  is   1 6 ;  and  the  fquare  of  the  mean  to 
get  her  with  the  producl  of  the  extr  earns  is  1 
What  are  the  numbers? 


Put 


per  qu.  j 


a  —  e>  a9  a  +  e  for  the   numbers 
b  —  16,  c  zz  17. 

2#tf—  ae  +  ee  zz  b 
2aa  — eezzc 

2  + 
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z  +  3 

4  tran. 
3  tran. 

6  X  aa 
5&>2 

7  =  8 

g  reduced 
io  ext. 

5  +  a 


4 

5 
6 

7 

8 

9 
to 

ii 

12 
*3 


4^  —  ^  =  £  +  r  :=  j  by  fubft. 

ae  zz.  4.aa  -—  s 

ee  zz  iaa  —  c 

aaee  zz  2  a*  —?  caa 

aaee  zz  1 6a*  —  Ssa2,  +  ss 

1 6a*  —  Ssaz  4-  ss  zz  la*  —  caa, 

1 40*  —  Ss  —  c.aa  +  ss  zz  o 

aa  zi  9,   0  —  3. 

4##  —  5 

e  zz zz  1. 

a 

and  the  numbers  are  2,   3,  4f 


P  R  O  B.     XLIV. 

2^r*  are  four   numbers  in  arithmetical  progreffion% 
itshofe  common  difference  is  2,  and  produtl  3465* 


Let 


per  queft. 

2  X 

3  extr. 


2£  zr  2,  or  b  zz  1,  p  zz  3465  ;  «  —  3^, 
a  —  b9  a  +  b9  a  +  3^,  the  num- 
bers fought. 

#£  —  gbb  X  aa  — •  bb  zz  p 
a*  —  \obbaz  +  gb*  zzp. 
aa  zz  64,    a  zz  8. 
the  numbers  are  5,  7,  9,  ill 


P  R  O  B.    XLV. 

To  find  five  numbers  in  arithmetic  progrejfion,  whofe 
fum,  and  product  are  given. 


Put 


per  qu, 


1 


a  —  2et  a  —  e,  a>  a  +  e,  a  +  2e  for 
the  numbers,  b  zz  fum  zz  25, 
p  zz  produ£t  —  2520. 

5tf_3<>  +  3^  —  5a  zzb. 

b 
a  — -  —  zzm  by  fubft. 

5 


a  X  aa 


—  \ee  X  aa 
A  a  4 


eczzp. 


3>4 


$6o 
3>  4> 

6  -r  m 

7  extr. 

i 


GEOMETRICAL  B.  II. 


m  X  mm  —  4^  X  *»/«  —  eezzp* 
m  X  #*4  —  $mmee  +  4?4  zz  p 

4*4  ■— "  Smmee  +  m*  zz  —  • 

^m,  e  zz  1. 

and  the  numbers  are  3,  4,  5,  6,  7. 


PROB,     XLVI. 

To  find  three  numbers  in  geometrical  progrejjion^  where 
the  fum  is  20,  and  the  fum  of  their  jquares  140. 


Let 
per  qu; 


1 


3—  y 

6,  2 

7— jv 

3,  8 

9* 

2x4 
6—11 


12  hjj  2 

5  +  *3  |i4 


Af,  ^,  z   be   the  numbers,   b  zz  20* 

f  —  140. 
#2;  zz^ 
ff  +  JV  +  z  zz  b 
xx  +yy  +  ZZZZC 
x  +  z  zzb — y 

xx  +  2#z  +  zz  zz  bb  *—  2^7  +yy 
xx  -\-  zz  +  lyy  zz  bb  —  2by  +  yy 
xx  -\-  zz  +  yy  zz  bb  —  %by 
bb  —  iby  zz  c. 

4x-z  zz  43jjr 

##  —  2#z  +  22  =  ££ —  2#y —  %yy 

x  —  zzz  y/bb  —  uby  —  ^yy 

__  b  > —  y  +  \/ bt?  —  iby  —  $yy   


X 


5  —  13 


*5 


»3T+y/i,:j: 
2 

•  b  — y  —  \/Tb 


i%i 


Sni 


2by—2yy   _ 


PR  OB. 
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P  R  O  B.    XLVIL 

To  find  four  numbers  in  geometrical  progrejfion,  whofe 
fum  is  15,  and  the  fum  of  their  fquares  85. 

Let 
per  qu.  < 


3>   4 
bypropor 

Put 


5>  7>  » 
But 

2,  10 

7>  " 

j 3  tran. 
I4->i  7 

12,  15 

17  tran. 


v9  x,  v,  2  be  the  numbers,  £  zz  15, 
r=85- 

?;  +  #-l-j-{-2:zz£. 

^  -J-  ^  4.  yz  +  Z*_=£. 

g+g-hy+gj*  =  *4-,ylx  +  v+z\*  + 

Jjy  +  VV  +  21?2J  +  22  +  2  X  *  +y 

X  v  +  2  zz  bb.     

c  +  zxy  +  ivz  +  i  X*+y  Xv+zzzbb 

vz  zz  #y, 
^zzx-H',  ezz.scyzz.vz  by  proportion, 
^  +  z  zz  £ —  <z. 

c  +  4*  +  2#  X  t?  —  azzbb. 

t>zz  — ,  zz-7-,   by   the   nature   of 
y  x 

proportion, 

xx  yy 

-  +  x+y+Jlzzb 

y  x 

x*  +j? 
a  -j 

xy 


b 


x  4-  yV  zz  a2  zzx*  -h3#2v  4-  %xyl  -f- j* 
^5  +  J3  zz  a2  —  $xy  x  #  +  y 

x%  -\-y3       a*  a* 

zz 34  zz 7a. 

xy  xy  e 

e        ° 
a}  —  lae  zz  be 
be  +  zae  zz  a1 

18  ~ 


362  GEOMETRICAL 


b.  ir. 


i8~ 

13 

9>  19 

20 

20  reduc. 

21 

21  cxtr. 

22 

19 

23 

7 

^4 

24  X 
25  reduc 

25 
26 

b  +  2# 


*  +;. 


40* 


£  +  2# 

&z<3  +  ca  zz b 

2 

a  zz  6, 

*zz  8. 

*  ,     e 

;>  zz  —,  <z  zz  *H 

x  x 

ax  zz  xx  -f-  e 

xx  —  ax  -j-  e  zz  o. 

26  extr.  I27I  x  zz  %. 

10,  24   1281^  zz  4,  v  zz  1,  z  zzS, 


+  2#£  —  zaa  zz  ^ 


P  R  O  B.    XLVIIL 

To  find  four  numbers  in  geometrical  progreffion,  fuch 
that  the  difference  of  the  means  is  ioo,  and  the 
difference  of  the  extr  earns  620. 


Let 

1 

a,  *,  u,  y  be  the  numbers,  b  zz  ioo, 
£  zz  620. 

er  queft. 

2 

y  zza  —  cy  u  zz  e  —  b. 

But 

3 

au  zz  ee,  ay  zz  eu,    by    the  nature  of 
progreffion. 

3>  2 

4 

ae  —  ab  zz  ee,  aa  —r  ac  zz  ee  —  el\ 

4   -r 

5 

ee 

6 

e*             cee                   7 

4>    5 

aa-~ac—  -_^  ~  e^.b—ee' 

6x 

7 
8 

e*  —  ce  X  *  —  £  zz  <?  —  b\* 

7  tran. 

ib  —  cee  +  cb  —  ^bb.e  zz  —  b\ 

8  red. 

9 

1             bl 

ee  —  be  zz . 

c  —  zb 

9  extr. 

1C 

e  zz  125 

2,  5 

1 1 

a  zz  625,  y  zz  5,  u  zz  25. 

PROB. 


Scft.  III.        PROGRESSION, 


zH 


PROB,    XLIX. 

tfhe  fum  of  four  quantities  in  geometrical  progreffion 
being  given^  and  the  fum  of  the  fquares  of  the 
means*  to  find  the  quantities. 


Let 


Put 

6, 

3>  4>  5 
8  red. 

7> 

IO-r-  a 
II,    12 


a*,  aze>  aez,  e2  be  the  quantities, 
b  =  fum  of  all,  c  zz  fum  of  the 
fquares  of  the  means. 

a J  +  aze  +  ^2  +  e*  zz  £. 

#V  +  aze*  zz  f . 

^?  -f  aze  -f  ***  +  e^  zz  az-\-ezXa+ezz 

*'*»  ~" 

y  zz  #V  +  aez9 
yy  zz  « +^*  +  la* e%  +  aze\ 
yy  —  c 

■      Cy  ,    zzb 


iyy  —  ic 

byy  —  2^y  zz  fo 


*l 


=  yyjrIZi=d 


y  -  y 

a  +  ezz -r 

.    d        y 

a  +  -  =  '6  • 

a  a 

aa  — ^f  +  rf  zz  o,  whence  #,  ^  and 

d 

all  the  numbers  are  known. 


PR  OB. 


ZH 


GEOMETRICAL 


B.  It 


P  R  O  B.    L. 

There  is  given  the  fum  of  the  fquares  of  the  ex tr earns 
(£)>  of   four  quantities  in  geometrical  progrejfion ; 
and  the  fum  of  the  means %  or  their  jquares  (c)  9  to 
find  the  quantities, 


d*9  a%  ae\  e>  be  the  quantities  5 

a6  +  e6  zz  b. 

a*ez  4-  dxe*  zz  c. 

a6  4-  a*ex  +  ale*  +  e6  zz  b  4-  c  zz  d. 


Let 

per  qu.  < 

3 

2  +  3 

4 

5 

5  X  aW 
Put 

6 

4  —  7 
3*  6>  7>  8 

8 
9 

3»    7 

iC 

10  lw  2 

1 

3>  4,  7> 

12 

12  lw  2 

"3 

11  4-  13 

14 

r  X  # 


<?a  zz  tf£  4-  H: 


^5  4-  aAel  X  #V+  4-  ef  zz  a*e*  4-  a2^)1 
y  zz  a6  4-  ***** 
a***4  4-  *6  zz  d —  ^ 

Y  Xd — y  zz  cc9 
a6  4-  2a4 ee  •+■  aae*  zzy  4-  c 
a^  4-  aee  zz  \/y  -\-  c  zzp. 
a^ee  4-  20V  +  e6  zz  c  4-  i — j> 

aze  +  e*  zz  y/c  4-  d  —  y  zz  q 

a*  -\-  aze  -\-  ae7,  -\-e^zzp+q>  Whence 
the  numbers  will  be  found  as  m 
the  laft  problem. 


Let 

per  qu.  ^ 

3  —  * 

4>  5 


Or  thus, 


XX 


—  1  *>  y,  —  be  the  quantities. 

_Vy  XX 

x  +y  zz  c9 

y  zz  c  —  x 

x*  4-  y6  zz  bxxyy 

X6  +  c  —  X    zz  fax  xc  —  x\* 


eft.  HI. 
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6 

7 

fx6  +  c6  —  6csx  -}-  I§C*XX 20C3X*  + 

i$c%x+  —  bcx5  +  xs  zz  beexz  —  2hx* 
+  bx± 

reduced 

b 

£        +  2&" 

+  15c*  xx  —  6csx      +  f6  —  0. 

PROB.     LI. 

Gzi^tz  /£<?  y#/»  0/  /#£  ex tr earns  (b)  of  five  quantities 
in  geometrical  progrejjion^  and  the  fum  of  the  three 
means  (e)y   to  find  the  quantities. 


a\  a*e,  azez,  a§\  <?4  be  the  quan- 
tities. 

a±  +  e±  zz  b. 

a3e  -j-  alez  +  ae*  zz  c. 

a*e%  X  qt+zaw  +  e*  zz  4V  xaa+eef 
zz  an  +  ae*¥. 

y  zz  aaee. 


Let 

1 

per  qu.  < 

2 

4 

Put 

2,   4,    - 

6  reduced 
*  ±5 

i 

6 
> 
8 

8^2  i 

9 

iO 

>'  X  0  +  2\  zz  c  —  y\ 
yy  -\-  by  +  2cy  zz  rt. 

#4  ±  200  a?  +  * *  zz  £  ±  2y 

aa  -\-  ee  zz  s/b  -f-  2)' 

##  —  ee  zz  s/b  —  2y  Whence  #,  ey 
and  all  the  quantities  are  eafily 
found. 


PROB, 
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GEOMETRICAL 


B.  II. 


PROB,    LII. 

Of  five  quantities  in  geometrical  progrejfion,  there  is 
given  the  fum  of  the  extreams  (b),  and  the  fum  of 
the  fquares  of  the  three  means  (c)  j  to  find  the 
proportionals. 


Let 


per  qu 


•{ 


Put 

2,  3>  4.  5 
6+yy 

2,  5 


8tou2 


1 


.i  a\  a*e>  aze%7  ae*,  e*9  be  the  quan- 
tities. 

2  a*  +  e^  zz  b. 

3  a6ez  +  aW  +  aze6  zz  c. 

4  #V  X  a*  +  ^  z:  £6£<?  +  *f£6 

6  ^  x  #  zz  c  —  *+£4  zz  r  — jy^, 

7  jgp  .  +'  #  zt  c . 

8  ^+  +  2^2^  +  e*  zz  b  +  2y 

9  ##  +  ^  zz  \/b  +  2y. 
io  aa  —  ee  —  y/^  —  2jy. 

whence  all  the  reft  are  found.1 


P  R  O  B.     LIU. 

There  are  four  quantities  in  geometrical  proportion 
difcreety  whofe  fum  is  b,  fum  of  the  fquares  c7 
and  Jum  of  their  cubes  d9  to  find  the  numbers. 


Let 

i 

C 

2 

per  qu.  < 

3 

C 

4 

Put    i 

5 
6 

5®*2&C. 

7 

2$  5>  6> 

8 

#,  ex,  y,  ey,  be  the  numbers. 
x  +  ex  -\-y  +  ey  zzb 

xz  +  ezxz  +yl  +  ezyz  zz  c 

x%  +  e3x*  +  jJ  +  e^f  zz  ^ 

ff  +  y  =  vs  #z  +/  zz  z, 

i  +  <?  zz  j,  i  -f-  ee  zz  t,  i  +  e*  zz  u 

VV Z  22  VV 

— — ,  *i  +r  =  — - — 


xy  zz  — 

sv  zzb 


V 


3>  5>  6 


Seft.  III.        PROGRESSION, 


Z67 


2>  5>  6 
4>  6>  7 

8,  o 


reduced 
6,  *3> 


t%~  c 

32;  — 1-  w 


12 

14 


w  z=  */. 


3^« 

25/  2J 

3^52« bHU  ZZ  2J*/^. 

and   reftonng  the  values  of  s,  /,  u ; 

then    3^  X  1  +  "*'  X  1  -+-  e\z  — 

^5Xi+«!Xi+^-  2^X  x  +  e[l 

X  1  +  ^9  a  5th  power. 

And    £    being   known   all   the    reft 

are  eafily  found. 


-&&<&& 

<&&%> 

.#«$• 
* 


SECT, 


3*3 


B.  II; 


SECT     IV. 

Unlimited  Problems. 


P  R  O  B.    L1V. 

Hew  many  old  guineas  at  21s.  6d  and  piftoks  at 
17  s.  will  pay  100 1 5  and  how  many  ways  can 
it  be  done  ? 


Let 

per  queft 

2  - — 

3  + 

2   -f- 

5  abrid: 


43* 


+  6 


43 
7*  (5) 

8-135 

43 

9*  (4) 


7  — - 10 
11  X(43) 


^zzguineas,  £=piftoles ;  21  J.  6  d.zz 
43  fix-pences,  17  J.  — 34  fix-pences, 
and  100  /,  zz  4000  fix-pences, 

43*  +  34*  =  4000 
34?  zz  400c  —  430. 

4O0O 2A£  .    . 

#  zz -2Z.  zz  wb. 

43 

■ —  zz  wh. 

43 

91±1  =  m. 

43 
«1±5  ±  wbm 

43 
*i+5  -  wh. 

43 

8*  -j-  20 


43 


zz  wh. 


I 


43  /  4.     J 

*  zz  43P  +  19  =i9>  02,  105,  the  pi 

Holes. 
a  zz  78,    44>     i°>    the   gu.1* 

neas;     being     three     anfwers     in| 
whole  numbers. 

PRO  B. 


Sea.  IV, 


Unlimited    Problems,1 
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P  R  O  B.    LV. 

What  number  is  that,  which  being  divided  J|  2,,  3* 
4.  5>  6,  7,  8,  9,  10,  j  1,  12,  /£m?  will  remain 
1  5  £#/  divided  by  13,  //&£#  o  w/7/  remain. 


It  is  plain  5x7x8x9X11.  or 
27720  is  divifible  by  any  of 
thefe  numbers. 

a  =:  fome  whole  number. 

13?  zz  the  number  fought.  . 

277200  +  1  zz  13* 


1 

Put     ^ 
fer  queft. 

2 

3 

4 

4  + 

5  abrid. 

6 

6x(3) 

/ 

(0-7 

8 

8x 
ioX(i3) 

10 
11 

277200  -f-  I  __ 


*3 


«;£. 


13 

1  >0  +  2 


a  — 3 

J3 


zz  wh. 


wb.  zip. 


a  zz  13P  +  3  z=3,   16,  &c. 

^6397. 

13?  zz  #3161  the  number  fought. 


P  R  O  B.     LVI. 

*f  man  bought  20  &><&  /br  20  pence  •,  £**/£  0/  4d. 
2«<«7r  0/  half  pennies ,  and  larks  at  farthings.  How 
many  did  he  get  of  each  ?  ' 


Let 

per  qu.  ^ 

2  tr. 

3>    4 

5  r  ed. 


0  zz  geefe,  *  zz  quails,  jy  zz  larks. 
a  -\-  e  +y  zz  20. 
40  +  i*  +  -ijy  zz  20. 
y  zz2o  —  a  —  e 

40  +  i*  +  5  — zz  20. 

4 
150  +  £  zz  60 
B  b 


6. 


'7° 

UNLIMITED 

6,       \  j\a  _d  4. 

2  tran.      8 

e  zz  20  — a — y 

3,  8 

9 

a  +  y 

40+  io+-i>' 

2 

9  red. 

10 

7# — \y  ~  20. 

10 

11 

#  c_  2. 

7>  « 

12 

^  =  3 

2,  12 

13 

e  +  y  zz  17. 

3,  12 

14 

i-e  +  iy  =  s. 

14  x  (2) 

*5 

<?  +  47  =  16 

*3  — 15 

16 

l)=I.J  =  2, 

*3> 

l7 

*  &  I5» 

b.  ir 


=2  20 


P  R  O  B.     LV1I. 

A,  B,  C,  tf#d  /fe>  cwz;^  P,  Q,  R,  went  to  th 
market  to  buy  hogs.  Each  man  and  woman  boughi 
as  many  hogs  as  they  gave  /hillings  for  each  hog— 
A  bought  23  hogs  more  than  Q-,  and  B  bought 
1 1  more  than  P.  Alfo  each  man  laid  out  3  gui- 
neas more  than  his  wife.  Which  2  perfons  wer 
man  and  wife. 


Let 


But 


x  tz  hogs      fome      man      bought 

x  — y  zz  wife's  hogs, 
the  money  for   the   man's   zz  xx9 
xx —  2xy  +  yy  zz  wife's  money. 
xx  zz  xx  —  2xy  -\-yy  +  6gt 
2xy  =  63  +jry 

2jy 

*•  —  y  zz  -  =w^ 

In    this    cafe   j    muft    be    an 
number,    z  1,  3,  5,  7,    &V. 
it  cannot  be  5. 


ode 
bu 


Sett.  IV, 
8, 

pr  quell. 


10 


1 1 


PROBLEMS. 

If  y  =  i,  *  —  jaz  31,  *=:  3* 
jy  =  3,  *  —  y  zz   g,  x  zz  12, 
j  21  7,  * — j  zz   1,  x  zz    8 
A    has    32    hogs,    and    Q    9, 
Alfo    B    has    12,    and    P  "  1, 
Whence  B    and  Q 
C    and  P 
A   and  R 


37* 


are   man   and 
wife. 


P  R  O  B.     LVIII. 

¥0  find  f,  y  in  whole  numbers*  fo  that  yy  —  ee  -J-  lief 
=  184, 

1  To  deprefs  the  equation,  put_yzz#+£. 

2  yy — ^+22£:z:#tf+2X£ -}-2 2^  —  184. 
xx    __  92  — -|## 


2  -r- 
2  -r- 

4> 


5> 
Put 

6>  7 


o, 


9 
to 

5>  9      11 

II  -r  (2)    12 


184 

e  zz  - 


—  wh» 


22  +  2X  11  -J-  ^ 

therefore    #     mud    be    an    even 
number.     Therefore 


rather  make  2e  zz 


184 


xv 


zz  w£. 


II   -j-  X 

reduce    the   equation    as    low    as    it 
can,    then    ze  zz  —  x  +  11   + 

— '  zz  wh. 


11 

63 


wh. 


11  -r  x 

11  +  a;  zz  p 

—  =z  w£.     Therefore  take  p  zz  any 

divifor   of  6^    that   ispzzi,    3, 
7,  9,  21,  63. 
then  x  zz— 10, — 8, — 4,-2,10,  52 

j  =62,  ax,    9>    7>    3>         1 

2?     ZZ    84,  40,  24,   20,      4,  40. 

e     zz  42,  20,  12,  10,     2, — 20, 
y      zz  32,  12,     8,     8>  12,       32. 

B  b  2  And 
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UNLIMITED 


fi.lt 


And  any  pair  of  thefe  will  folve  the  problem,  which 
ire  all  the  poflible  anfwers  in  whole  numbers. 


PROB.    LIX. 

A  vintner  has  wine  at  24  d.  22  d.  and  18  d«  pe 
gallon  \  of  which  he  would  mix  30  gallons,  to  b 
fold  at  20  d.     How  much  muft  he  take  of  each  ? 

a9  £,  y  be  the  quantities  of  each, 

a  +  e  +  y  =  30. 

24a  +  22e  +  i8y  zz  600. 

24a  -f-  24^  +  24-y  zz  720. 

22<*  -f-  22*  +  227  =  660. 

2e  +  6y  zz  120. 

e  +  2y  zz  60  .  e  zz  60  —  %ym 

y  J3  20. 

—  2a  -f-  4y=6o  .  azz2y  —  30. 

4y  tz  60  +  2a* 

jy  =  16,  17,  18,  19. 
#  —  2,  4,  6,  8. 
e  zz  tz,    9,    6,    3. 

PROB.     LX. 

'Itf  ,/iW  the  value  of  e,  y,  u9  x9  z  in  whole  numhe\ 
in  the  two  given  equations  following. 


Let 

1 

per  qu.  | 

2 

3 

2X(24) 

4 

2X  (22) 

5 

'    4  —  3. 

6 

*-*-(*) 

7 

7, 

8 

5~3 

9 

9  +   2<3 

10 

IO, 

11 

8,  io, 

12 

9> 

*3 

7> 

14 

Given 


\ 


IX  (4) 
IX  (9) 

2  —  3 

4—2 

Suppofe 


e  +  y  +  u  +  x  +  zzz  60.              1 

3'  +  4jy  +  £«  +  7--  +  9Z  =■  440.    1 
4^  -\-  4y  +  4U  +  4X  +  4Z  zz  240  1 

9*  +  9J  +  9^  +  9*  +  9Z  =  54o    1 
—  e        +  #  -f-  3*  +  52  —  200.  ec 

6e  -}-  c>y  -\-  am  -\-  2X   ~  ioo.£  _n  \i 

e  ss  10. 
^  +  «  +  »v  +  2  =  6o  —  e 

=  5° 
2  — 

PROBLEMS. 
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4y+5*+7*+9£=44°  —  Zezz^10* 

5y+5^+5x+5^=:250' 

9y+9u+9x+9Zzz45°- 

—y       +2X+4^  =  i6o.iy  c- o. 

5y+4u  +  ix  =  40  -7  ^  64. 


ISeft.  IV. 
2  —  3<? 

?X(9) 
9 —  10 

11— 9 

Suppofe 

8  -jr. 

9—  47 

J5X(5) 
'5  X  (7) 
16 —  17 
16  —18 

Suppofe 

15—2 

16  —  92 

2*X(5) 

*3  —  24 
22  —  a; 


>nd  one  anfwer  is  got,  i>/z.  e  =  io>y  zz  4,  «  =  4, 
=  2,  z  =  40.  for  10  +  4  +  4  +  2  +  40  =  60. 
nd  3x10+4x4  +  5x4+7X2+9x40  =  440. 


M 

.7  =  4. 

'5 

u  -f-  #  +  2=  50  —  37  =  46. 

16 

5«  +  yx  +  9Z  zz  410  —  4?  =  39+ 

l7 

5*  +  5*  +  5Z  =  23°- 

18 

7«  +  7*  +  }z  zz  322 

l9 

2,v  +  42;  =  164 .  2  j  40I-. 

20 
21 

—  2«      +  22Z   72.2  =  or  c  37. 

2  =40. 

22 

#+#  =  46— -z  =  6. 

*3 

5«  +  7*  =  394  —  9%  =  34 

^4 

5u  +  5x  zz  30 

25 

2#  =     4  .  tf  =  2 

26 

«  =  6  —  #  =  4. 

P  R  o  b.    Lxr. 

"0  find  a  perfect  number +  or  one  which  is  equal  to  the 
Jum  of  all  its  aliquot  parts. 


Suppofe 


frqueft. 


yn  x  =  a  perfect  number. 

then    1  4-  y  +yz  .  .  .  to  jy%  +  x  + 

*y  +  ty1  •  •  •  to   xyn'1  =   fum   of 

all  the  aliquot  parts. 
yxzzi+y..  mj*  +  x  x  1  +y...f'-1 

B  b  3  Cor. 
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UNLIMITED,  &c.  B.  II 


9  tr. 
10  -r- 
ii  tr. 

I,   12 


i  +  y 
i  +  y 


yH     


y*1 


y— i 


1     .    ^— T 


# 


7 — i.y  x — yn —  i.xzzy»  +  l 

yn  + «  —  I 


X  =. 


y  — ■  i  .ytt  — yn  +  i 
But  that  x  may  be   a  whole   num- 
ber, 

y J  ,y  «_jy«   -J-   I   ZZ  I. 

io  y  —  i  .jy*  =?" 
ii  y  —  i  zz  i 

1  y  •=.  2. 

13  2"yr  a  perfect  number. 

1/,   2nx  2"+  x  —  i~  ~  perfect  number, 

where  zn  +  l  —  1  muft  be  a  prime 

as  appears  by  ftep  2. 
j  If  n  is  an  odd  number  greater  thar 

1,  then  2a+l  —  1  will  be  a  com 

pofne  number. 


SECT 
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SECT.       V. 

Rational  Squares,  Cubes,    &c. 


PROB,     LXII. 
To  find  two  fquare  numbers  %  whofe  difference  is  given* 


Put 


2    ©^    2 

3—4 
h   5 


Let   xx   and   yy   be   the    numbers, 
a  zz  difference^ 

z  4-v 


X 


nu 


==  V 


2  2 


If  tf  zz  27. 
It  a  zz  20. 


4 
22; —  22-1;  4-  vv 

— — =? 

zv  zz  xx  — yy 
zv  zz  a 

Take  v  at  pleafure.  then   z  zz  —, 

1  v 

whence  x  and  jy  are  known. 

If  a  is  a  whole  number,  and  *  and 

y  are  defined  in  whole  numbers  ; 

take  any  two  factors  that  produce 

a,  fo  they    be  both  even  or  both 

odd    numbers,    if    poffible.      And 

therefore    a    muft    be    either    an 

odd  number  greater  than  1,  or  a 

number   divifible    by    4,    to    have 

x  and  y  in  whole  numbers. 

Take  «r=i,  zzziy,  or  vz-3,  zzzg. 

VZZ2,    2=l6: 

B  b  4  P  R  O  B. 
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RATIONAL 


B.  II. 


P  R  O  B.      LXIH. 

To  divide  a  given  fquare  into  two  other  fquares. 

aa^  ee  zz  the  fquares  required,  bb  zz 

the  given  fquare. 
a  zz  sv 
e  zzrv  —  b 
aa  zz  ssw 

ee  zz  rrvv  —  irbv  +  bb 
aa  4-  ee  zz  rr  4-  ss  vv  —  irbv  +  bb 
rr  4-  ss.vv  —  irbv  +  bb  zz  bb 
rr  +  ss.vv  zz  irbv 
irb    ' 


Let 

i 

aflume  < 

2    ©->    2 

3^2 

4+5 
per  queft. 

7  tr. 

2 

3 

4 

5 
6 

7 
8 

8   4- 

9 

2>   9 

IO 

3>  9 

n 

i 

V  zz 


rr  +  ss 

irbs 

rr  +  ss' 


rr 


ss 


rr  +  ss 


P  R  O  B.     LXIV. 

To  find  a  fquare  number  {aa\  which  multiplied  by  a 
given  number  (n)^  and  a  given  fquare  (bb)  added 
to  it  \  the  fum  may  be  a  fquare. 


naa  +  bb  zz  yy. 

va  in  b  zz  y 

vzaa  —  ibva  +  bb  zz  yy 

vzaa  —  ibva  -{-  bb  zz  naa  +  bb 

vvaa  —  naa  zz  2bva 
vv  —  n.a  zz  ibv 
x    ibv 


Let 

ij 

a  flume 

2 

2    <&>    2 

3 

*=3 

4 

4   tr. 

5 

$4-4 

6 

? 

*/  a 


vv  —  n 
at  pleafure. 


,  where  v  may  be  taken 


PR  OB. 


Se&.  v. 


SQUARES,    Gfo 


*rj 


P  R  O  B.    LXV. 

To  find  two  fquare  numbers  (a  a,  ee)9  that  their  pro- 
duct added  to  a  given  number  [d)%  may  be  a  Jquare. 

aaee  +  d  zz  yy 

ae  —  v  zzy 

aaee  —  2aev  +  vv  zz  yy 

aaee  +  d  zz  aaee  —  zaev  +  vv 

2aev  zzvv — d 

vv  —  d       ,  , 

c  ~ »   where   a   and   v   may 

2av 

be  taken  at  pleafure. 


Let 

i 

affume 

2 

2    ©>    2 

3 

i   ==  3 

4 

4  tf* 

5 

6 

P  R  O  B.     LXV  I. 

To  find  three  fuch  numbers  x,  y,  z\  fo  that  yy  zz  xz\ 
and  x  +  y>  and  z  +  yy  may  be  two  fquares. 


Affume 

i—  y 

2—y 

3X4 

5X 

6  tr. 


{ 


4,    8 


IG 


x  +  y  zz  aa 
z  +  y  zz  ee 
x  zzaa — y 
zzzee  — y 


xz  zz  aa  — y  X  ee  — y  zz  yy  per  quell. 
vv  =  axex  —  aay  —  eey  +  yy+ 


yy 


a*ez  zzaa  +  eey 

aaee 

y  = 


aa  -f-  ee  * 
taken  at  pleafure. 

aaee 


where  ay   e,   may    be 


x  zz  aa  — 


a* 


ee 


aa  4-  ee 
aaee 


aa  ■ 
e* 


ee 


aa  +  ee  ""  aa  +  ee 


P  ROB. 
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P  R  O  B.    LXVIL 

fo  find  a  number,  from  which  two  given  numbers 
{a,  b)  being  feverally  fubtracled  -,  the  remainders 
jhall  be  two  fquares* 


Let 

per  qu.  «j 

2+a 

3>    4 
affume 

5  =  7 
8  tr. 


—  2V 


9-- 


4,  io 


iG 


I  ! 


X  zz 
X  — 
X 

tf  + 

V  — 

vv- 
a  — 
ivy 

y  = 

X  ZZ 


the  number  fought. 
a  zz  yy 

-  b  zz  zz 
a  Ar;yj 

yy  —  b  zz  zz 
■y  zzz 

—  ivy  +yy  zz  zz 
•b  +  yy  zz  vv  —  ivy  +  yy 
=  vv  -|-  b  —  a 

vv  -j-  b  —  a 
■iv 


—  b  —  ti 


4VV 


P  R  O  B.     LXVIII. 

T'ofind  three  numbers  (a-,  v,  z),  wboft  fum  /hall  be  a 
fquarC)  and  alfo  the  fum  cf  any  two  to  be  a  fquare. 


x  +y  zz  rr 

x  -f  z  zz  ss 

y+zzztt 

x  4-  y  +  z  zz  vv 

ZW  —  ix  +  ly  -f-  22 

2x  4-  iy  4-  iz  zz  rr  4-  ss  +  // 

zz  rr  4-  ji  4-  *' 

j  zz  p — V%   t  zz  q  —  v 

zvv  zz  rr  4-  pp  —  ifv  4-  vv 

4-  qq  —  2qv  4-  V* 

ipv  4-  <fJ  =  rr  +  £?  •+"  ?? 

ir 


f 

i 

>uppofe< 

2 

3 

( 

4X  (2) 

I+2  +  J 

5  =  6 
Pot 

7,    8 

4 

5 

6 

7 

* 

9 

q   tr. 

10 

Seft.  V.         S  Q^U  ARES,    fifo 


4—3 

4—2 

4—i 
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rr  +  pp  +  qq 

v  = £f H,  where  r,  p,  a  are 

2/>  4-  2q  *r*  * 

taken  at  pleafure  ;  whence  s  and  / 

are  known  (ftep  8). 

X  zz  <uv  ~  tt 
y  zz  vv  —  ss 
z  zz  vv  —  rr 


P  R  O  B.     LXIX. 

To  find  three  fquares  in  arithmetic  proportion. 


5>  9 
6,  9 


i 

2 

3 

4 

5 
e 

7 
S 
9 

IO 

I  i 


##  — jp  zz  vv 

XX 

xx  +  y  zz  zz 

2XX   ZZ  VV  +  ZZ 

v  zz  S X 

z  zz  t  —  x   ■ 

2XX  =:  SS  —  2J#  +  XX 

+  tt 2tX  4-  XX 

2S  +    2/.ff  —  JJ  +  // 

JJ  4-  /* 

X  ZZ . 

2S  -f-  2/ 

ji  4-  2St — tt 
v  zz  s  —  sc  zz 

2S  4-  2t 

2St  4-  //  —  ss 


Z  ZZ  t  X  zz 


is  4-  2t 


P  R  O  B.     LXX. 

To  find  two  numbers   (x,  y)  fo   that  xy  +  x,   and 
xy  4-  y,  may  be  flares. 

per  qu.  < 

i~x 


xy  +  x  zz  vv 

xy  4-jy  zz  a  fquare. 

J  +  i  =  — ' 
x 


3  —  i 


38o 
3  —  \ 

2.    4 

5. 

6  red. 
Let 

7.8 

9  red. 

4,  6,  io 


RATIONAL 

VV  —  X 


B.  IL 


IV- 


X 


X  x  +  i 


a 


to  effed  this,  let  #  +  i  be  the  fide, 
then      zz  #  +  i 

w  =:  ^  +  2Jf  z:  fquare. 
r  —  x  zz.  fide, 
rr —  2rx  +  xx  zz  xx  +  2x 
rr 


X  zz 


.7  =  1  + 


2r  +  2 
rr 


2r  4-  2 

ken  at  pleafure 


,  where  r  may  be  ta- 


PROB,    LXXI. 

To  find  two  numbers*  wbofe  fum  and  difference*  jhall 
be'  two  Jauares. 


tf,  <?,  be  the  numbers. 

a  +  e  zzyy 

a  —  e  zz  a  fquare. 

a  zzyy  —  e 

yy —  ie  zz  a  fquare. 

r — y  zz  root  of  it. 

rr  —  2ry  +  yy  zz  yy  —  2e 

2ry  zz  rr  -{-  2e 


Let 

i 

>er  qu.  < 

2 

3 

2  —  e 

4 

Z*   4 

5 

Put 

6 

Si    6 

7 

7  'r. 

8 

S  ~  2r 

9 

4» 

IO 

rr-f-2£ 

jr  =  ,  where 

2r 

ken  at  pleafure  j  then 

a  zz  yy  —  e. 


c  may  be  ta« 


PR  OB. 
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P  R  O  B.     LXXII. 

To  find  three  numbers  (a,  e9  7),  that  the  fum  of  their 
fquares  may  be  a  fquare. 


per  queft. 
affume 

*  =  3 

4  -r 


#£  +  **  +  yy  zz  w 

v  ~d  +y 

vz  ~  dd  -\-  2dy  -\- yy 

aa  +  ee  -f-  yy  zz  dd  +  2^/y  +  _yj 

*  #  -+-  ^  —  dd      .  ,    , 

^  — ,  where  a>  e>  and  4 

are  taken  at  pleafure. 


P  R  O  B.     LXXIII. 

To  divide  a  number  into  two  parts ',  ^  that  the  fum  of 
the  fquares  may  be  a  fquare. 

Let      '  i|  s  zz  the  number  5  a3  e,  the  parts. 
s  zz  a  +  e 
aa  +  ee  zz  ot. 
tftf  +  2^  +  ^  zz  tt. 
aa  +  ee  zz  jj  —  2#* 

£  ZZ  J tf 

aa  +  ee  zzss  —  las  +  2tf0  zz  vv 
ra  ~  j  zz  1;. 

jj  —  2^j  +  zaa  zz  rrvw  —  %rsa  +  jj 
r  —  1 


Let 

; 

per  qu.  4 

2 
3 

2  ®>  2 

4 

4  — 

5 

2  — a 

6 

3»  6>  5 

7 

aflume 

8 

7.  « 

9 

9  reduc. 

10 

6, 10 

1 1 

rt 


rr —  2 
r  — 2 


X  2S 

Xrs, 


rr 
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P  R  O  B.    LXXIV. 

To  find  two  numbers  in  the  ratio  of  b  to  c,  fo  that 
either  of  them  added  to  the  fauare  of  the  other9 
Jhall  make  two  fquares. 


Let 

per  qu.  < 
Put 

4  tr. 

5  4- 

3>   6 
7> 


*  -7-  □ 
Put 

9, 10 

11  reduc. 


ba,  ca^  be  the  numbers. 

bbaa  +  ca  zz  a  fquare. 

ccaa  +  ba  zz  a  fquare. 

bbaa  +  ca  zz  ba — vz  zz  bbaa  —  zbva 

+  w 
zbva  +  ca  zz  vv. 
vv 


2bv  +  c 
ccaa  +  ba  zz 


ccvv 
zbv  +  c 


+  ^X 


vv 


zbv  -\-  c 


ccaa  +  ba  zz  ccvv  +  zbbv  +  be  X 

rz  a  fquare. 

zbv  -H-  *l 

^w  +  2#fo>  +  ^z  a  fquare  z:  zz. 
%zz  cv  —  r. 

ccvv  +  zbbv  -\-  be  zz  ccvv  —  ievr+rr 
rr  —  be 
zbb  4-  2*r 


P  R  O  B.    LXXV. 

7*0  /«i  a  number,  to  zvhich  adding  a  given  cube  num* 
her,  the  fum  Jhall  be  a  cube  \  and  fubtracling  ano- 
ther cube  number \  the  remainder  fo  all  be  a  cube. 


Let 


per  qu, 


x   be  the   number  j   b*,   c*   the  two 

cubes. 
x  +  bl  zz  a  cube 
x  —  c*  zz  a  cube 

afiume 
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SQUARES,    &e. 
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aflbme 

j 

4 

4, 

5 

aflume 

6 

6, 

7 

5  =  7 

8 

8    4- 

9 

9  reduced 

IC 

w 


x  +  b*  -  b  +  ~  a'   =  5'  +  3***  + 

2f+  C6 

x  ==  3^  +  2£!  *a  +  £  **• 

a;  —  c*  —%  —  c\*  zz  a">  —  30V  4- 

^acc  —  cz 
x  =  cs  —  Q,azc  +  gacc 

a2  —  o,azc  +  %acc  zz  %acc  +—■■*  aa  + 

a  —  2czz  2—  4-  --  a. 

6         fr        ¥ 


a  zz 


PROB,     LXXVI. 

2"$  J/i;zi<?  /£*  y#w  of  two  given  cubes  into  two  other 

cubes. 


Let 


afifume 


s 


2  ©*    3 

3  &  3 

4  +  5 


1  x*9  yl  be   the  cubes  fought 5    £*,  r5 

the  given  cubes. 

x  zzb  +  v 

U 
y  zzc v 


c: 


xz  zzfa  4-  3^*y  +  %bvz  +  v3 

y3  zz  c*  —  ohiv  4-  - — vz  «—  —v* 
0  cs  c6 

6  x*  +y*  z=  P+ct  +  tfv*  4-  =L^  vx4-w» 


x>*  rz  h'+c*,  per  queft. 


6  tr. 


3*4 
6  tr. 


7X  — 

vv 


8  ~ 


RATIONAL,   fcfr. 

\bv%  +  —  v*  zz  —  ^j  *— *  v*. 
c*  c* 

3k6  +  $b*c*  zz  b6v  —  c6v. 

fc  +  C*        .  ibc*    . 


B.  It 


P  R  O  B.    LXXVII. 

Jo  find  three  fuch  cube  number  s%  wbofefum  may  be  both 
a  fquare  and  a  cube  number. 

a>  e,  y  be  their  roots  j   x6  the  fun) 
of  their  cubes. 

2  a'  +  e*  +  y*zzx6 

3  e*  +yi  zzx6—a* 

—  v  —  a  zze 

aa 


Let 

fer  queft 
2  — y* 


affume  1 

5  <&  3 

6,  7>  8, 

a6 
9X  — 


Suppofe 
or  fuppofe 


xx —  v  zzy 
a*  zz  a  cube 


«'z  a  cube  n 

Xlz  QX*  I  ZZX6 

+  x6  —  3x*v  +  3x*vz  —  v*     J  clu- 


3* 


—  v1  —  ^—  w  +  ^tf*^1  —  v3  zz  o, 

«6  rf* 


*  lZ<y  —  a6v  zz  x*  —  xza*  X  3# 3 


X  3*'#   zz  —- — -,  where 


y'1-^      *  *6  +  a* 

X  and  #  may  be  taken  at  pleafure  5 
■then  v  being  known,  e  and  y  are 
known  by  ftep  a-  and  5. 
#  zz  1,  a  zz  4,  then   1/  zz  -J->  whence 
*zz4,  yzz^-i  and  the  numbers  are 

#zz2,  azzi,  then  «==44i  an^  #— V/i 

j  zz  \±s-8  ;    and   the    numbers 
,    2048384    .    15252992        , 

274625  274625 

SECT. 
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SECT.     VI. 

Geometrical  'Problems. 


HAVING  hitherto  in  all  the  foregoing  fee- Fig^ 
tions,  Icept  an  account  of  the  whole  procefs 
by  regiftering  the  feveral  fteps  at  length  id  the  mar- 
gin; fo  that  the  reader  may  fee  at  once  how  each 
ftep  is  derived  from  the  reft-,  and  by  this  means 
become  acquainted  with  the  manner  of  proceeding, 
in  any  operation*  It  may  be  pref timed,  that  by  this 
time,  he  will  be  able  to  fee  the  connection  of  the 
feveral  parts  of  the  procefs  in'anyfoltition,  without 
fuch  a  formal  explanation.  Therefore,  for  brevity's 
fake,  in  what  follows,  I  (hail  not  tie  myfelf  to  this 
method,  but  generally  write  down  the  procefs  after 
a  (horter  way*  without  notifying  all  thefe  particu- 
lars-,  and  content  myfelf  with  mentioning  only  fuch, 
deductions  as  are  Lis  obvic:..>. 

PRO  B.     LXXVIII. 

///  the  triangle  CAD  ;    then  are  given  AC,   AD  ;  23* 
i  the  lines  CE,  DB,  drawn  to  the  given  points 
E,  Bi  to  fnd  the  point  of  interferon  F. 

Put  ABrr,  CBzzm,  AEkp,  AD=</,  CE=/, 

t)B  zzg  •,  and  the  line  fought  CF  zz  a.     Draw  EI 

11  to  DB. 

-  By  the  fimilar  triangles  CBF,  CIE  (Geom.  II. 

-                     mf — ma        _T         .    \ 
12,)  a  :f — a  :  :  m  : ■ zz  BI>  and  d  :  p  :  :  r  : 

Kd  zz  AI.     Then    Al  -f*  BI  zz  A3,    that   is,  % 

-4- 


3*6  GEOMETRICAL  fi.  Ife 

Fig.   .    mf — ma 
2  °  H —   =:  r,  and  multiplying  by  <&,.  pra  + 

dmf—dma—dari  and  dra+dma—prazzdwf,  whence 

« =  -  ■  ^ .. 

^r  +  d/w  — pr 

P  R  O  B.    LXXIX. 

24.  To  divide  a  triangle  ABC  in  a  given  ratio \  by  a  line 
drawn  through  a  given  point  P. 

Through  P  draw  ED  parallel  to  BA,  and  put 
ABzz£,  ACzzd,  BCzz/,  BEzz£,  EPzz;>,  BFzz*, 
and  the  ratio  as  m  to  n>  and  m  +  n  zz  s* 

By  fimilar  triangles,  g  +  x :  p  : :  x  :  -£--  zz  BI ; 

then  (Geom.  II.  19.)  BIxBF  :  BAxBC  : : m :  m+n9 

that  is, 


-  bf :  :  m  :  s  ;  then  te/  zz  -i- — ,  and 


spxx 


g  +  *  B  £  +  # 

zz  £/^v  +  bmfg  :  by  which  equation  #  is  found. 

P  R  O  B.     LXXX. 

25.  T0  <&V/Vfe  0  triangle  into  two  equal  parts,  by  a  line  of 

a  given  length* 

Let  BD  be  perpendicular  to  AC,  KH  the  given 
line,  and  HL  parallel  to  BD.  Put  ACzza,  BCzz^ 
HK  zz  c,  CD  zz  i,  CK  =  x ;  then  (Geom.  II.  19) 
AC  X  BC  zz  2KC  x  HC,  or  ab  zz  ix  X  CH,  and 

CH  zz  -—  ,and  by  fimilar  triangles  (Geom.  II.  13.) 

2X  Tt  ' 

I :  d  :  :  -  :  ^  =  CL ;  and  KLzzKC— CLzz 

2X       20X 

abd        ibxx—abd      _,      ,~  TT 
—  zz .     But  (Geom.  II.  21.  cor.  5. 

ibx  2VX 

HK 
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HK>  —  KL2  =  CHS  —  CL%  or  Fig. 

^bbccxx — 4rbbx+—azbi'd3,  +  4.abldxz  __  tfb*  —  a%b%dz   25. 
^bbxx  ^.bbx 

or   4^5x4  — $blccx% 

— \adbb  zz  . — cffa,    whence   x    will  be 
found. 

PROB,     LXXXI. 

To  find  the  inacceffMe  diftance  AB,    by  help  of  the  2& 
triangle  ACD  ,  CAB  fc/'tfj  0#«?  right  line. 

Through  B  draw  BEF,  and  draw  EG  parallel  to 
CD.  Put  AC-*,  AD=^  QDzzc,  AEzzd,  CF=/, 
and  ABit:*.     Then,  by  fimilar  triangles,  AD  {b)  : 

CD  (0  :  :  AE  (J)  :  EG  ==  --,  and  AD  (£) :  C A  {a) 

b 

:  :  AE  {d)  \  AG  =  a-i. 
b 

Then  GB  z — .  And  by  the  fimilar  tri- 
angles BGE,  BCF  5  CF  (f)  a  CB  (*  +  *)•:■:  EG 
(£*)  :  GB  (^-±^)  .     Therefore    *JL±J®L   = 

— y — -,  £/* — cdxzzcda—fda*  and  xzz  rr—jda^ 

PROB.    LXXXIL 

If  the  line  EFB  £<?  drawn  from  the  angle  E,  per-  2JI 
pendicular  to  the  diagonal  AD  of  a  right-angled 
parallelogram*  and  BF,  FD  are  given.     To  find 
the  fides  of  the  paralellogram. 

Let  AF=*,  EFzzy,  BFzzb,  DFzzc.    The  tri- 
angles AFB,  AFE,  and  DFE  are  fimilar.     There- 
C  c  2  fore 


388  GEOMETRICAL  B.  If. 

Fjo*  xx  "  xx 

*Z*  fore  b  :  x  :  :  x  :  —  zzFEzrjy,  and  £ :  x :  :y  of  —  :  ft 

Whence  --  zz  £r,  and  x*  zz  bbc,  and  x  zz  v  bbc. 
Then  AE  zz  s/xx  +yyt  and  ED  zz  %/cc  +yy. 


P  R  O  B.     LXXXIII. 

2B.      <jto  defer  lb  e  a  fquare  in  the  given  triangle  ATE. 

Draw  TC  perpendicular  to  AE,  and  let  BFGD 
be  the  fquare.  Put  AEzzJ,  ACzzr,  CEzzd,  TQzzp, 
BF  or  BD  -  x.  AB  zzy.     Then 

The    triangles   ABF,    ACT   are  .  fimilar,    and 

y  :  x  :  :  c  :  />,  whence  ex  zz  py.  Alio  the  triangles 
EDG,  ECT  are  fimilar,  and  EDzzb—x—y9  whence 
b  —  x—y  :  x  :  :  d  :  p9  and  dxzzpb — px — pyzzpb— 

px  —  ex.     Whence  x  zz  —~ ■  zz  -^—  < 

r  d  -{-  c  -y  p       I?  +p 

P  R  O  B,     LXXXIV. 

29.  Six  equal  circles  cf  2  inches  diameter  are  infcriled  in 
an  equilateral  triangle  >  touching  one  another  and  the 
fides  of  the  triavgle.     "To  find  the  fide  of  the  triangle. 

Draw  AF  perpendicular,  to  BC,  and  from  the 
centers  O,  S,  draw  OD,  SE  perpendicular  to  AB, 
and  let  DO  zz  r,  AB  zz  x. 

The  triangles  ABF,  ADO,  ESB  are  fimilar,  and 
(Geom.  II.  39.  cor.)     AF  zz  AB</i.     Then  BF 

(-»  :  AF  Ov/l  • :  DO  (r)  :  AD  -  rJ^l  -  2rs/& 

rfX 

zzEB,  and  DE  zz  qr%  whence  A3  or  x  zz  ^r  -j-  qr 


</\  ~  ii^  X  zr  =  4  +  2^/3, 


PROB. 
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P  R  O  B.     LXXXV.  Flg' 

There  are  two  circles  BDA  and  BFC  touching  in  B,    30, 

and  if  DE  be  perpendicular  to  BA  at  the  center  E  ; 
then  there  is  given  AC  and  DF -,  to  find  the  dia- 
meters* 

Let  radius  BEzza,  DFzz2,  CAzzJ;  then  FE 
=tf— £,  ECzz^— </,  then  FE*=BExfi*G  (Geom. 
IV.  17),  that  is,  aa — lab  +  bbzzaa — -ad^  and  zba — 

da  zz  bb,  and  a  zz  --— — .,  whence  BC  zz  ia~-d. 
2b  —  J 

P  R  O  B.     LXXXVI. 

In  the  triangle  ABC5  there  are  given  the  three  perpen-    or# 
diculars,  from  the  angles  upon  the  oppojite  fides  j  t$ 
find  the  fides. 

Let  AO  zz  *,  CP  zz  £,  BR  zz  <:,  and  AB  =zy. 

Then  tvvice  the  area  zz  by  zz  AC  X'c  —  C3  x  a, 

whence   AC  zz  2,    and   CB  zz  — .    And  (Geom.. 

bbw 
II.  21.)  — WzzAP2;  and  (Geom.  II,  22.  cor.) 

K*~  £ab 5 = 

bby         1  £%         ,  I  by    ,     I  ££yr 

-^  -j j; ±L  •   whence  -—  +  —  y  —  — —  zz 

20*        2  iaa  ice        2  2^2 

v^  — ■ bb.     That    is,   aabby  +  tftfr^  —  bbccy  zz 

2aac\/bbyy — j^;   put    aabb+aacc — bbcczzd\  then 

dy  zz  fiaac\/bb.y  —  bbcc%    and    by    reduftion, 

aabcc 

y  zz 

Vd*bbcc  —±dd' 

C  c  5  PROB. 
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Flg"  P  R  O  B.    LXXXVII. 

32?  In  the  triangle  ABC,  there  is  given  the  reclangle  of 
the  fides  ;  the  re 51  angle  of  the  fegments  of  the  bafey 
made  by  a  perpendicular  -9  and  the  area  :  to  find  the 
rejl. 

Let  the  area  zz  h  ADxDC  zzr,  ABxBCz=</, 
and  BDzzz,  2y —difference  of  the  fegments  AD,DC. 

Then  ^  zz  AC,  and  1+jz:  DC,  L—y  J 


z 


DA.    Whence yy—c>  and  v  zl+ \-y  > 

zz  z 

j 


zz+  — — j  zzd;  and  fquaring  all  the  quantities. 
e         1 

and  putting  —  — c  for  yy,  and  v  for  zz  +  —  — cx 

zz  zz 


and  then  v+2^Lxv  —  2Jl    zz   dd 


vv 


^L-22  zz  (refloring  the  values  of  v  andjy)  z4+i, 

zz  z* 

'+a+4bb-icz*-**t- 4t  +  4**l,  or   z*  - 

ZZ  Z*  ZZ 

zczz  +  Abb  +  cc  zz  dd.     Whence  z  is  known,  anc 


y  zz  J  —  —  c,  and  then  AD,  DC,  and  AB,  BC 

^   zz 

will  be  found. 


PROB,     LXXXVIIL 

33-  In  the  right-angled  triangle  ABD,  there  is  given  th 
perpendicular  on  the  hypothenufe  •,  and  the  radm 
of  the  infer  lied  circle  :  to  find  the  fides. 

Put  the  perpendicular  BQ  zz  p,  radius  CR  zz  r 
KDzza,  ABzze,  BD  zzj.     Then  (Geom.  II.  21 

aa  : 


Fig.  21. 


— 1 


P  B 


Pl.K/v,;^ 
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ca  zz  ee  -\-yy*     And  (II.  20,  cor.  2.)  pa  zz  ey.    But  Fig. 
AD  or  AF+FD=AR+DI,  and  AD  +  2CRrz  33. 
AB-f-BD,  that  is,  a  +  irzze+y •,  whence  aa+2pa 
zzee  +  2ey+yyzze+y\z  zz  a  +  2r\z  zzaa+^ra+^rr^ 


2JT 


therefore  2pa  —  \ra  zz  4.rr,  and  azz  .     Alfo 

p — ir 

ca  —  2pa  zz  ee  —  2ey  +  yy  zz.  e — y\ ,  and  e  ~y  zz 

/ —     -ittl  a  4-  2r  +  s/aa— 2pa 

V  aa  —  2pa.     Whence  e  zz  — --J— £~  , 

2 


and  y  zz  "+*r—\/aa—2pa 


2 


PROB,    LXXXIX, 


There  is  an  ifoceles  triangle,  in  which  two  circles  are  34« 
inscribed,  touching  one  another  and  the  fides  of  the 
triangle  -9  their  diameters  are  8  and  12  :  to  find 
the  fides  of  the  triangle. 

From  the  centers  D,  F,  draw  DG,  FH  -1-   to 
BC,  and  FO  H  to  CB  .  .  draw  CFDA. 

Put  DG-r,  FHzzs,  DOzzr—szzc,  FD=r+ 

s  zzb.     Then  FO  zz  y/bb  —  cc  zz  d,  and  CB  ==  a. 
The  triangles  DFE  and  BCA  are  fimilar,  whence 

b  :  d  :  :  a  :  ~  1=  AC,   and   c  :  b  :  :  r  :  -  =s  CD, 

.                 rb        „„       da        *  __  Wr 

then   r  H =  AC  --  --,    whence    a  z:  —    + 

c    ■  ,  cd 

br  360 


C  c  4.  PROB. 
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FlS'  P  R  O  B.    XC. 

f35«  tfhere  is  given  AD,  and  CD  the  radius  of  thefemi- 
circle  CEG,  to  find  the  radius  of  a.  circle  infer ibed 
between  AC,  the  tangent -AE,  a?id  the  circle  CE. 

Draw  from  the  center  O,  the  line  OI  perpendi- 
cular to  AC  ;  through  O,  draw  AOF  bifeeling 
the  angle  DAE,  and  put  radius  DE  zz  r,  AD  zz  d9 

OI  zz  <?,  then  AE  zz  %/dd  —  rr  zz  £. 

Then  (Geom.  II.  25.)  AD  :  AE  :  :  DF  :  EF, 
and  AD  + AE  :  AE  :  :  DE  :  EF ;  that  is,  d  +  b  : 

h\\r\  j-^-.  zz  EF,   DO  zz  a  +  r,   and    DI  zz 
a  -f-  b 

*      v/DO1 — Ul* zzvV-fr-^rrf,  and  AIzzJ— \/rr  +  2f/?, 

and    by    the    fimilar   triangles   AEF   and   AOl, 

— , j?r  •  /  ». ■-.  ■-!        ^r 

4 — vrr-f2ra  :  a  :  :  &  :  r— >.     Then  ^  zz  ,    ,     . 

£+d?  0  +  d 

—  7— —j  s/rr  +  2r*.    Put  b+d~c,  and  reducing, 
0  +  a         » 

rr^j  —    2r>#     zz    r+ 

PROB,     XCL 

36.  through  a  given  -point  B^to  draw  the  right  line  BDC, 
fo  that  the  part  DC  comprehended  between  the  two 
lines  AC,  AH,  eauidijtant  jrom  B,  may  be  of  a 

given  length. 

Produce  CA  to  E,  and  compleat  the  rhombus 

EABH^    make   the  angle  CDF  zz  CAF,    and  let 

CDzzr?,  AEor  AH=£,  B\=d,  ACzz*,  AFzzy. 

triangles  CAD,  CEB  are  fimilar,  therefore; 

CA  {x)  :  CD  (a)  :  :  AE  {b)  :  DB  zz  - .     Since 

<:  JrDC   zz  FAC,    therefore    their    fupplements 

FDJ  zz 
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FDB  =  CAB,  and  fo  the  triangles  BAC  and  BDF  Fig. 
are    fimilar,    whence    BA    (d)  :  AC  (#)  :   :   DB  36. 


a 


© 


But  the  les  FAD  and  FDB  are  fimilar  ;    - 

for  <BDF  =  FAD,  ffar   BAD  —  BAE  =  FAQ 

acid  D  1   CAB  =  FAD,  that  is,  FDB  =2 

FADO  and.<:F  is  common-,  therefore  AF  (y)  i 

DF  (a4)  :  :«DF  :  ~  ==  FB-^  which  redu- 

ced  is  tfV/y  +  ^5>  z~  ##£$  •,  whence  y  will  be  had. 
Agaja,  the  triangles  DAF  and  BAC  are  alio  H- 

-r.iLr,  and  CB  =:*  +  f*  then  DF  (~)  :  AF  0) 

:  :  CB  :  CA    (#) ;    whence   -1—  ■=  — I  +  *y»    re- 

duced  tf&y* — adyxzzaldy,  whence  x  is  had.     Then 

bx 
CE  (*  +  *)  :  EB  (*)  :  :  AC  (*)  :  AD  =  ^p 

P  R  O  B,     XCII. 

Through  a  given  point  B,  to  draw  the  right  line  BDC,  36. 
/<?  /to  the  part  DC,  included  between  the  lints  AC, 
AH,  may  be  given. 

Through  B,  draw  BH,  BE  parallel  to  EAC  and 
AH,   and  put  CDzza,  AEi^  AH  =  r,   ARzzd,  . 

PH  n  /,     Bi?    being    perpendicular    to    AH,  and 
AC  =  x. 

1  he  triangles  CAD   and  CEB  are  fimilar,  and 

CiZ  (x  +  b)  1  EB  (0  :  :  CA  '(*)  :  AD 


b  +*• 


and  Dtj-/ €JL   =      ^     .      And  (Geom.ll. 

b -\- x         £-hx 

2a.)  BD  =  jtt  +  -  —        pU-*    and 

b: 
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Fig- ,      /LL  ,  ccbb  TFrf 


whence  bbaa  zz  bbxx  + 


bb  +  ibx  +  . 
which  reduced  is  x*+2bx*+bbx1—2baax — bbaazzo* 

2cf  +  2cf 

b  —  aa 

P  R  O  B.    XCIII. 

37*  The  difference  of  the  height  of  two  hills  being  given, 
and  their  difiance  \  to  find  their  heights. 

Let  BA,  ED  be  the  hills,,  put  radius  rzCR  = 
698000,  DE— BAzz^zziip,  ABzztf,  BEzzcz=:6^ 
Then  CB=.r+a9  CEzzr+b+a.  Then  (Geom. 
IL  21.)  BRz  \/2'a  +  aa,  R  E  zz 
%/bb  +  ibr  4-  jra  4-  2ba  4-  aa,  whence  BE  zz 
i  \/2fa  4-  aa  4-  \/ 'bb+2br  +  2ra  +  2ba+aazzc,  and, 
\ZhF+ibr+2ra  +  2ba+aa zzc — \/ira+aa9  and  by 
fquaring,  bb+2lr+2ra-\'2ba+aazz.cc+2ra+aa—> 
2c\/\ra-\-aa,  and  2cy/ 'ira-\-aa  zz  cc — 11 — 2r£— - 
sbazzdd — 2ba  (by  fubftitution)  -9  and  when  fquared 
2  c  era  +  \ccaa  zzd*  —  ^ddba  4-  /[bbaa,  and  when  re- 
duced,  aa+2ra\    __  cc—bb—^rb  rrlh    ^  ^ 

+  b  5        '        4  cc  —  bb9 

a  zz  164,69. 

PROB.     XCIV. 

38.  Three  lines  drawn  from  the  three  angles  of  a  triangle 
to  the  middle  of  the  oppofite  fides,  being  given,  ta 
find  the  fides. 

Put  AD  zz  h  zz  18,  E  zz  r  zz  24,  BF  zzizz^ 
CB  =*,  ABzzjr,  AC  =  z. 

Then  (Geom.  II.  %%.) ,yy+zzzzibb+ixx,  yy  «fi 

xx  zz  2dd  +  izz,  zz  +  xxzz2cc+iyy  \  and  adding 

thefe 
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thefe  three  equations,  2xx+2yy  +  2ZZzziU+2cc  Fig. 
-i-2dd-\ —  ##4 — rH zz*  and  aw+vH-zzrr  —  £i  3  ■ 

2  2  "  2  3 

+  —  ff-jj — *W,  from  this  fubtract  the  firft  equa- 

tions,  then  xttzz  —dd lb+  —  tt ##,  or  o## 

3  3  3  2  ^ 

zz8cc+Sdd—4bbigyyzi$W  +  8dd—4cc9gzzzzEM+ 

§cc — 4<W,  whence  #  =  34,176  ;j>  —  28,844-,  2  =  20. 

P  R  O  B.     XCV. 

ABC  is  an  equilateral  triangle,  O  a  point  in  it  equi-  39. 
diftant  from  A,  B,  C.     If  the  fides,  and  the  line 
BO  be  all  produced  till  they  cut  the  line  PD  in  D, 
E,  R,  P-,  then  there  is  given  DE,  ER,  RP  \  to 
find  the  fide  of  the  triangle  ABC,  and  the  area. 

Draw  EF,  EG  parallel  to  BP,  BR;  and  put 
DE=«  =  304i  ER— £—i2i.6-,  RPzzczz  159,6  •, 
and  DR=zd,  DP -5,  CL  or  AL=*,  CG  or  FGzzj^ 
Then  (Geo.  H.  39.  cor.)  BLu:*^,  EG-jv/3.     , 

The  triangles  DEF  and  DPA  are  fimilar,  whence 

a  :  iy  :  :  s  :  32  =  AP,  and  PB  zz:  2*  +  — . 
a  a 

Since  <rPBR=<EBR,  therefore  (Geo.  II.  25.) 
2X  +  iiy  :  2x+2j  : :  c :  b,  and  2##+  — Z  =  2«  + 

2ry,  whence  ex  —  bx  zz  Jl  —  ^y,  and  j=  *V7~  *  x 

a  bs — ac 

fx 
=  y— ,  by  fubftitution. 

t 

Again  DE  (a)  :  EG  (yy/3)  :  :  DR  (J)  :  £y/3 

a 

=  RL=^fv/3,  andRB=*v/2+^!»/3,    and 

P3  =  2.v  +  ^1  and  BE  =  2*4-27=  2* +  —  ^ 
*  i 

But 
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Fig.     But  (Geom.'II.  26.)  BR^+PRxREzzPBxEB, 

°q  at  a  f  sf 

-     ^'  char  is,  3^vx  1  +.—    +  lczz^xxxi  +  ~  Xi+  -  i 

And  by  redudion,  1  +  *f  +  ^LziM.  + 
Vai  —  Sddff^  jntQ  ^  _  jc;  Whcnce  ^  3.  784> 
y  3:40,  and  the  area  ABC  zz  10646.16. 

PROB,      XCVL 

40.  In  the  triangle  ABC,  there  is  given  the  bafe,  and  dif- 
ference of  the  fides  1  and  the  area  :  to  find  the  triangle. 

Let  the  area  zz/  zz  796;  difference  of  the  fides 
CA,  CBzz5zzioj  bafe  ABzzJzz5o;  perpendicu- 
lar CD  zz  2/  zz  p  zz  31.84,  and  AD  zz  *.     Then 


AC  —y/aa+pp9  and  CBzz\/i — ^|a  4-  pp ;  there- 
fore by  the  queftion  \/aa  +  pp  +  i  zz 
\/dd — 2da  +  aa+pp>  which  fquared  is  aa-\-bb-\-pp 
+  2l\Zda+ppzz.dd — 2da+aa+ppy  and  %l\/ aa-\-pp 
•zzdd — lib — 2da9  and  iqOaring  both  fides  ^bbaa  ■+• 
/tbbpp—d+  -f  fa-iddhb-^a  +  ^hbdd  -\-4ddaa.     Which 

reduced  is  <ztf  —  da  ■=  —  —■—> ,  whence 

^  —  ##  4 

4  zz  16.739,  AC  zz  36,  BC  zz  46,  BD  zz  33.7,61. 

P  R  Q  B.     XCVil. 

41.  There  is  given  the  fde  of  a  rhombus,  and  the  fide  of  its 
infcribeft  fquare  -,  to  find  the  arc;. 

Let  ABzzBDzzizz4:,  CO=CE=j=3,  BCzz*. 
Then  DC  zz  d—  *,  and  AC  ==  d  +  *. 

Thq 
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The  triangles  ACE  and  CDO  are  iimilar,  and  Fig, 

d+x  :s::  d-x  :  d~X  szzDO.     And  (Geom.  II.  41" 

d  4-  x   - 


d —  x\z 


2 1.)  ss+ss  X ■  =  d—x\z ;  that  is  issxdd+xsc 

d  4-  :<\ 

zz  dd  —  xx\l  j  reduced,  x*  —  ddxx  +  d±      \  _ 

—  2ss    —  issdd  J    — * 

Whence  *  =  v/jj  +  dd  ±  \/j7+^3  =  -|,   and 

AC=5,  AEzz4>  DO=2^  DQ^sJ,  area  =  73^ 
QA  =  7. 

PROB.    XCVIII. 

Gzv£0  the  four  fides  of  a  trapezium ,  inferred  in  a  cir-  42. 
f/*  5  to  find  the  diagonals  ^  and  diameter  of  the  circle. 

Let  ABzrtf,  BC=£,  CDzzc,  ADzr^  BEzr,*, 
the  triangles  ABE,  and  CED  are  fitnilar ;  for 
<ABE  =  ECD  (Geom.  IV.  12.  cor.  2.) ;  and  the 
angles  at  E  are  vertical ;  therefore  AB  (a)  :  B£ 

ex  .       .  ' 

(x)  :  :  DC  (c)  :CEz-;  a)fo  the  triangles  AED 

a 

•and  BEC  are  fitnilar;  and  BC  U>)  :  CE  (-)  :  : 

v  a 

AD  (d)  :  DE  =  ~.     And  BC  (5)  :  BE  (*)  :  : 

AD  (d)  :  AE  =:  ~  .      Then    BD   =  *  +  f-     , 
b  ab 

dx        ex 
and  AC  =  j  +  ~.     Then  (Geom.  IV.  32.)  AC 

^BD=ABxCD  +  ADxBC,  or  dHl  +  dAc™  + 

b  abb  a 

-f-   -—_  —  ac-\-  Id,  whence  x  is  had,  aad  then  AC 
baa 

and  BD  are  known.  Then 
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pj^       Then  fuppofe  a  perpendicular  from  A  upon  BD* 

Afm  then  (Geom.  II.  cor.  23.)  the  diftance  of  the  per- 

4            ..     .     r        t^-         AD*  +  DBZ  —  AB*        r 
pendicular  from  D  is  ==  T.         =  /* 

And  v/AD1 — /*n  the  perpendicular  tz  p  ;  and 
(Geom.  IV.  28.)  />  :  AD  :  :  AB  :  diameter  of  the 

>   ...        .    ,         ADxAB 

circumlcnbing  circle  2: -. 

P 


P  R  O  B.      XCIX. 

43-  T#<?  three  femicircks  HFG,  HEI,  tf«i  GOI  touch 
one  another  in  H,  G,  and  I ;  to  draw  a  fourth 
€irck  FOE  to  touch  all  the  reft. 

From  the  centers  A,  B,  C  draw  the  lines  ADE9 
BD,  and  CD ;  and  DP  perpendicular  to  AC,  and 
let  AGzza,  BE  or  BI-5,  CG-f,  and  DEzzy. 
Then  AD~a+x9  BDzi5— x9  CDzzc+x,  AC  = 
a  +  cy  BC  zz  b  —  c. 

In    the  triangle    ADC    (Geom.  II.    22.  cor.) 

pc  _  7+?  +  ^'  — wT,  and  in  the  trian- 

2C  +  20 


tie  BDC,  PC  2=  *-tf|  +  *  +  *r-*-*l\ 

^  2£  •—  2£ 

Whence 

cc  4-  20Z  +  *Z0  lb  —  ibc  +  cc 

+  CC  +  2CX  +  XX  +  CC  +  2CX  +  XX 

—  aa . —  iax  —  xx  __  —  bb  +  2&y  —  .vat 
f  +  #  £ —  c 

That  is, 

2ff  +  2f4 — 7CX — 2^y   __   20"  —  2bc  +  %CX  +  2bX  • 

c  +  a  *"  £  —  c 

And 
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And  multiplying  alternately,  S% 

43# 
7&cc  +  ibca  +  2bcx — 2abxii2Cx — ibcc+iccx  +  ibcx 

—2c"> — lace — 2ccx+2cax         +  2cca — 2bca+2ccrx 

+  2bax 
And 

4abx  +  4ccx  ±  \bc c  +  ifica  —  4c3  —  4cca9 

Whence  *  =        ab  +  cc       C- 

P  R  O  B.     C. 

7#  the  triangle  ACB,  *for£  w  given  the  fides  AC,  44; 
CB ;  0?^  /£<?  toz£/&  and  breadth  of  the  infer  ibed 
rett  angular  parallelogram  DEHF  ;  to  find  the  reft. 

Draw  CP  perpendicular  to  AB,  and  let  GA  zz  b9 
CB-cy  DE  or  GP-p,  DFzza,  CPzzz,  ABzzy* 
and  let  p  zz  b  +  c,  ^  zz  £  —  c> 

The  triangles  CDF  and  CAB  are  fimilar,  and 

z  :y  :  :  z  — p  :  a  -9  whence  zazzzy — py%  and  zy  — • 

z#  zz  py9  therefore  z  zz    ^.    . 

y — ^ 

Again,  (Geom.  II.  24.)  j  :  f  \  \  q  yUl  zz  diff. 
fegments  of  the  bafe.    Therefore  APzz  —  v  +  21 . 

But   (Geom.  II.   21.)   bb  zzzz  +  ly  +&\    zz 

2  av| 

+  L  yy  +  JLpg  +  Pjn.     Which  equation 


^  —  a\         4  2  ^-y         reduced  is 

/ — 2^5+^J*  +  8<7%J+/>/)^jz —  2ap%fy  +  aappqq 

zz  o. 
4-  4pp  —  2^pj      +  2aapq 

—  \bb  P  R  O  B. 


4  co 
fig. 


GEOMETRICAL 


P  R  O  B.     CI. 


B,  II, 


Ar  In  the  right- angled  triangle  AVP,  KD  is  drayon  pa- 
rallel to  the  bafe%  and  there  is  given  the  bafie  hi\ 
and  the '  figments  VD,  AK5  to  find  the  reft. 

Let  AKzz£zz2do,  AP=r~40o,  VDzzizz26o, 
and  DP  zz  a  -,  then  (Geom.  II.   12.)  a  :  b  :  :  d  : 

Id  \      hd         b       1 : 

-  zz  VK,  and  VAzz£  +  -7  =  —  x  a  +  J.     But 
a  a  a 

lb     „ 

AV1— VP*  =AP%  or  —  x  a+d[l  —  7+d\  =  ^ 

or  ^  —  ##  x  ^  +  ^1*  ~  aacc,  that  is, 

#4-  +  ida*  «»}•  f^^  —  zbbdda  zz  bfdd. 
+  dd 

—  bb 
And  a  zz  141J27,  and  a  +  d  or  VP  zz  401.727c 

P  R  O  B     Clf. 

46-  A  ***  j?£*r*  •  CAFD ;  CA',  BP,  DF  *r*  perpendi- 
cular to  AF;  W  the  fides  of  the  triangle  beitjg 
produced,  there  is  given  HA,  AC,  CB,  and  BD, 
-DF,  FT  -,  to  find  the  fides  of  the  triangle  HBT. 

Let  HAzz/z,  ACzz/>,  CBzz/;  BDzzi,  DFzzr, 
FT  zz£,  and  TH=*,  TPzzs,  PHzzi>,  BPzz#, 
ET  =jr,  *zzHB. 

The  triangles  TBP  and  TCA  are  fimilar,  and 
y  :  x  :  :  f+y  :  /S  and  pyzzfx+yx,  or  £y — xyzzfx* 

fx 
whence  j  zz  —L — .    The  triangles  HBP  and  HDF 
p  —  x 

are  fimilar,  and  e  :  x  :  :  e  +  d  :  f,  or  r<?  zz  ex  +  w/,' 

and  ce—xezzdx>  whence  ezr ,  Likewife  2 :  * :  ; 

c—x 
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—  ,  a  +  n     Fig; 

a  +  n  :  />,  and  pz  zz  a  4-  »  X  *,  and  2;  zz  — —  *.  46# 

Likewife  */ :  X ; ;  a+b  :  e,  and  cv—a+bXXy  and 

<z4-^ 


•z;  zz 


ic 


a+n         a+b 

But  v+zzz azz  -—  #  +  — r~  #>  whence  ^  zz 
p  c 

cax+enx+pax+pbx,  and  p^z — cxa — pxazienx  + 

,         .       r  cnx  4-  p£# 

phx  ;  therefore  #  zz . 

*  pc  —  ex  —  px 

Again,  TC  =/+£~  =  ^>  and  (Geom.  If? 

N     /  PPff  ,  .     «w  4-  A*# 

21.)  V   =1  —  pp  =  «  +  a  zz»+  —T-C —  z= 
/>-#!  /tf — cx—px 

pen—nex — npx-\-ncx-\-phx       pen  +  rp*    f 

pc  —  ex — px  pc  —  sx  9  ° 

r  zz  b  —  »,   and  s  zz  c  +  p)  ;   and   by  fquaring, 

/^^  -  P4  +  ip%x  — PPXX  m .  ppcenn  4-  ippenrx + rrppxx 

pp  —  2px  +  ^a:  ppec  —  ipesx  4-  JJtf* 

which  reduced  is 

pprrx*  4-  2ppenrx*  +  ppccnnxz—+2p*ccnnx+ ppcenn  zzo 

+  ppss — 2/>>rr     — qpHnr    +ip*enr    +p6ce 

— 2^>?jj      4-  p*rr       — icp^s      — ecp^ff 

— %pHs      +  p*ss        +2cp*jfs 

PPffss      2CCpr> 

4-  4p*es 
+  pHc 

p  r  o  b.    cur: 

Given  the  fides  and  area  of  a  trapezium  y  to  find  the  47. 
diagonal. 

Draw  the  perpendiculars  BE,  DF  Aipon  the  dia- 
gonal AC;  and  put  ABzz*z=4,  BCzz£zz6,  CD 
zzezzy,  DAzzdzz^,  and  /  —  the  area,  and  ACzzy. 

D  d  Then 
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FjZ;     Then  (Geom.  II.  23.  cor.)  CE  =  »  +  »—? ? 

and  BE=  J  bb -*y  +  bb  ~  ™\        = 

y^hbyy  — y%  —  2yy  X  bb  —  aa  —  bb  —"Taj*      

y — y*+yy  X  2bb+2aa  —  bb — aa\x       T     ,.* 
\/ — dL—LLL JL >_.     In  like  man- 

4yy      „ 

ner  DF  s  k/-± =^ L  . 

Put  2aa  +  2bb  X  yy  —  bb — aaf  zz  pyy  —  qq  n  v. 
and  2cc  +  2dd  Xyy  —  cc — ddf  zz  ryy  —  ss  zz  z. 

Then  -i ;>  X  BE  4-  DF  zzf,  and   2y  x  BE  +  DF 

=4/,  that  is,  )/v—y*+\/z—j*=:4f9  and  by  fquar- 

ing  v  +  z  —  2y*+  ijvz^yt+y*  zzi6ffy  and 

**  ~zy*  +y*=lS>v — ~  +y*> and  by  fquar- 

ing,  vz  ~V  4-y8  5*  64/4  —  Sffx  ^Ti  +  2+S 

■    ~Z      -  4 

+  i6ff—v—zxy*  +y*.    And  wz  =  64/*—  8^x 

v'+z  +  — —  +  i6$*  =  64/4  _  8/x  ^Ti;  + 

4 
ot    ;    4^2    .22  „  .  , 

—  +  —+  —  +  i6^s  or  i6ffy*  —  Sffxv+z 

4?  — h  04/*  =  o  ;  that  is,  64^4 — 

32/X  v  +  z  +  v  —  zf  +  256/4  =  o,  and  reftor- 
ing  the  values  of  v  and  2,  we  fl>all  have 


6# 


Se&.  VI.  PROBLEM  S.  403 

[  Fig- 


=0. 


and  y  =  7.68. 


PROB,     CiV. 

In  the  right-angled  triangle  DCF,   there   is  given  ^ 
DC+CF,  and  B A  parallel  to  the  bafe,  and  DA  5 
/0  find  the  reft. 

Let  DC  +  CF  z=  j,  BA  =*,  DArzJ,  CFm; 

then  CD=:j— a,  DF^v/DC2—  CFz=z\/w—  2w. 

The  triangles  CAB  and  CFD  are  fimilar,  whence 

/ ab 

v  ss — zsa  :  a  :  :  b  :    ■    — ==.  rr   CA  ;    and 

v  jj  —  2J0 

\/DAa  —  DF*  =  \/dd  —  ss  -f  2^  =  AF  ;  whence 

^  y 

y — rz=r  4-  vtfd — jj  ■+■  2sa  zz.  rf,   and   multi* 

plying    by   y^jj  —  2sa9    and    tranfpofing, 
\/ddss — zddsa — s*+<\s*a — \ssaa  :=  y/ssaa — 2j#* — 
ba  ;  and  fquaring, 

-  —  qssaa  +  4S*a    -f-  ddss 

p  —  2J^  -f  jj^  — <  v/4^ii^+  —  %bbs&\    and 

tranfpofing  aeain, 

y/^bbssa* — Kbbsa*  —  —  2sa*  +  §ssaa  —  4J*tf  -f  j* 

+  ^      +  zdds —  ddss 

n  —  ca>  +faa     +  ga    +h,  by 

fubftitution,    and    by    (quaring,    ^bbssa^  —  Sbbsa* 

zzcca6  —  2cfa*  +ffa*  —  2chal  -j- ggaL  •+■  2gha  -\-hh. 

—  ™g  +  *fg     +  lft> 


D  d  2  PROB. 
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Fig. 

P  R  O  B.    CV. 

49.  There  are  given  the  three  fides  of  the  triangle  ABC, 
and  the  angles  A,  and  B,  are  bifefted  by  the  Urns 
AD,  BE  i  to  find  the  length  of  one  as  AD,  and 
alfo  the  diilance  AF  to  the  pint  of  interferon  F. 

Put  ABzz<z,  BCzz£,  ACzzc,  and  ADzzx,  AFzzy. 
Then  (Geom.  II.  25.)  AB  :  AC  :  :  BD  :  DC,  and 
AB  +  AC  :  AB  :  :  BD+DC  :  BD ;  that  is,  a+c  : 

a  :  :  b  :  zz  BD  -9  likewife  a  +  c  ;  c  :  :  b  :  

a-\-c  a+c 

zzCD.     But  (Geom.  II.  26.)  ADS  +  BDC  =  BAC 

abbe  '  ££ 

that  is,  xx  +  ,  —  ac9  and  #*  zz  ac  — -  x 

a  +  cY  a+c\ 

a  -+-  c\' — bb  a  +  c  +  t?Xa-\-c — b 

ac-=-ac  x   •  —  zz  £C  X  — — r, , 

a  +  cY a  +  c\ 

whence  *=  ^ ac  X  J+7+^  X  a  +  *-*=AD. 

*  +  r 
Again,   AB  +  BD  :  AD  :  :  AB  :  AF,    that   is; 

y/ac  x  a  +  c  +  b  X  a  +  c  —  £  .    .    , 


*  +  c-  +  J 


,   that  is, 


"  -      a  +  c  -Y  k 


PR03. 


Pl\T/>^  40/1 
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Fig, 
PROB,     CVI. 

&he  diameters  of  three  circles  being  given,  which  are  50* 
defcribed  from  the  angular  points  of  a  triangle,  as 
centers,  whofe  three  fides  are  given  ;  to  find  the  ra~ 
dius  of  a  fourth  circle  to  touch  all  the  three. 

Let  ABC  be  the  given  triangle,  D  the  center  of 
the  circle  required ;  on  AB  let  fall  the  perpendi- 
culars DE,  CK,  and  draw  DF  perpendicular  to 
AC.  And  put  AB  zzb,  AC  zz  c,  CB  zz  d,  and 
AO  zz  r,  BR  zz  s,  CT  zz  / ;  and  AKzz^  KCzz£ ; 
and  AE  =  x,  AF  zzy,  OD  zz  a.  In  the  triangle 
ADB,  (Geom.  II.  23.  j  aa-t-2as+sszzaa  +  2ar+rr 
+bb — 2bx.     Whence  2bxzzrr+bb — ss — zas+2ar9 

.            rr-hbb — ss — 2as  +  iar       i     ,  .       . 
and  x  zz — ? .     And  in  the  tri- 

20 

angle  ADC,  aa  +  2at+ttzzaa+2ar+rr+cc — 2cy, 

and  2cy  zz  rr  +  cc  —  //  — -  2ta  +  2rar  and 

rr  +  c  c  —  //  —  2ta  +  2ra 
y  zz   • 

2C 

The    triangles    ACK,    AFG   are  fimilar,  and 

g:c::y:£^zzAG,  then  x—  2  zzGE.     Alfo  the 
g  g 

triangles   DGE   (AGF)   and    ACK   are   fimilar; 


9 


whence  h  :  g  :  :  x — —  :  \/aa+  2ar+rr — xx  —DE. 

£ 

Whence  h\/aa  -+-  iar  -\-  rr  —  xx  zz  gx  —  cy. 

Put  lzzrr+bh — ss,fzz2s — 2r,  mzzrr+cc — //, 
n  —  2t  —  2r,  pzzlg  —  bm,  qzzbn — fg.     Then  *zz 

*ZZllt  and  hJaa+iar+rr-  Off  =  ^=M 

2b  2b    '  2b 

•—  ^—  zz  ^— ~.    Which  fquared  is  bbaa  +  2rbba 

2  2D 

D  d  3  +  rrhb 
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Fi§'  +  ^vu  -^  &  s,  ll~  2lfa  +  ffa«  ~  pp  +  ipqa+gqaa 
and  reduced 

tfilhhaa  +  Sbbhhra  4-  tfilhhrr  2S  o. 


P  R  O  B.     CVII. 

Jii  To  find  the  point  D,  from  which  three  lines  DA,  DB, 
DC  drawn  to  the  three  given  points  A,  B,  C* 
jhall  have  a  given  ratio. 

Draw  AC,  and  DFG,  BE  perpendicular  to  it. 
Draw  BG  |]  to  EF  *  and  put  AE .=  a,  AC  =  bt 
EB=rr;  and  AFzi*,  FD~>  Then  CF=S— *, 
FEzi:*  —  a,  and  let  DA,  DB9  DC,  be  as  I,  r 
and  s. 

Then  (Geom.  II.  21.)  AD*  =  xx  +  yy  ,  BD*  5= 
*+.yl*  +  x—a\z  ~cc+2cy+yy-{'XX—2xa+aa%  and 
CD*  =  lb —  2ix  +  xx  +yy. 

But  by  the  queftion  1  :  rr  :  :  DA2  :  DB*  =  rr 
XDA%  and  1  :  ss  : :  DAZ :  DC*=jjxDAz-,  that  is, 
€c  +  2cy  +  yy  +  xx  —  2xa  +  aa  zz  rrxx+rryy9  and 
lb —  ibx  +  xx  +yy  ~ssxx+ssyy,  and  putting  m  z: 
rr—  1,  />  z=  rc+tfrf,  /— ii — 1,  we  fhall  have  thefe 

(a)        (b)         (0 
two  equations,  flryj  —  29  +  mxx  —  o. 

00     (?)       (*) 

and  fyy        *     +  fxx  —  o. 
+  ibx 
—  bb 

Then 
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Then  to  expunge  y  (by  Prob.liv.  rule  2.)  we  Fig, 
have  52. 

Ar-^.  2cf9  B  —  — ■  2cfxx —  ibex  +  2cbb. 
D  ~  ?#/##  +  2  #/#  —  />/ 
—  mfxx  —  2A  —  w£3. 

Whence  AB  +  DD  r  o,  that  is, 

4ccffxx  +  %bccfx  —  ^blccf     ^ 

+  4a*ff   —Wff.  +PPff        ( 

—  ^ambf  —  /\ambb  +  imbbpf   /  zo. 

+  ^mmbb  +  \mbpf  +  mrnb*      \ 

-r  qmmb1  ** 

P  R  O  B.      CV1II. 

In  a  triangle*  there  is  given  a  perpendicular \  the  dif~  S39 
ference  of  the  fides,  and  the  difference  of  the  feg- 
ments  of  the  lafe  \  fo  find  the  fides. 

Let  the  perpendicular  CD—a,  CB — Ch—c,  and 
BD^DA-^  DA  =  x.  Then  CA  ~  y/aa  +  xxy 
and  CB~\/aa+xx+c9  and  ABzzix+b.  Then 
(Geom.  II.  24.),  &  +  2X  :2\/aa+xx  +  c  :  :  c  :  b  ; 
whence  bh  +  2bx  ~  2^/00+ *#  +  cc9  and  2^  + 
bh — c c = 2 v/iff  +  yy,  and  fquared  is  4^fe+4^X 
AS  —  c c  +  bb~^clz  —  4<z a  +  4*  #  X  *v  9 

reduced 

4fc  +  4*?#  ==  4*/w. 
.—-4a-      —  4^  —  ^4 

+  2^0* 


*>  d  4  PROB, 


4g£  geometrical       b.  It 

Fig. 

P  R  O  B.    CIX, 

54.  There  is  given  the  perpendicular  in  a  triangle^  and  the 
two  differences  between  the  leafi  fide,  and  the  other 
two  9  to  find  the  fides. 

Let  the  perpendicular  AD  zza,  BC — BA=£,  AC 
— AB  =  r.  AB=*  9  then  BC~ b+x,  ACzzc+x,  and 
BD  ==  s/xx — aa*  and  DC  2 :  b  +  x  — \/xx — aa  ; 
and  (Geom.  II,  24.)  BC  (b+x)  :  AC+AB  (c+2x) 
:  :  AC  —  AB  (c)  :DC  —  DB  (b+x—2\/xx—aa)9 
-whence  b+x\l  —  20  +  2*  X  \/xx — aa  zz.cc  +  2^j 
and  ib  -+•  2*  X  v'**  — 00  z=       ^  +  2^  +  ## 

—  irt  —  2cx 
Put  bb  —  cczzd>  lb  —  2c  zzf-9  then 
4^  4-  Hbx  -f-  4%#  X  xx  —  aa  zzxx  +fx+d\*,  which 
multiplied  and  reduced  is 

3K4  +  8£*5  +  ^bbx*  —  Sbaax   —  ^bbaa  zz  o. 
—  2/     —  400     —  2df        —  ^ 

—  2d 

P  R  O  B.    CX. 

55.  Having  all  the  fides  of  a  right-angled  triangle  ACB  ; 
to  find  either  fegment  of  the  bafe  AD,  the  perpendi- 
cular CD,  the  area ,  0;^  /£tf  r007#j  0/  /£*  infer ibed 
circle •,  &c. 

1.  Let  AC:z0,  CBzzr,  ABzz^,  2;zz*+^+C; 

2 

then   (Geom.  II.  20.  cor.  1.)  aa  zz  b  X  AD,  and 
AD  ~  -j  .    But  a*  zz  W — eczzb+exb — c  5  there- 
fore AD  =  EHgE,  that  is, 
b 

the 
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,     r  at^       **        £4-^X0  —  c  ,  Fig. 

the  fegment  AD  =  T=    ■         7 .  r/f 

2.  For  the  'perpendicular  CD. 


CD*=AC*-ADaz^-f!  =  aa*»»-a\  and 
CD  =1  —  \£bb  —  aa  zz  -j  ^  +'  0  X  £  —  <*  5  or 
CD  =z  -—  ^/cc  zz  -- .    Therefore  the  perpehdk  ular 
C D  =  j  =  ± y/bb  —  aa  z:  j ^b  +  a  X  J^i, 

3.  For  the  area. 

AB  X  CD  .       •       L  ** 

55  area ;  that   is,  the  area  =1  —  = 

2  2 

gV^+*x*--*      Andfince  *«+"=M,  add  £ae9 


then  00+2^-f  rt  or  a^c\    zz  bb  +  2ac,  and  2^r 

r,        7  7  j  *r  u  *  -h  d* —  W 

^-l-cl* —  bb,  and  —  or  the  area  =z  ' 

2  A 


«+g+*X«  +  f-*-,zX^     And  fince  i+7[S 

4  

4-tf—  d*  —  2aa  +  2cczzibb9  therefore  a-\-c\l — blzzbb 

—  a~^7\\    Therefore  the  area  zz  hb  ~  a  ~  d&  s 

4 

b  -ha  —  c  X  £—  a  +  c 


zz  z — a  X  s— r.     Hence  the 


area  zz  —  —  ^+"gX^ tf   —  *  +  fH-^Xa-ff— * 

2       2  4 

_  £ +-rf — cXb—a  + 


zzzX  z—b  zz  z—a  X  ***. 

4  ^ 
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Fig. 
r^  4.  For  the  radius  of  the  infcribed  circle. 

The  area  2=  - —  x  radius  of  the  infcribed 

2 

ff    I    h    I  1  r 

circle  (Geom.  IV.  30.  cor.)  =*    ^  ^    x  r,  putting 

^      ,         ,.  ,  2  area  #  4- f  —  £ 

r  for  the  radius ;  then  r  zz ? =:  — — 

a+b +c  2 

etc 

z  —  b\  or  the  radius  zz 1 — ~,  that  is,  the  ra- 

#  +  k  +  c 

dius  of  the  infcribed  circle  is  z=  —  =  — — —  tX 

2Z  2 

%  —  h 

5.   For  the  circumfcribing  circle. 

The  radius  of  the  circumfcribing  circle  =  —  b 
(Geom,  IV.  14.) 

6.  For  the  tangents. 
The  tangent,  or  the  diftance  from  A  to  the  point 

Of  contadt  of  the  infcribed  circle  ==  — —  = 

2 

z — c,  (Geom.  IV.  30 ). 

And  the  diftance  from   the   right  angle   C   is 

=  r  the  radius. 

7.  For  the  diftance  of  the  center. 
The  diftance  from  A  =  Jrr  +  t+b~c\    = 

Ja+7ZZtf   +  f+t—cK  (by  Art.  4.  and  6)  = 
2        I  2      I  _ 

•    4         •  ♦  +      ,   4. 

(putting 
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(putting  dzzb—c)  =l  yf~=fy —  =  */— *   55. 

_    /i+hb-ibc+cc  =       2bb—ibc  _  x/jf-j: 

2  2 

jj-  x^bxb —  *j  that  is, 

the  diftance  of   A   from   the   center  of   the  in- 

fcribed  circle  is  zz^^x^  — ^ 


PROB,     CXI. 

Having  the  fides  of  an  oblique  triangle  ABC ;  to  find  $6* 
the  perpendicular  CD,  the  fegments  of  the  hafe>  and 
the  area. 

Let  AC  =*,  ABnJ,  CB=r,  a  +  h+f  =  £ 
0  +  *  =z  j,  #  —  r  zz  d. 


1.   F<?r  the  fegments. 
AB  :  AC+CB  :  :  AC— -CB  :  dif.  fegments 
(Geom.  II.  24.) ;  that  is,  b  :  s  :  :  d  :  S ■   zz 

AD-DB.    Then  -L*  +  *  or  *L±*  =  great- 

er  fegment  AD,  and  — ^-  =  BD   the  lefler  feg- 
ment. 

2.  F<?r  /&*  perpendicular* 


rn_    /     bb+asF  4.lhaa'-l*—illds — ^J^ 

2^    '        _  4^     

but  2^zrj+^  and  ^aazzs+d\z7  and  /^hbaa—bs+bd, 
iherefore 

CD  = 


%&  GEOMETRICAL  B.  II; 

fig.  CD  —    /^ss  +  zbbsd  +  bbdd — b* — ibhds — ddss  __ 

56.  "~ 4bb  ~    *~ 

js  X  bb — dd  —  bb  X  bb — dd   __  .bb—ddxss — bb 
*  4bb  ~  *  ^bb        ~~ 


_\/b+dxb-dx.s  +  bXs-b      Buts  +  bzza 

2b 
+  c  +  h,  s  —  bna  +  c —  b,  and  b+dzza+b—- c, 
I  —  d  zz  h  4-  c  —  a>    therefore 


CD 


__  v  a-\-b-\-c  X  a-\-c — b  X  a+b — c  X  b+c — a 

Tb  ' 

-.  a  +  b  +  c  b  +  c  —  a 

But  ziz* — - — ,  z  —  azz\ %  %  —  c  =r 

■  2  2 

- ,  2  —  £  z= .     Therefore 


2 


CD  —  ^^  X  2.% — a  X  2,%  —  c  x  2.2  —  £ 

"  ~"  23 

2^/zxz— *■*—*.*— *,  that  is,  the  perpendicular 

h 

CD  —  ^ a+b  +  c  X  "  +  ^— f  X  tf— 3+f  X  B  +  c^a 

lb 

_^b  +  dxb  —  dxs  +  bxs  —  b    _ 

3.  F^?r  the  area. 

Since  the  area  is  zz  —  AB  x  CD    (Geom.  II. 

2 

10.  cor.   2.)>  and   CD   was  found   by  the  laft  ar- 

•  1       1       r  r>  r  A^         aa  +  bb —  cc 

tide,   let  CD  zzp\  fince   AD  =   — — r > 

w  -  '-  1  20 

therefore 
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therefore   CD  =   Jaa-"+**^«f     z=       |£ 

Jiaabb  +  2^  +  2*^  -  a*-  **— g     therefore 
w  Abb 

we  have  the  area  of  the  triangle  ACB  =z  —  pb  =z 

~\/ laabb  +  2aacC -\- 2bbcc — a*  —  b* —  c*  — 
2 

—  y/a  +  b  +cxa  +  b  —  cx'b  +  c  —  a  xa~+c^-'b 

4  

=  ±.V}  +  dx'b  —  dxs+bXs—b  2= 

4 


P  R  O  B.      CXII. 

Having  the  fides  of  an  oblique  triangle ;  to  find  the  57. 
radius  of  the  infer ibed  circle,  &c. 

1.  In  the  triangle  ABC,  bifecl:  the  two  angles 
A,  B,  by  the  lines  AF,  BE  to  interfeft  in  O  the 
center  of  the  inferibed  circle.  From  O,  C,  let  fall 
the  perpendiculars  OD,  CP,  upon  the  bafe  AB. 
And  put  AB=*,  AC=*,  CBzzr,  AP=J,  PB=/, 
CP=/>,  and  DO=*,  DP  zzy  5  then  AD  zzd— y, 
BD=/+j. 

Then  (Geom.  II.  25.)  CA  :  AP  :  :  CS  :  SP, 
and  CA  +  AP  :  AP  :  :  CP  :  SP,  that  is,.*  +  d : 

d::p:  l£-~S?.     Likewife  c+f:f::p:lC 
a+d  J       r     c+f 

~  LP.     The  triangle  APS,  ADO  are  fimilar,  and 

d:Jij::d-y:P±^y^DO  =  x.     Alfo  the 
a+d  a+d 

triangles      BPL     and     BDO     are     fi/nilar,     and 

J     c+f     J  c+f  a+d 

plying 
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Fig.  plying,    apf+dpf+apx+dpy-cpd+fpd~cpy—fpy9 

£7,  and  tranfpofing,  apy  +  dpy+fpy+cpyzzcpd—apf; 

that  is,  becaufe  d+fzzb,  apy+bpy+cpy~cpd—apf, 

,ndy=J±^L.    Whence   i=^  =  ^- 
J       a+b+c  a  +  d       a  +  d 

pcd-pat  _  pda  +pdb  +pdc — pdc+paf  _ 

^T+dxa+b+c  ~~       a  +  dxa  +  t  +  c 
jba  +  pbd  pb        ^     Andfincefmay 

a+dxa+b+c       «  +  *  +  <  - 

be  had  various  ways,  from  the  laft  problem  •,  there- 
fore we  fhall  have  the  radius  of  the  infcribed  circle 
lp  j      /a—c+bxa+c—bxb+c—a 

-J+b+c  =  _T^ _"  a±L±i 

i      /fi+^xB—nxs—b   _     /z—axz—bxz—c 

~T* T+h * 

Where  g  =  *^**',  *=«  +  *  »-*•>* 

2 

2.  Ftfr  *£<?  /j»^»/  AD. 

-  cd-af        _ 

We  have  AD  ^d—y  =:  d  —  a  +  b+c  - 

ad+bd+cd—cd+af  __  ad+bd+axb—d  _  ba+Jd 
a+b+c                   a+b  +  c        "a+b+c 
;     .          v   T  .       aa  +  Vb  —  cc     ,       r 
But  (Geom,  II.  23.)  U  =  — z-^ ,  therefore 

2ab  +  aa  +  bb  —  cc  _    g  -f-  B\l  —  f<:     _ 

j  +  g  +  OC^+J^j   _  a+b-±  .    ihat    is> 

^        ^  +  a  ,      0+0 — c 
the  tangent  AD  c  -  ,  r  ,  ;*  =  — ; — -  =  *** 


3.  F*r 
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4*5 


Frg. 


3.   For  the  central  diftance. 

5h 

AO'  =  AD'4.nr>'-   «  +4'   11  , PP        ,, 

a+b+cL         «+b+czbb=* 
aa+iad+dd+aa—dd  ;j      lag  +  iad  2aU 

Xa+d.    But  d- ~b j   therefore  AOs  zs. 

**bb      „2ab+aa+bb-cc  _     ,      T+bf—cc 

____  . — . —  a+b+ci 

a  +  b+cxa+b—c  _  a+b— c  2_f 

a  +  b  +  c\l  ~  a+b+c*ah-  ~iT  ab' 

That  is,  the  diftance  of  the  center  from  the  angle 

v  a  +  b±cX      ~  v  -~  Xat. 

PROB.    CXIII. 

Having  thefdes  of  a  triangle  to  find  the  radius  of  the    „ 
circumfcrihing  circle.  5*' 

rpL.f  lBCbe  ^iWWk  draw  the  diameter 
CF  of  the  crcumfcnb.ng  circle,  and  let    CP   be 
perpendicular  to  AB.    Pu1  AC=<J)  AbS  CB-r 
CP— *    ~  —  a+b+c  '  * 

V~h  Z  ~  ~T~»  s=a+c>  <t=a-c,  CH  or 
HF  =  R. 

Then  (Geom.  IV.  28)j  p  .  a  .  .  ,  ;  aR>  and 
R  _  -.  Now  fince  we  have  the  value  of  p  va- 
rious ways  by  problem  cxi.  we  fhall  have  the  value 
of  R  fo  many  ways.  Hence  R  the  radius  of  tSe 
circumfcribing  circle  =  aL 

2J>' 
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Fig. 

= 

GEO! 

METRICAL 

abc 

B. 

If. 

58. 

Va  +  b  +  cX 

a  +  b  —  c  x  #- 

<ibc 

-b+c) 

<b+c- 

— # 

\/b  4-  d  X  b  — 

acb 

-dxs  +  bxs- 

-b 

As/z.z.  —  a>%- 
acb 

-b.z —  c 

4  X  area 

Cor.    Hence  r  the  radius  of  the  inferibed  circle : 
to  R  the  radius  of  the  circumfcribed  circle  :  : 
As  z  —  a  X  z  —  b  Xz  —  c  :  ? 
to  \abu 

P  R  O  B.      CXIV. 

59.  Given  the  lafe  of  a  triangle^  and  the  diameters  of  the 
inferibed  and  circumfcribed  circles  \  to  find  the  fides. 

Let  QRW  be  the  triangle,  QDWB  the  circum- 
scribing circle,  DB  (perpendicular  to  QW)  its 
diameter.  Draw  BR,  which  will  bifect  the  angle 
R.  Let  QS  bifect  the  angle  Q*  then  S  is  the 
center  of  the  inferibed  circle.  Through  S  draw 
ASV  parallel  to  QW.  Then  AP  is  the  radius  of 
the  inferibed  circle.     Draw  BV,  BW. 

Let  BD:=tf,  QW=£,  APrc,  BP=v,  BRn*, 

,77         j          a+s/aa — bb       T 
then  av  —  vvzz  \bb%  and  v  —  Z=z Let 

BW  =  d  =  x/vv+^bb  zz  \/Zv.     BA  =  v  +  czzs% 

BV  —p  =  \/BA  x  KD 

The   triangles   BRD,  BPT  and  BAS  are  fimi- 

lar,  whence  x  :  a  :  :  v  :  —  =:  BT ;  and   x  :  a 

x 

s:  —  zz  BS.    But  (Geom.  IV.  17.  cor.)  as  =  ff9 
x 

and 


Seft.  VI.  PROBLEMS.  417 

and  av  =  ddi  therefore  BT  =  -,  and  BS  =  *1 .  ?j" 

Then   RS=*-^,    and  1.^-n"dd.    But 

(Geom.  II.  25.)  TS  :  SR  :  :  TQ  :  QR  ;  and  the 
triangles  TQR  and  BWR  are  fimilar  (Geom.  IV. 
12.  cor.  2.),  and  TQ  :  QR  :  :  BW  :  BR  9  whence 

TS  :  SR  :  :  BW  :  BR,  that  is,  tt=H  :  *Jt££  :  : 

X  DC 

d  :  x9  whence  ppx  —  ddx  zz  dxx  —  dpp,  and  dxx  + 
ddx  zz  dpp  +  ppx%  or  d  +  x xdx  zz  d  +' x  xpp>  and 

dxzzipp,    whence   #  =  ^.     Then  BR  (*)  !  DR 


Cy/**  —  **)  :  :   BP    (y)  :  PT  zz 


vs/aa  —  xx 


x 

whence  QT,  TW  are  known.  Then  BW  (d)  : 
BR  (*)  :  :  QT  :  QR  :  :  and  TW  :  WR,  the  two 
fides  of  the  triangle. 


P  R  O  B.    CXV. 

There  is  given  the  bafe  of  a  triangle,  the  line  that  hi-  ?   , 
fells  the  vertical  angle,  and  the  diameter  of  the  cir- 
cumfcr  thing  circle  9  to  find  the  fides. 

Let  AB  zzb9  EO  or  OF  zzr,  CDzzi,  HDzz#, 
FDzzjy. 

Then   AD  zz   l  b  +  x9   DB  zz  ~  b  —  x,  FH 
2  2 

zzvyy  —  xx. 
And  (Geom.  IV.  20.  cor.  2.)  ADB  zz  CDF,  or 

—  bb — xxzzdy.  The  triangles  FDH,  FEC  are  fi- 
milar, and^  :  vyy — xx  :  :  2r  :y+d9  and^jy+^zz 
rrvyy— xx zz 2 rx/yy-rdy — \bb.     Which  fquared  is, 

£  c  t  + 


4i8  GEOMETRICAL,  £?*;        B.  11; 

Figy*  +  2dy*  +  <%>  z=  4rryy  +  4m/y  —  rrbly  and  re- 
60.  duced  y*  +  2^y3  +  *Wyy  —  ^rrdy+rrhbzzOi    Then 
*— 4?r 
tfziv/^  —  dy. 

Alio  BF  £:  ^/yy  —  xx  +  ±^,  and  the  triangles 
ADF,  CDB  are  fimilar,  and  AD  {\b  +  x)  :  AP 
or  BF  (v<yy  —  **  +  ^)  :  :  CD  (d)  :  CB  = 
^v/yj  —  xx  +  -J^ 

Alio  the  triangles  ADC,  BDF  are  fimilar,  and 
BD  (f£  —  x):BF(\/yy  —  xx  +  \bb)  :  :  CD  (d)  ; 

CA  =  ^jy — ^  + t^ 


$•#♦#•$»$• 

•$••$••$>•$• 

«#►#»$♦ 

«#-*• 

* 


sect: 
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SECT.     VII.  Flg; 

Problems  in  Plain  Trigonometry \ 

PROB,     CXVI. 

In  the  triangle  ABC,  there  is  given  the  angle  B,  the  6*i» 
fide  AB  ;  and  the  fum  of  the  fides  J3C,  AC  •,  to 
find  the  fides. 

LET  AB  zz  d,  BC  +  AC  zz  b,  fine  <3r/, 
.  cof.  zz  f,  AC  zz  x>  then  CB  zz  b  —>  x. 
By  plain  Trigonometry  rad.  (i)   :  AB  (d)  :  : 
S.PABorcof.  B(c)  :  PB  zz  cd. 

Then  (Geo.  II.  22.)  xxzzdd+bb — ibx+xx+icdyi 
b  —  x,  reduced  ibx  +  2cdx  zz  bb  +  dd+ibcd,  and 
_lb  +  dd+  2b  cd 
2b  +  2cd 

PROB,    CXV1I. 

In  the  triangle  ACB,  there  is  given  the  two  [eg men ts  62, 
AD,  DB,  made  by  the  'perpendicular ',  and  the  angle 
ACB  •,  to  find  the  reft. 

Make  DE  zz  DB,  and  draw  CE,  then  put 
BD  zz  b9  AD  =  di  CB  or  CE  zzjy,  S.ACB  =  sf 
S.ACE  zz*;  then  AK  zzd—by  AB  zz  d  -f  b. 

By  Trigonometry,   (in   the  triangle  ACB)   AB 

(I  +  d)  :  S.ACB  (j)  :  :  CB  (y)  :  -JL-  zz  S.CAB. 

o  -+-  d 

Alfo  (in  the  triangle  ACE),  CE  (y)  :  S.CAE 
(-f-j)  ' '  AE  (d—b)  :  S.ACE  (*),  and  *  zz  ^=y. 
E  e  2  Then 
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Ficr.^,        ACE  +  ACB        Ar,n          .    ACB-ACE 
*J to  Then     =  ACD,    and    

62.  2  2 

—  BCD.     Then  S.ACD  :  AD  :  :  rad  :  AC     And 
S.BCD  :  BD  :  :  rad  :  CB. 

P  R  O  B.     CXVI1I. 

63,  lit  the  triangle  ABC  there  is  given  AB,  and  the  angle 

B,  and  the  ratio  of  AC  to  BC,  to  find  the  fides. 

Let  fall  AD  on  BC  (  produced  ) ;  and  put 
AB  zzi9  AC  =  a9  the  ratio  of  AC  to  CB  as  I  to 
r,  then  CB  s±  ra9  and  cof.  ACB  =  c.  Then  rad. 
(1)  :  AC  (a)  :  :  S.DAC  (<r)  :  ca  =  DC.  Then 
(Geom.  II.  22.)  bb  zz  aa  +  mza  +  2*r*tf,  whence 

bb  ■  b 

aa  — . — .  ,  ana  #  = 


rr  +  1  +  20*  ;  v"rr  +  1  +  2<r 

PROB,     CXIX. 

g     2#  the  triangle  CAB,  /fer*  f>  given  two  fides  and 
the  included  angle  \  to  find  the  area. 

Let  CA,  AB  and  the  angle  A  be  given ;  draw 
CF  perpendicular  to  AB,  and  let  AB=£,  AQzzd9 
S.  <  A  zzs.     Then  in  the  triangle  ACF,  rad.  (1) 

:  AC  {d)  :  :  S.A  (>)  :  sd  =  CF.     Then  CF  X  AB~ 

—  area,  or  —  r:  area ;  that  is,  half  the  rectangle 

2  ° 

of  the  fides  multiplied  by  the  fine  of  the  included 
angle,  gives  the  area. 

PROB.     CXX. 

Given  all  the  fides  of  a  trapezium,  and  two  oppq/ite 
^5-  angles  9  to  find  the  area. 

Let  the  angles  B,  D  be  given,  and  through  the 
other  two  angles  A,  C,  draw  the  diagonal  AC. 

Let 


•*<2 
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Let  AB=*f  BCzzc,  CDzzd,  DA=/,  S.  <B=:^Fig. 
S.D  zz  q.     Then  by  the  laft  problem,  the  area  of  65. 

the  triangle  CBA  =  S- ,  and  the  triangle  CDA 

SB 

ze  —  *,  therefore  the  trapezium  zz    ^        v  . 


P  R  O  B.     CXXI. 

In  the  triangle  WNE,  there  is  given  the  fegment  SE,  66. 
the  angle  WNE,  W  /£<?  ratio  of  NE  /<?  N W ; 
to  find  the  fides. 

Let  WP  be  perpendicular  to  EN,  and  fuppofe 
NE  to  WN  as  1  to  p,  S.N  z=  s,  cof.  N  =  f, 
SEzi,  NEzz^,  then  WN zzpx.  In  the  triangle 
WNP,  rad.  (1)  :  WN  (px)  :  :  S.PWN  (*)  : 
PN  zz  pcxy  and  by  the  fimilar  triangles  ENS, 
EWP  •,   ES  :  EN  :  :  EP  :  EW,   or   b  :  x  :  : 

x  +  pcx    XX  ^V0*--  zz  EW.    But  (Geom,  II.  22.) 

x*  +  *pc**+ppcc*  =xx+  ppxx  +  2p(xXy    of 

1  +  2/*  -h  ppaxxx  zzhlxi  +  pp+zpc>  and  x  ^: 

«— —  n/i  +  #>  +  2/*. 

1  +/> 

Or  /£«j, 
Let  /  r=  tang.. of  Ew^+E>  then   WN+NE. 
(px  +  x)  :  WN  — NE  (px*-x)  :  :  /  :  '.£Lzi*  = 

r  r  '  pX  -\-  X 

P       I  /  zz  tang.  4-  diff.  of  the  angles  W  and  E. 
p  +  1 

Whence  the  angles  W,  E  are  known.     Then  as 

Cof.  E  :  b  :  :  rad  :  x,  required. 

E  e  3  PROB, 
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Fig, 

P  R  O  B.     CXX1I. 

67,  In  the  right -angled  triangle  ABC,  there  is  given,  the 

'  fwn  of  AB  and  BC,    the  angle'  CDB  ;    likewife 

<T  ACD  =  <;  DCIL  are  given  9  to  find  CB,  &c. 

Let  S.ACBrzj,  S.CABzzr,  CB  =z  *,  AB  +  BC 
~5,  and  BA  zzb —  x.     Then  s  :  c  :  :  b  —  x  :  x9 

and  *#  =3  cb~cx9  whence  x  ~ .     Then  CB, 

s+c 

BA  are  known.     Let  m,  n  be  the  tangents  of  BCE, 

BCD  1  then  1  :  x  :  :  »  :  BE  :  :  n  :  BD. 

P  R  O  B.     CXXIII. 

In  the  triangle  ADC,  there  is  given  AB,  BC ;  qui 

the  angles  ADB,  BDC  $jio  find  AD,  DC. 

Let'S.ADBzu,  S.BDC=/t  S.ADC~;>,  cotang. 

ADC  ~h  AB  -  5,  BC  =  c%  AC  =  <J,  AD  =  *. 

sx 
By  plain  Trigonometry,  £:*::#:—■  ~S.ABD 

or  CBD.     And  /  :  c  :  :  S  :  —  =  CD.     Then  AD 

;+CD  (*  +  ~)  :  AD  — CD  (x  —  £I1)  :  :  tan. 

'A+C  '    ,     tbq—csq       I  A~-C       ~,  .    . 

_  (a  ;  :     * 1  ~  tang.  ■ .     Then  <sA 

2  tb  -\-  cs  2 

and  C  are  known  •,  then  p  :  d  :  :  S.C  :  AD  :  : 

S.A  :  CD. 

PROB,     CXXIV, 

$9*  In  the  triangle  A  BC,  there  is  given  AB,  /£(?  angle  C, 
<z#2  CD,  wfoV£  is  drawn  to  the  -middle  of  AB  9  to 
find  the  fides. 

Draw  AF  perpendicular  to  CB,  and  put  AD  or 
DB=:£,  CD=</,  S.<C=5,  cot.£=c$  AC=#,  BCzzy. 

Then 
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Then  (Geotn;  II.  28.)  xx+yyzzibb  +  idd.     By  Fig. 
Trigonometry   1  :  x  :  :  s  :  sx  zz  AF,  and  1  :  x  :  :   69, 
c  :  ex  zz  CF.     Then  BFzzy — ex9  and  ssxx+yy—~ 
2eyx+ecxxzzJtbh9  fubtratt  this  from  the  firft  equa- 
tion, then  xx — ssxx  +  2eyx—eexxzz2dd — ihb*  that 
is  (becaufe  ss  +  cc  zz  1.)  29W  zz  2^—  2W,  and 

idd-lbb  ,  r  .  rr 

2j#  zz . ;    therefore  yy  +  2yx  +  xx  —  20? 

+  2^  H -,     and    jy  +  x   zz 


j 


%bb  +  zdd  +  — — —  =  m;    in   like   manner 


x  =  J2ih  +  2dd  -  idd-zbb  =  n.    Then 


y  zz      ^     ,   x  zz  — 
2  2 


P  R  O  B.    CXXV. 

Given  the  angles  of  altitude  RCA,  BDA,  the  hori-   -^ 
zontal  angle  BCD,  and  the  line  of  ft  at  ion  CD  5  to  ,  / 
find  the  height  AB. 

Let  b  ~  cotang.  BCA  zz  47  :  30 ;  c  zz  cotang. 
BDA  zz  40  :  12  9  d  zz  S.BCD  zz  87  5  •,  CD  zz/zz 
283.274  feet;  AB  zz  #. 

Then  in  the  triangle  ABC,  1  :  x  :  :  I  :  bx  zzBC, 
and  in  the  triangle  ABD,  1  :  x  :  :  c  :  exzzBTJ  ;  and 

in  the  triangle  BCD,  ex  :  d  :  :  bx  :  —  zz  S.BDC 

ZZ5039;  whence  DBCZZ42  16;  let  #  zz  S.DBC ; 
then    »  :  /  :  :  </ :  BD  zz  ex>   and    ffoc  zz  fd,    and 

x  zzLzz  355'15%- 
He 


E  e  4  PROB, 
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PRO  B.     CXXVI. 

.    71.  Given  the  fum  of  the  fides  of  a  triangle \  and  all  the 
angles  fever  ally  \  to  find  the  fides. 

Let  S.A=j,  SBrz^S.Cr^AB+BC-fCA—J, 
AC  zz  x.     Then  by  Trigonometry,  n  :  x  :  :  s  : 

?  -  CB,  and  n  :  *  :  :  /  :  -  =  AB.      And    x  + 

n  n 

sx         tx         .        .  #£ 


1 —  b9  whence  x  zz 

n         n  n  +  s  +  / 

P  R  O  B.     CXXVII. 

72»  itf  the  right-angled  triangle  VAB,  /^r^  is  given  the 
perpendicular  A  T0  the  fegment  VC,  tf»^  /^  angle 
VAC  ;  /<?  ></  CB. 

Let  AKzzby  VCrr,  tang.  VACzz/,  BCrz*. 
Then  by  plain  trigonometry,  5  :   1  :  :  a  :  —  zz 

tang.  BAC,  and  (trie,  viii.)  1  —  --  :  1  :  :  /  +  — 

b  b 

:  h±±^  zz  tang.  BAV.     Whence  lib::  h±±? 
/i#  — ta  b  —  ta 

:  a  +  c  zz  —, ,  and   multiplying,  ba  +  be  — 

b  —  ta  V 

T 1  li 

tda — tcazzlbt+ba^  reduced  cwi  -f  ca  zz  —  — lb. 

z\  t 

P  R  O  B.    CXXVI1I. 

73.  In  the  right-angled  triangh  ABC,  BE  zz  EC,  and 
-<ABD  =  CBD;  and  there  is  given  BD  and 
<  C  AE  ;  to  find  the  fides. 

Draw  DF  parallel  to  CB  ;  then  in  the  triangle 

DI<B,  the  angles  at  B,  D  are  45%  and  BD  being 

•a  given, 
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given,  DF  and  FB  its  equal,  are  given  ;  and  fince  Fig. 
CEzzEG,  therefore  DGzzGF.    Let  DGorGFzz£,  73. 
S.D  AG  zz  s,  AF  =  #,  then  AG  =  v/fe+^AD 
zzv/^-r-tf*.     And  by  plain  Trig.  AG(\/ bb+xx) 

:  rad.  (1)  :  :  AF  (*)  :      ,-■  *  S  S.G.     Alio 

S.  G  fc,AJL,*    1?A  :  AD  (x/^F+Vx)  :  :  S.DAG 
V\/^  -h  xx ) 

(j)  :  DG  f  *;  ;  whence  ■   ,         -~  zz  Sy/^bb+xx* 
reduced  #4  +  5<£te  +  4^4  7=  °- 


ss 


P  R  O  B.    CXXIX. 

From  the  point  B,  to  draw  the  lines  BC,  BD,  BA,  74, 
fo  that  CD,  DA,  jroi  the  angles   CBD,  DBA, 
;«<zy  be  given .  H^ 

Draw  CF  perpendicular  to  AB,  and  put  CD^, 
DAzr,  CAzj,  and  "S.CBD  zz/,  S.DBA  zz  i, 
S.CBA  zz  01.  cof.  CBA  zz  n,  and  CB  zz  x. 

Then  by  plain  Trigonometry  1  :  x  :  :  n  :  tf#zzBF, 

and  b:f::x:^  =  S.D,  and  ^  :  c  :  :  ^  :  CIH  - 

J  b  ■  b       bd 

EA.     But  in  the  triangle  CBA,  (Geom.  II.  23.) 

<x 

d  ~ 
bds 


cr 

,    ccffxx  m  cfx 

ss  zz  %x  +  -£- 27W  X  -7-,   which   reduced   is 


x  — 


>/  ubdd  +  ^  —  zbdjnc  " 


I 


PROB, 
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Fl§'  PROB,    CXXX. 

75*  In  an  oblique  triangle  there  is  given,  the  bafe,  and 

perpendicular,  and  angle  oppofite  to  the   bafe  -,  to 

find  the  fides. 

Draw  AD  perpendicular  to  CB  -,  and  put 
AB-^>  S.ACBzzj,  cof.  ACB=:r,  perp.  C¥zzp, 
AC  zz  *,  CB  zzy. 

In  the  triangle  ACD,  i  :  x  :  :  s  :  sx  zz  AD,  and 
i  :  x  :  :  c  :  cxzzCD.  The  triangles  ABD  and  CBF 
are  fimilar,  and  y  :  b  :  :  p  :  sx  zz  AD,  whence 
pbzzsxy.     In  the  triangle  ABC  (Geom.  II.  23.), 

Jib  ts  xx  +  yy  —  2cxy  -,  but  xy  zz  •£- ,  and  y  zz  ?-  j 

s  sx 

therefore  bb  zzxx  +  ~ ---_  :  which  reduced 

ss  s 

MpP 

is  x*  —  bvxx  +  zz  o. 

ss 

ihcp 

s 

Otherwise, 

Let  AC+CBiz:*,  AC— CB=J,  the  reft  as  be- 

pb 

fore-,  then  AD-sxx+y,  CD zzcXx+y,  y  zzxx-yy* 

Then  in  the  triangle  ABC,  IBzzx+yf  +  *—^|   *"* 
2c  X  tf# — j,y  -,  that  is,  2jw  +  iyy — 2cxx+icyyzzlbt 

pb 
and  putting  xx  —  —  for  yy,  we  have  2xx  +  2xx-- 

2pb  icpb  2pb 

■ —  —  2_,##+2«<w —  — -  zz  bo,  or  .pw  —  —  — 
j  j  J 


.-_—  zz  W,  whence  a:  =z  u  -\hb  +  --t_  x  bpzzm, 
s  2  J 

ar.d  jr  =  J  $h  +  ?Zf  ^=^.     Then  AC  =  ^ 
BC  = 


2S  2 

0Z~-tf 

T^  Or 
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Or  thus.  Fig. 

Let  fzz  cofine  of  the  fum  of  the  angles  A,  B ;  75> 
v  zz  cof.  of  their  difference  ,  the  reft  as   before. 
:Then  (Trig,  II.  10.)  v—f :  s  :  :  p  :  \b%  and  v—fzz 

22ff  and  v  zz  ^£  +/.     Then  the  angles  A  and  B 
b  o 

will  be  known,  and  consequently  their  oppofite  fides. 

PRO  B.     CXXXL 

Given  all  the  fides  of  a  triangle  >  to  Unci  the  center  of  76. 
the  circumfcribed  circle. 

On  the  middle  of  AB,  AC,  ere&  the  perpendi- 
culars DO,  FO,  the  point  of  interfeclion  O,  is  the 
center  of  the  circumfcribing  circle.  From  O  draw 
OI,  OG,  parallel  to  AC,  AB  ,  and  put  AB  ~  b% 
AC  =  d9  S.<:A  zz  s,  cof.  A  =z  c,  AI  ;=  xy  lOzzy. 
The  <CGO  zz  CAB  zz  OlD  5  and  in  the  right- 
angled  triangles  OlD,  OGF,  it  will  be  1  :  y  ;  : 
c  :  cy  zz  ID,  and  1  :  y  :  :  s  :  sy  zz  OD.  Al- 
fo  1  :  x  :  :  c  :  c x  zz  GF,  and*  1  :  x  :  :  s  :  sx  zz. 
FO.  Then  x  zz\b  —  cy9  and  y  zz  id —  cx9  and 
cy  zz  lb  —  x  zz  Ud —  ccx\  and  x  —  ccxzz  JLb — yd% 

b-cd       :                   b-cd        ,            d-cb 
or  ssx  zz ,  whence  x  zz  — ,  and  y  zz .  • 

2  2SS  2SS 

Therefore  DO  zz  *t?t9  and   FO  =  —.    Like- 

25  2S 

-r     *r\        \/bb  +  dd — ibcd 
Wife  AO  zz  • 

P  R  O  B.    CXXXIL 

In  the  given  triangle  ABC,  the  angles  AOC,  COB, 
BOA,  about  the  point  O,  arc  given  \  to  find  the  ' J' 
diftances   AO,  BO,  CO. 

Produce  CO  to  D,  and  BO  to  E.  And  let 
AB  zz  b9  AC  zzdt  CB  zz  fy  S.  A  zz  5,  cof.  A  zz  c% 

S.B  z:  ?f 
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Fio-  S.B  zz  q,  cof.  B  =  n%  S.AOE  zzg9  co£  AOE~m> 
„?'  S.AOD  —  b9  S  DOB  =  />,   AO  =  x. 
'         Then  by  Trigonometry,  AB   (b)  :  S.O  (g)  -  : 

AO  (x)  :  S?  gf  S.ABO,  m&  J i —*I2Z  =  cof. 

b  bb 

ABO  2±jr  5  and  (Trig.  I.  6.  cor.)  I£f  +  zfcy  —  cof. 

b 

OAB  ;    and   (I.   6.)  gjr  —  "|^  =  S.OAB.      Alfo 

(Trig.  I.  6.)  SIEH  +  jwy  — ^y  +  2£?  =  S.CAO  j 

*nd  (I.  6.)  2X  — ^  =  S.CBO.     And  by  Trigono- 
b 

metry,  p  :/:  :  ^-1^  :%? -i»f?  =  CO,  and 

b        p  bp 

hid::  S.CAO  :  CO  =   *?*  +  *2  -  dJil  + 

bb  b  b    ™ 

— -£-  r=  *!?:  _  £Zf ,    and  multiplying,  sggdpx  + 
bb  p  bp 

bpdsmy—bpdcgy  +pdcmgx — Ihfqy—gnfbx  ;  and  tranf- 

pofing,  ^l/^y  +  bpdcgy — bpdsmyzzsggdx+pdcmgx  + 

gnfhx,  and  y  =  f^/T^f  x  =  -  by  fob- 
6  '      ■  <       bb/q+bpdcg-bpdsm  t      J 

ftitution,  that  is,  yx_^r=^,  and  i  _«£ 

^  bo  t  bb 

YTXX 

=  ' ,    and    W//  —  ggttxx  —  W##,    reduced 


Or  /to, 

78.  Make  the  angle  BAF  =  fupplement  of  BOC» 
and  <ABF=  fup.  AOC ;  through  A,  B,  F  de- 
fcribe  the  circle  AOBF,  to  interfecl:  CF  in  O,  the 
paint  required. 

Calculation. 
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Calculation.     In  the  triangle  ABF,  all  the  angles  Fig, 
are  given,  and  the  fide  AB,  to  find  AF.  78. 

In  the  triangle  CAF  •,   CA,  AF,   and     <CAF 
are  given  ;  to  find   <ACF. 

In  the  triangle  ACO,  there  is  given  AC,  and  all 
the  angles  j  to  find  AO,  CO. 

P  R  O  B.     CXXXIIl. 

In  the  right-angled  triangle  ABC,  there  is  given  B  A»  79- 
and  angle  CBD  ;  alfo  AT=TD,  and  <ABT  = 
CBT;  to  find  AC. 
Let  BA  =  3=95.23,  tang.  DBC=/=T.  15% 

ATorDTzz^,  then  AD  =  20.     By  trigonometry, 

b  :  a  :  :  1  :  -r-  =tang.TBA,  and  "h%  za :  :  1  :  --  — 
b  b 

tang.  DBA.     Then  (Trig.  I.  2.  Schol.)  the  tang. 
2TBA  or  tang.  ABC  =  g~.     Alfo  (Trig.  I.  8.) 


2ta  .20      5/  +   2^ 

1 —  :  I  : ■  :  /  +  -?  :   # r  =:   tang, 

^  b        b  —  2/0 

2^3 


ABD  +  DBC  =  tang.  ABC.     Whence 

,  reduced  2<zJ — %ltaa~l%t%  and  0=6^.13, 

and  j^L~  xb  —  AC. 

PROB,    CXXX1V. 

Upon  a  horizontal  plane,  there  ft ands  a  tall  pine-tret 
leaning  towards  the  jouth.  A  man  ftanding  on  the 
north  fide  of  it  50  yards  from  the  foot,  finds  the 
tree  to  fubtend  an  angle  of  39  deg.  Afterwards  go- 
ing diretlly  weft  73  yards,  it  fubtends  an  angle  of 
46  °.  What  is  the  tree's  length  f 
Let  AC  be  the  tree  ;  E,   F,  the  two  Rations.  g0# 

Draw  AB  perpendicular  to  the  horizon,  and  AD 

perpcru 
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Fig.  perpendicular  to  FC  produced  ;  draw  BD,  AC.  The 

80.  triangles  ABD,  ABC,  ADC,  BDC,  CEF,  DAF, 

BAE,  are  all  right-angled.     Put  EFzz^  CE=</, 

Cfzzc,  CDzzy,  tang.  AEBzzj,  tang.  AFCzzt. 

By  Trigonometry,  1  :  /  :  :  c  +  y  :  £+jx/=AD, 

whence   AC  =  ^ yy  +  tt  X  c  +  y.     The  triangles 

FCE,  BCD  are  fimilar,  and  d  :  c  :  :  y  :  cl  zz  BC, 

d 

and    d  :  y  :  :  b  :  %  =  BD.       Then    AB    = 
d 

I  r*       ccyy  I  — \i       bbyy 

s/yy+ttXc+y\  ~-^  =  V  ttxc+y\%—  -fi- 

And    in    the     triangle    ABE,     d  +  —  :  1  :  : 

d 

lhyy iLlU,    dds  +  csy   X 


Xc+y\z~id  :  f  whence  ~~ 

Jy 

dd 


J  tt 

J  ttx  ^-f-yl2  — — ~^-  9  and  fquared  d*ss+2cddssy  + 
^  dd 

ccssyy  zz  ddx  ttcc+2ttcy-\-ttyy —  lbyy%  and /educed 

ccssyy  +  icddssy  zz  ddttcc* 
— ddtt    —  icddtt  —  d*ss 

+  tb 

P  R  O  B.     CXXXV. 

8 1  •  Given  two  altitudes  and  two  azimuths  of  a  cloud  in 
motion  \  to  find  the  point  of  the  wind. 

Let  A  be  the  firft,  B  the  fecond  place  of  the 
cloud,  O  the  place  of  obfervation,  ABC  the  plane 
of  the  cloud's  motion  ;  AB  its  line  of  direction. 
Let  AD,  BE,  CO  be  perpendicular  to  the  hori- 
zon, then  DEO  is  equal  and  parallel  to  ABC, 
and  MDE  is  the  path  of  the  cloud  on  the  earth. 
Let  OM  be  the  meridian. 

Put  />~tang.  AOD,  ^zztangr.  BOE,  /  =  cotang. 
|DOE,  OD  =  x.  In  the  triangle  AOD,  )  :  x  :  : 
p  :  fx  zz  AD  —  BE  5   and  in  the  triangle  BOE, 


t 


Kg.  64 


DEB 


lit    *u§ci£m    sru    m    ha  A 
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q  :px  : :  i  :  ^  zz  OE.    In  the  triangle  DOE,  (Trig,  **& 
II.  6.)  £  +  x  :  ?l~x  :  :  /  :  till  t  zz  tang. 
.    and    the    fum    and    difference    of 

2 

ODE,  OED  being  had;  ODE,  and  OED   will 
be  known. 

In  the  triangle  ODM,  there  is  given  ODM  and 
DOM,  therefore  OMD  is  known,  which  is  the  way 
of  the  cloud  or  of  the  wind. 

P  R  O  B.    CXXXVI. 

On  a  clear  day%  the  windjlanding  N.  N.  E.  I  obferved 
a /mail  cloud  W.  by  S.  whofe  altitude  was  410,  and 
whilft  thejhadow  of  the  cloud  moved  over  1230 yards 
upon  a  horizontal  plane,  the  cloud  it/elf  moved 
through  an  angle  of  90  :  37'  as  I  ohferved  it  with 
an  instrument.     What  was  the  cloud's  height  ? 

Let  E  be  the  place  of  obfervation,  CA  the  tract  g^: 
of  the  cloud,  FG  its  projection  upon  the  horizon  ; 
AF,  CG,  BE  being  perp.  to  the  horizon.  Let  BD  be 
perp.  to  ACD,  and  AK  to  ECK. 

Let  AC  or  GFz=d=i230,  S.DCB—^zz 5  points, 
cof.  DCBzzw,  S.GEC=£=4i%  cof.  GEC=j,  tang. 
AECZZ/ZZ90  :  37  -9  CGzzx.     By  Trigonometry,  in 

the  triangle  CGE,  b  :  x  :  \  1  \  —  zz  CE,  and  b  :  x 

b 

:  :  s  :  -  =zCB,  and  in  the  triangle  BCD,  1  :  —  r  :  r 
b  b 

:  ~  =DB,  and  1 :  5:  :  *:  —  =CD.  Then  DE 
b        b  b 

I  .     CCSSXX  X       j X  ,        r   1 

=  J  xx+  _  -  j  s/th^ccss  zz-£p>ty  fub- 
ftitution.  The 
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Fig.      The  triangles  CED  and  CAK  are  fimilar,  and 

8^  *.  (CE)  :  ?-  CDE)  :  ■  ("AC)  d  :  pd  =  AK ;  and  * 
b  b  '  b 

(CE)  :  ~  (CD) : :  d  ( AC;  :  snd=CK.    And  in  the 
b 

.  triangle  AKE,  ad+  *-  (EK) :  i  (rad.)  : :  pd  (AK) 

:  /  (tang.  AEK),  whence  sndt+  -~  zzpd>  and  txsz 

_    ,           ,  ,         j      __  bpd-sndth        bdp  JT 

Ipd — sndth,  and  a:  =  — =:  -~£  — sndb. 

P  R  O  B.     CXXXVII. 

%i%  In  the  triangle  ACB,  there  is  given  AC,  CB  the 
fegment  BD,    and  the  angle  ACB  s    /<?  ^#^  /£<? 

Draw  AF  perpendicular  to  CB ;  and  put 
AC=tf,  DBrz£,  CB=^,  S.ACD=j,  cof.  ACD=<r, 
and  S.CDB  zz  x. 

In  the  triangle  CDB,  d:x  ::&:*-=:  S.DCB,  and 

a 

in  the  triangle  CAD,  x  :  a  :  :  s  :  f£  =  AD,  then  AB 

x 

-b+a±  =  ^L±l*.     But  (Trig.  I.  5.  cor.   pj 


cJiJ'tl  -  f^  =  cof.  ACB=«-$  (Putti"S 
z  =  ,/  1 — iJ^j  ;  and  in  the  triangle  ACF,   1  :  a 

::cz-b™:cza-^=  GF.    But  (Geom.  It 
d  d 


23.)  bx  +  "'    =  «,  +  <fc/_*/x  «*-*-*£.  a"* 

multt* 
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rriultiplyirtg  by  xx,  bbxx  +  labsx  +  aass  zz  aaxx  +  pw 
iddxx—idcaxxz  +  iabsx\  and  tranfpofing  go 

2^^xzz:2^^ja;3+^^ — 2«^jat — dtftt,  and  reftoring 
+  dd 
—  lb 

iz>    and    fubftituting   for    the    known    quantities; 

idacxxj  i —  zz  />* 3  +  ?* 2  —  rx  —  /,    and 

Squaring,    ^ddaaccx^  —  ^.aabbccx6  zz 
£,i#6  -j-  2/>J,VJ  —  2/>r#4  —  2/>/tf3  —  2^/** 

+  qq        mm  2qr      +  ft 
4-  2rtx  +  //. 


F  f  SECTj 
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SECT.     VIII. 

Problems  in  Spherical  trigonometry* 


PROB,     CXXXV1II, 

Given. the  latitude  of  the  place  and  the  fun* s  longitude  ; 
to  find  the  afcenfional  difference* 

§4.  I      E  T  b  zz  S.  greateft  declination,  c  zz  S.  fun's 

\  j  longitude  AD,  x  zz  S.  declination  BD,  /  zz 

tang,  latitude  PCH, 

Then  in  the  r1  <Z  fpherical  triangle  ADB,  rad. 

(1)  :  S.AD  (e)  :  :  S.A  (J?)  :  be  zz  S.BD,  and  (Trig. 

be 
I*  it  fchol.)  tang.  BD  zz     y     -— r;  and  in  the  tri- 

v  i-bbcc 

angle  CBD,  rad.  (1)  :  co-tang.  C  (/)  :  :  tang.  BD 

be  bet 

wwfc)  :  SXB  w> and  x = T^r; 


PROB.    CXXXIX. 

84,  Given  the  fun's  declination,  and  the  fum  of  the  latitude 
and  amplitude  j  to  find  each  of  them. 

Let  a  zzfine  of  half  the  fum  of  CD  and  PH,  bzz 
the  cofine,  dzzS.  declination,  jzzS.  fum  of  CD  and 
PH,  xp>S.  half  their  difference,  ^zzS.  whole  diffe- 
rence. Suppofe  PH  greater  than  CD.  Then 
(Trig.  I.  6.  fchol  J  bs/^xx  —  ax  zz  cof.  PH;  and 
av'i-tftf  —  j£*  zz  S.CD.     But  in  the  triangle  CBD, 

cof.  C  (£%/i-ff* —  **)•;  S'BD  (<0  :  :  ^d.  (1)  : 

S.CD 
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S.CD    {a\Vi-xx  —  bx.      Whence    ah  x  1—  xx  —  F,g« 
aaxv i-x\  — ■  bhxs/i-xx  +  abxx  zz  d\ 

or  ab  —  x\/  i-xx  zz  d  (becaufe  aa  +  bl  zz  1), 
But  (Trio;.  1.  2-  fchoi.)  2X  s/ i-xx  zz yy  and  iah 
zzs*     Whence  j  — y  zz  zd,  and  y  __  s  —  id^ 

PROB,     CXL. 

Given  the  fun's  altitude  at  fix,  and  alfo  when  weft  -,  to  gr, 
find  the  latitude* 

R  is  the  fun's  place  when  weft,  and  O  at  fix 
a  clock.  Let  /  zz  S.RC  the  altitude  weft,  j  —  S-OI 
the  altitude  at  fix,  xzzS*  latitude. 

In  the  triangle  CIO,  S.<J  (x)  :  S.QI  (s)  :  :  rad. 

(1)  :  —  __  S.CO  the  declination;     In  the  triangle 
x 

DCR,  S.C  (#)  :  S.DR  (— )  :  :  rad.  (i)  :  S.CR 

x 

(t ),  and  /#  __  — ,  or  xx  zz  — ,  and  x  zz  k/ — 
x  t  t 

PROB.    CXLI. 

AEC,  BCD  are  two  triangles  right-angled  at  E  and  g£# 
D,  and  /landing  on  the  great  circle   ECD  ;   alfo  ■  * 
AC-CB,  and  EC,  CD,  and  the  angle  ACB  are 
given  ;  to  find  the  angles  and  fides* 

Let  tfzztang.  DC,  ^rrtang.  CE,  szzS.  half  the 
fum  of  the  angles  BCD,  ACE;  c  zz  cofine,  x  zz 
fine,  y  zz  cofine  of  half  the  difference.  Then 
sx+cyzz  cof  letter  ACE,  and  cy — sxzz  cof.  greater 
BCD.     And  in  the  triangle  ACE,  cy  -f-  sx  ;  1  :  :  b  : 

zz  tang.  AC,     And  in  the  triangle  BCD, 


cy  -f-  sx 

F  f  2  cy  — 
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^S'  Cy  —  sx  :  i   :  :  a  : zz  tang.  CB.     Whence 

&6.  J  cy-sx  ° 

— '—  zz  ,  and  acy+asxzzbcy — bsx,  and  *zj;c 

cy-sx        cj+sx 

+bsxzzbcy — acy,  and  —  zz —  zz  tang,  half  the 

y         bs+as 

difference  of  the  angles  BCD,   ACE  ;  whence  the 

angles  themfelves  are  had. 

P  R  O  B.     CXLII. 

87.  Given  the  fun's  amplitude,  and  altitude  at  fix  \  to  find 
the  latitude,  and  declination. 

Let  P  be  the  pole,  Z  the  zenith,  CB  the  ampli- 
tude, AP  the  altitude  at  fix. 

Let  S.CBz=£,  pzzS.AP,  #zzS,  lat.  PO,  ^zzS. 
twice  the  latitude.     In  the  triangle  CBDJ  rad.  (1) 

:  S.C  (s/T^xx)  :  :  S.CB  (b)  :  bs/TTx  zz  S.BD 
or  AC.  And  in  the  triangle  CAP,  rad.  (1)  : 
S.AC    (bs/Tw)  :  :  S.C  (*)  :  3.AP  {p)  5  there- 

fore     Ixs/ \-xx  zz  />,    and     %xyt—xx   zz  -7  > 

i 2p 

but  y  zz  2xV  i-xx  ;  whence  y  zz  -7- ;  then  x  will 
be  known,  and  bV  i-xx,  the  declination. 

P  R  O  B.     CXLIII. 

88.  Given  two  altitudes  and  two  azimuths  of  the  fun-,  t§ 
find  the  latitude. 

Let  Z  be  the  zenith,  P  the  pole  ;  S,  O  two 
places  of  the  fun.  Let  s,  /zzfine  and  cofine  of 
ZS  •,  />,  ^zzfine  and  coiine  of  ZO  ;  wzzcof.  PZS, 
#zrcof.  PZQ  ;  #.  y— fine  and  cofine  of  ,PH  Then 
(Trig.    II.    38.)    coi.    SP  zz  sym  +  /*>    and    cof. 

OPzz 
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OP  zzpyn  +  qx.     Whence  s}'m+fx—pyn+qxt  and  Fig; 

r                                        .       c        x          pn-sm         88. 
fx  —  qxzz  pyn  —  sym  ;  therefore  —    zz :± 

tang.  PH  the  latitude. 

P  R  O  B.     CXLIV. 

Given  the  latitude  of  the  place  ;  and  the  fun's  altitude  8q# 
is  equal  to  his  azimuth  from  the  foutb,  and  equal 'to 
the  hour  from  noon  ;   to  find  any  of  them. 

Z  is  the  zenith,  P  the  pole,  ZP  is  given,  and 
<ZPOzzAZOzzDO.  Let  jzzS.ZP,  fzzcof.  ZP, 
y  =  S,ZPO  zz  S  AZQ.  Then  \/ i-yy  ==  S.ZO, 
y  :  x/i-^yy  :  :  y  i  s/  i-yy  zz  SOP,  and  y  zz  cof. 
OP.  But  (Trig.  III.  38.)  ss/v^f  X  s/Tjy  + 
9>zzy,  or  $  -~  syy  +  &  5s  .y,  and  j>y  +  jy  zz  j,  or 


P  R  O  B.     CXLV. 

There  are  two  places,  whofe  latitudes  are  the  comple- 
ments of  each  other  to  90%  and  the  furts  declina- 
tion being  given,  he  rifes  an  hour  fo.on.er  in  one  place 
than  the  other  y  to  find  the  latitudes. 

Let  /  zz  tang,  declination,  B  zz  tang,  afcenfional  87, 

difference,  arzztang  one  latitude,  then  —  zz  tang. 

x 

the  other  latitude.  In  the  triangle  CDB,  rad  (1)  : 
cotang.  DCB  (*)  :  :  T.DS  {/)  :  /*  zz  S.DC  the 
afcenfional  difference   in  the  fifft  latitude,  and  1  : 

—  ::/:-  zz  the  afcenfional  difference  in  the 
x  x 

other  latitude.     But  (Trig.  I.  9  )    1  +  //  :   1    :  i 

S  t  3  /*  — 
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»f #  tx—-:b9  and  tx  —  -  zz  b  +  *//,  txx  —  tzzbx  4: 
bttx,  and  *a?  —  to  zz  i. 

P  R  O  B.      CXLVI. 

The  ftile  of  an  horizontal  dial  being  turned  down,  fell 
upon  the  hour  line  of  8  -9  query,  the  latitude  it  was 
made  for* 

Let  /  =  tang,  of  4  hours  or  6o°,  anfwering  to 

x 
8  o'clock,  x  zz  S.  latitude  •,  then  ■  y zz  tang. 

V   l -XX 

latitude  zz  hour   angle   of    8,    by    the    queftion. 

Whence   by   the   known   proportion   of    dialling, 

x  x 

1  :  x  :  :  t  :  —7=: ,    and    tx  zz    , — ^-  ,    or 

V  I  -XX  V  1-XX 

t%/i-xx  zz  1,  and  s/ i-xx  zz  -  zz  cof.  lat. 

P  R  O  B.     CXLVII. 

fZ^7  find  in  what  latitude,  an  erett  fouth  declining  dial 
may  be  made,  fo  that  the  declination  of  the  plane, 
the  difiance  of  the  fubfiile  from  the  meridian,  and  the 
Jl  tie's  height,  are  all  equal. 

9°'  Let  AEC  be  the  right-angled  fpherical  triangle, 
In  which  are  found  all  the  requifites  -,  viz  AB  zz 
co-lat.  <A  zz  codtclination,  <B  zz:  plane's  dif. 
longitude,  CB  zz  iliie's  height,  ACzz  fubftile's  di- 
ftance  from  the  meridian. 

Let  x  zz  S.AB,  y  zz  S.BC.  Then  (by  the  pro- 
perties of  right  triangles)  1  :  tang.  BC  :  :  cotang.A 
:  S.AC,  or  S.AC  zz  tang.  BC  x  cotang.  A.     But 
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by  the  queftion,  BC=:ACz:comp.  A.     Therefore  Fig. 

tang.    BC    or    cotang.    A  zz      L — •      Whence  ^  * 

vi-yy 

y    (S.AC)    zz   -~==   X    -7=    (tang.    BC  X 
V  i-yy         Vi-yy 

cotang.  A)  £z     ^J     ,  and  1— yy—yy  or  vv+j~i, 

1  —yy 

whence  y  :=  ¥-2 — * 
2 

Again,  in   the  fame  triangle,   1    :   cof.   AC  :  : 

cof.  BC  :  cof.  AB,  whence  cof.  AB  zz  cof.  AC   X 

cof.    BC  ;    that    is,  y/ i-xx  r±  s/  x-yy  X  >/ i-\y 

S3  1  — ^y,  therefore  v' i-xx  zz  y.-  And  fince  AC 
=BC,  therefore  <Bzz  <A.  Hence  all  thefe  five 
are  equal  •>  1.  Plain's  declination.  2.  Diftance  of 
the  fubftile  from  the  meridian.  3.  Stile's  height. 
4.  Latitude  of  the  place.  5.  Comp.  of  the  plane's 
diff.  longitude  j  and  each  of  them  zz  twice  thje 
fine  of  180  =  .6180345  whence  the  latitude  and 
declination  zz  3 8°  :  io'-J-. 

P  R  O  B.    CXLVIH. 

Given  the  fun's  meridian  altitude*  and  alfo  his  altitude 
at  two  ;  to  find  the  latitude. 

Let  Z  be  the  zenith,  P  the  pole-,  B,  O  two 
places  of  the  fun.  Let  a*  b  zz  iine  and  cofine  of  y 
BZ  (PO—  PZ);  #,  y  zz  fine  and  cofine  of  PO  + 
PZ,  c  =  cof  P,  d  zz  cof.  ZO.  Then  (Trig.  I.  6. 
fchol.)  ay+lxzzS.FOy  by  — >  ax  zz  cof  PO,  cy—bx 
—S.PZ,  by  4-  ax  zz  cof.  PZ.  And  in  the  triangle 
OPZ  (Trig.  III.  38.)  ay+bx  X  ay—  bx  X  czzby — ax 
ypy-\-axzzd\  that  is,  cany) — cbbxx+bbyy — aaxxzzd* 
buc  yy  zz  1 — xx,  therefore  caa — caaxx — elbxx+bb 
—bbxx — aaxxzzd,  but  aa+bbzzi9  whence  caa  — 
ttx+bb — xxzzd,  and  xx  —  exxzzcaa+bi  —  d>  and 
F  f  4  x  zz 
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,caa 
X  =  s/ 

PZ  are  had. 


Fig.x  =  yaa  +  bb-d^     whence  pQ  (or  pB)j  ^ 


PROB,     CXLIX, 

$2.  In  the  [pi eric al  triangle  VAC,  there  is  given  the  per- 
pendicular AB,  the  angle  A,  and  the  bale  VC  \  to 
find  the  fegments. 

Put  b  zz  S.AB,  /  =  tang.  VAC,  c  =  tang,  VC, 
x  zz  tang.  BC.     In  the  triangk  BAC,  b  :  1  :  :  x  : 
x 
-—  —  tang.  BAC,  and  (Trig,  I.  9.)   1  +  ex  :  1  :  : 

f  —  X  :  ~  tang.  VB,  and   1  +  — -  :  1  :  : 

1  +  ix  °  b 

t r  : z:  tang.  VAB.     And   in  the  tri- 

b      o  +  tx  ° 

an^le   VAB,    1  :  b  :  : :  .     Whence 

t?  +  tx       \  +  ex' 

c  —  x  tb X   7         Aj3  i  •    i    • 

zz b.     And  mukiplyincr, 

j  +  Cx  b  +  tx  & 

Ic  —  bx  +  tcx—txxzzty- — b\-\-bbctx — cbxx,  and   re- 
duced, /  —  be. xx  +  bbct  —  tcx  zz  be  —  tbb. 

PROB.     CL. 

travelling  in  an  unknown  part  of  the  world,  I  found 

by  chance  an  old  horizontal  dial,  whofe  hour  lines 

V  fo  decayed  by  length  of  time,  that  I  could  only 

dif cover  thofe  of  4.  and  5;  whofe  dijlanu  I  found 

jufl  2 1  degrees  \  to  find  the  latitude  of  the  place. 

Let  b  :n  tang.  60  the  hour  arch  of  4. 
d  zz  tang.  75  the  hour  arch  of  5. 
/  zz  tang,  of  their  difference  21. 
;;  ~  S.  latitude. 

Then 
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Then  by  the  known  proportion  of  dialling,  rad.  F}g. 
S.  lat.  :  :  tang,  hour  arch  :  tang,  hour  angle,  that  is, 

I  :  x  :  :  b  :  bx  zz  tang,  hour  <Z  of  4. 
1  :  x  :  :  d  :  dx  zz  tang,  hour  <C  of  5. 

But  (Trig.  L  8.)  1 — btx  :  1  :  s  /  +  bx  :  dx,  whence 
t  +  bx  zz  dx  —  bdtxxy  and  bdixx  +  b  —  d.x+tzzo* 

In  numbers  248133** — 2x  -zz  —  .383864. 
and  x  zz  .49084  zz  S.29  24  the  lat. 
or    x  zz  .3151c;  zz  S.i  8  22  the  lat. 

PROB,     CLI. 

There  are  given  the  latitudes  of  three  places  lying  in  the 
arch  of  a  great  circle  •,  and  the  diff*  longitude  are 
equal,  between  the  middle  one  and  each  of  the  ex- 
iream  places  ->  to  find  their  diftances. 

Let  P  be  the  pole,  AE  the  equinoctial ;  G,  V,  q* 
M,  the  three  places.     Put  bzz tang.  MD,  ^zrtang. 
VB,  d  zz  tang.   CG,  x  zz  S.AB,  y  zz  S.CB  or  BD. 
Then  (Trig.  I.  5.)  .xx/i-j^  +  y\/ i-xx  zz  S.AD  ; 
and  (Trig.  I.  6.)  .n/i-.xy  —  ys/i-xx  zz  S.AC* 

Then  (Trig.  IJL  27.  cor.   1.)  x  :  r  :  :  xs/\  -yy 

+  y\/ i-xx  :  b\   and  a;  :  r  ;  :  x\/ i-yy — y>/  i-xx 

fax  .  

:   d.       Whence    —  zz  xx/i-jj  +  yV*  i-xx,    and 

^tf  y y 

—  zz  xy  i-yy — yv  i-xx.      Then     adding    and 
c 

fubtracYmg    thefe    laft    equations  •, zz 

; bx-dx  y 

2xv  i-yy>  and zz  iyv  \-xx  \  by    the    for- 

y b  +  d 

mer  V  i-yy  zz  zz  cof.  CB  or  BD.     Hence 

y  is  known,    'i  hercfore  in  the  triangles  GPV,  VtJM, 

two 
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Fig.  two  fides  and  the  included  angle  are  given,  to  find 
$2*  GV,  VM,  the  diftances  required. 

Or  thus, 

(By  Trig.  III.  44.  cor.)  As  rad  ;  j  tans:.  PV  :  : 
tang.  GC  +  tang.  MD  :  cof.  GPV  or  MPV. 

P  R  O  B.     CLII. 

04.  In  the  fpherkal  triangle  ABC,  we  have  given  the  an- 
gles ADC,  CDB,  BDA,  about  the  point  D  ;  and 
the  triangle  ABC  itfelf\  to  find  the  diftances  AO, 
BO,  CO. 

Let  j,  c  be  the  fine  and  cofine  of  A  ;  p%  qzz fine 
and  coi.  B,  azzS.CDB,  /zzS.CB,  bzzS.CDA,  dzz 
S.AC,  £=cof.  AB,  »=cof.  ADB,  x9  -z;:zfine  and 
cof.  DAB;  yi  z  zz  fine  and  cof.  DBA. 

Then  (Trig.  I.  6.)  sv — wzzS.CAD,  and  pz— 

gyzzS.CBD,  and  in  the  triangles  CAD,  BAD,  h  : 

j  dsv-dcx 

d  :  :  sv — ex  :  — - —  3=  S.CD  \  and  a  :  / :  :  pz  — 

.  fP^fV  =  S.CD  ;    therefore  adsv  —  adcx  = 
a 

hfpz  —  bfqy. 

In  the  triangle  ADB  (Cafe  10.  Trig.)  bxy—vzzzn* 
But    v  zz  y/i  —  a*,    2  zz  y/i  — ^    therefore 
adss/i  —  xx  —  adcx  zz  hfps/ 1  — yy  —  bfqy. 
and  bxy  ; —  \/i  —  xx  X  \/ 1  — yy  —  %» 

From  thefe  two  equations,  the  roots  may  be 
eafieft  found  by  problem  xcv ;  otherwife  it  will 
afcend  to  a  high  equation  :  or  if  you  pleafe  you 
may  proceed  by  rule  5,  proh.  xcii. 


PROB, 


Pl.W/^fyL 
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P  R  O  B.     CLIII.  FJg- 

Given  the  difference  of  the  azimuths  of  three  known 
Jlars  -,  to  find  their  altitudes. 

Let  Z  be  the  zenith;  A,  B,  C,  the  ftars.     Since  gr. 
their  places  are  given,  the  triangle  ABC  will  be  gi- 
ven.    Put  j,  c  zz  fine  and  cof.  4-ABC,  a  zz  S/AB; 
£--S.3C,  nzztzoL  AC,  q  =  cof.  AZC\  dzzS.t\ZB% 

^zrS.CZB;  xyyzz fine  and  cof.   - •,    Then 

jy+^z=S.CBZ^z^,  and  sy — cxzzS.ABZzzz     And 

in  the  triangles  ABZ,  CBZ,  d  :  a  :  :  z  :  —  — 

d 

ve 
S.AZ,  and  b  :  e  :  :  v  :  —  =  S»CZ ;  and  in  the  tri- 

b 

angle  AZC   (Trig.  III.   32.)    *~    +  ST^Tz 

X  *S  1 — vv  zz  n\    and    tranfpofing,    V^i — zz  K 

y qazve  ,   r 

yi—vvzzn — jrr>  and  squaring,   1 — »z  — 

2nqae  .    qqaaee    ,  ,  , 

ot  +  vraz  =  nn ~r  vz  +  T777  v  *  >  and 

bd  bbdd 

tranfpofmg,    1  —  nn  zz  zz  +  vv  —  ^fl  vz  + 

bd 

qqaaee-bbdd     '•  z .  .  ,    .      , 

-      ^^ —  vV,  but  z*  +  vx  zz  2ssyz  +  2ccxxt  and 

i>z  =  ssyy  —  ccxx.     Therefore  1  — nn  zz  ? ssyy  +  2 ccxx 
2nqaess  2nqaecc  qqaaee  —  bbdd 


syi  —  2S*ctxy%  +  c*x\     Let    1  —  nn  —  mm, 

2    ^r  -f>z  +  -jr  ~s'wrl~p- 

then  mm  zifssyy  +  ccgxx+ps*y* — ipfyyW+pctx*, 
but  yyzzi—  xx  ;  Therefore  expunging  y;  and  redu- 
cing, px*  +  gec —fss  —  2ps  x  xxz=mm—fss—ps*. 

P  R  Q  B. 
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Fig. 

P  R  O  B.      CUV. 

Given  the  fun's  declination,  the  difference  of  two 
altitudes  >  the  difference  of  azimuths ,  and  the  dif- 
ference of  times  -,  to  find  the  altitude  sy  and  the  la- 
titude. 

96,      Let  P  be  the  pole,  Z  the  zenith  ;  A,  B,  the 

places  of  the  fun.     Put  izS.  fun's  declination, 

jzzS.^APB,  czz cof.  ~AZB  .  pp  q  —  fme  and  cofine 

BZ-AZ  r  r    BZ  +  AZ       , 

\  xy  y  zz  fine   and    cof. -,  then 

1  2 

(Trig.  I.  6.  fchol.  il)  qx  +  py  =z  S.ZB,  qx—py  zz 
S  ZA,  qy—pxzzcof.  ZB,  qy+px=cot.  ZA.  Then 
in  the  triangle  API,  1  :  d  :  :  s  :  ds  zz  3.  half  AD, 
and  (Trig.  I.  2.  fchol)  1  —  zddss  zz  cof  AB  ;  and 
in  the  triangle  AZB  (Trig.  III.  38.)  qqxx — ppyyXc 
+■  qq  y  —  ppxx  zz  1  —  2ddss  ;  but  pp+qqzzi,  and 
xx  4- yy  zz  1  ;  therefore  cqqxx  —  cpp  +  cppxx  \-qq- 
qqxx — ppxx  zz  1 — iddssy  or  cqqxx  -f-  cppxx  —  qqxx  ~ 
ppxx  zl  1  —  ?ddss  +  rpp  —  qq  ;  that  is,  fx*  —  xx  ~ 
l — iddss  +  cpp — 1  -\-ppzzcpp  4- pp  —  iddss,  whence 
x  _  —-PP  -  tddss      Then  the  fides  ZA>  ZB 

are  known.  In  the  triangle  PAI,  find  the  <ZA  ; 
and  in  the  triangle  ZAB,  find  the  angle  A,  and 
their  difference  Z  \P  •,  then  in  the  triangle  ZAP, 
there's  given  two  fides  and  the  included  angle  A  •, 
to  find  ZP,  the  co-latitude. 

P  R  O  B.     CLV. 

Given  two  altitudes  of  the  fun  or  a  far,  and  the  times 
of  ohfervation  ;  to  find  the  declination,  and  latitude. 

Let  Z   be  the  zenith,  P  the  pole-,  B,  A,  the 
97-  places    of  the  fun   or    ftar.     Let   c  zz  co£  BZ, 


Seel.  VIII.  PROBLEMS.  445 

/zzcof.  AZ>  bzzcot.  ZPB,  </zzcof.  ZPA,  *=cof.Fig. 
Bp  —  ZP,  jy  =  cot;  BP  +  ZP.  97. 

Then  (Trig.  111.  42.  cor.  1.)  x  — y  :  2  :  :  x  —  c 

:  1 — £,  vand  x —  y  :  2  :  :  x  — /  :  1  — d\  therefore 

x —  c  :  1  —  b  :  :  x—f  :   1 — ^;  therefore  x—dx — c 

Jfcd—x—f — bx+bf\    and    bx — dxzzc—f+bf — cd% 

bf—cd+c—f        A.r    5       

whence  x  =  - — j^ — -  .     Alfo   1  —  b  X  x  —y 

zz  2x — 2£,  or   by — yzzx  +  lx —  2c9   and  y  zz 
x+bx — 2c  __    ic         i+b     _  If — cd+f—c 

b — 1  '   i~b        1 — b  b—d  i 


PROB,    CLVI. 

Given  two  altitudes  of  the  fun9  the  difference  of  times \ 
and  difference  of  azimuths  ;  tofindthe,  latitude  and 
declination^ 

Suppofe  P  the  pole,  Z  the  zenith;  B,  A,  the  gg; 
places  of  the  fun.     Put  c ~cof  BZA,i  =  cof.  BPA,  *  * 
jrrzS.BP  or  PA;  b,  i-fine  and  cof.  ZB  ;  /,  p  zz. 
fine  and  cof  ZA. 

Then  (Trig.  Ill,  38.)  in  the  triangle  BZAm 
Uf  +  dp  zz  cof  BA  ;  and  in  the  triangle  BPA, 
syy  4-  v^i— yy  x  vA — yy  ~  cof  BA  ;  therefore 
syy  +  i — yy  —  bcf-\-dp9  and  s — i.yy  zzbcf-\-dp — 1, 

and    y  zz  y/*~  °  ~ L  zz  S-BP    the    declination* 
i-s 

Then  in  the  triangle  BPA,  find  the  angle  B,   and 

in  the  triangle   ZBA  find  the  angle  B,  and  then 

the  difference  ZBP.     Then   in   the   triangle   ZBP 

there  are  given  two  fides  ZB,  BP,  and  the  included 

angle  B  ;  to  find  ZP,  the  co  latitude. 


PROB. 
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Fig. 

P  R  O  B.    CLVII. 

Given  the  fun's  declination^  two  altitudes  9  and  the  time 
between  them  ;  to  find  the  latitude. 

98-      Let  a9  £=rfine  and  cof.  PA ;  d>  /-fine  and  cof, 
PB;  »=cof  ZB,  z»z:cof.  ZA;  s,  czzCmc  and  co= 

fine  1BPAS  r,  2  =  fine  and  cof.  ZPA+ZPB. 

2 
v,  *  —  fine  and  cof.  ZP. 

Then  (trig.  I.  6.  fchol.)  cz  —  sy  zz  cot  ZPA 
and  fz  +  J?  =  cof.  ZFB,  and  (Trig."  Ill,  38.)  *«;v 
—  asyv  +  bx  zz  m9  and  dczv  +  dsyv  +  fx  zzn  9  and 

cz  —  sy  zz a    and    cz  +  sy  zz  -  /—,    and    by 

adding    and    fubtrafting,    ic%  zz  nd^l  +  7?dl 

dv  uv 

an*—afx+dm — dbx       ir  n-fx       m-bx 

=  ' l — l >    alio    2sy  zz  -f-  — 

adv  r  dv  av 

an  —  afx  —  dm  +  dbx         TTM 

3  ■* -. .       Whence    %  zz 

adv 

an^rdm — afx — dbx  ,  an — dm -{-dbx — afx 

— J- j- ,   and  y  zz 7 . 

2  cadv  2sadv 

^       an  +  dm  _  ■■      an  —  dm  db  -f-  af 

Put   — 2-f.  zz  p,    _  zz  j9  '■•  zz  r, 

lead  2  sad  ?.cad 

db-af             _,.                  p-rx           ,             q+tx 
4  =  '•     Tnen    2J  =  - —  ,    and  y  zz  LZ. 

But  2  —  \/i — y>\  and  'yizv/  — ##;  then  %/i — ^y 

zz  lI!^9    and    1— yv— ^I^L,    and   tranfpofing 
2;  i?v 

J  =  V-  '£?!  =  j-^-EEL'  .      And  #  = 

w  vv 

a  +  tx 
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a  "P* 

2 ?•    Whence  I—  xx — pp  +  2prx — rrxxzzqq  -f     ^# 

2  #/#+//##  ;  and  reduced 

ttxx  +  itqx  +  qq  25  o. 
+  rr     —  2pr    +  pp 
+  1  —  1 

Or  /##.r, 
In  the  triangle  BPA,  2  fides  and  the  included 
angle  are  given,  to  find  <B,  and  BA.  In  the 
triangle  BZA,  all  the  fides  are  given,  to  find  the 
angle  B,  and  from  thence  ZBP.  Then  in  the  tri- 
angle ZPB,  two  fides  and  the  included  <B,  ate 
given  5  to  find  ZP  the  comp.  of  the  latitude. 

P  R  O  B.    CLVIII. 

Given  three  altitudes  of  the  fun  in  one  day9  and  the  times* 
between  them  \  to  find  the  latitude  %  dec. 

Let  sy  fjfz  fine  and  cof.  APB ;  /,  b  zz  Cme  and  99^ 
cof.  ABCV  dzzcot.  AZ,  /=cof.  BZ,  ^~Cof.  CZ, 
x  zz  S.ZPA,  y  zz  S.AP,  BP  or  CP  •,  z  zz  S-ZP. 

Then  (Trig.  I.  5.  cor.  1.)  c\/ 1 — xx  —  sx  S  cof, 
ZPB,  and  bVT^x—tx  zzzoi.  ZPC.  And  (Trig. 
HI.  38.)  zys/i — xx  +  v/i — zz  X  \A— yy  =  d% 
czys/ i—xx  ~ szyx  +  y/i  —  zz  X  *S i—jyzzf  and 
£y£v/i — ^  +  /y%y  +  y/i— -zz  t/i— yy  zz  g.  By 
tranfpofition,  y/'i— .2g  X  >/ i—yyzzd—zy)/ t—xx. 
Then  rzyy/j — x# — jzjw-]-^— 2^s/i — xxzzf^  and 
bzyV  1 — *# — /z)w+^— zjv/i — xv~£.  From  the 
former  of  theie  two  laft  equations  we  get  zy  zz 
d—f 

-* —  / — = -,    and  from   the   latter    zy  =: 

1—  cV  1 — xx  +  sx 

d—g 

- — 7Ay — == ;  and  making  thefc  laft  equa- 

1 — bv  1 — xx  +  tx  ° 

tions 
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nn'trons  equal,   and   reducing,   we   have— 7=1   — 
y9%  ^  v  i-xx 

£Jx  \^b —  d-*xi-c 

I7 z==z =  tang.    ZPA-      Then    x 

d-gxs  —  a-fxt 

will  be  known,  and  al/b  zy.  ^ ^ 

But  \/i  —  zz  x  \A — yyzzd—zys/  i—xx-     Put 

%y~r,  then  1— yy — zz  +  zzyyzzdd — idzyy/ 1 — xx 
j^  zzyy—  zzyyxXj  and  tranfpofing,  yy+zzzzi  —  dd 

'  +  zir^T—xx  +  frxx  zap  by  fubftitution  •,  then 
yy+2yz+zz=.p+2r,  ana  jjy— 2^2  +  32  zz  p  —  ir9 
and  j  +  2  =  y/p—zr}   and  7  —  2  =  v^  —  2r, 

whence  y  =  XLZ Z L_  ,    and    z  a 

P  R  O  B.    CLIX. 

Having  at  one  infiant  the  altitudes  of  two  knowri  ftars  ± 
to  find  the  latitude. 

100.  Let  Z  be  the  zenith,  P  the  pole-,  F,  A,  the 
ftars.  In  the  triangle  APF,  there  is  given  the 
fides  AP,  FP  the  co-declinations,  and  angle  P,  the 
diff.  right-airenfions,  to  find  AF,  and  <1F.  Then 
in  the  triangle  ZFA,  all  the  fides  are  given,  to 
find  the  angle  F  •,  then  <cZFP  will  be  known. 
Let  ezreof.  ZFP  \  a,  £=fine  and  cof  ZF;  d,  fzz 
fiBe  and  cof.  FP  ;  xzzcoL  ZP.  Then  (Trig.  HI.  38.) 
adc  +  &fzzx  zz  S.  latitude. 

P  R  O  B.     CLX. 

If  there  be  two  known  (iars  in  one  azimuth,  and  having 

the  altitude  of  either  given  •,  to  find  the  latitude  of 

the  place. 

IOI*     Let  Z  be  the  zenith,  P  the  pole-,  F,  A   the 

'two  ftars  in  the  azimuth  circle  ZFA,  and  ZF  is 

given 
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given.     In  the  triangle  APF,  two  fides  and  the  in-  Fig. 
eluded   angle  P,  are  given;  to  find  the  angle  F.ioi. 
Put  ^zzcof    <ZFP  •,  a,  £zzfine  and  cofine  of  ZF  ; 
*/,  /zzfine  and  cofine  of  FP  \  x  zz  cof.  ZP.     Then 
in  the  triangle  ZFP   (Trig.  III.  38.)  adc  +  bfzz  x 
the  fine  of  the  latitude. 

If  ZA  is  given,  you  mud  find  the  angle  FAP, 
and  put  a,  b  zz  S.  and  cof.  ZA  \  d,  f  zz  S.  and  cof, 
AP,  &ff. 

Oiberwife  thus. 

Let  the  altitude  of  A  be  given  ;  s,  c  zz  fine  and 

cof.  APF  •*  dy  f  —  fine  and  cof.  AP  ;  m>  n  zz  fine 

and  cof  FP  ;  a%  b  zz  fine  and  cof.  ZA,  x  zz  cof. 

ZP.     Then  (Trig,  cafe  7.  fpherical  triangles)  co* 

dn-mfc         ,    .  .  ms 

tang.   A  zz -,   and   tang.   A  zz  ■  =  t% 

^  ms  ^  dn-mfc         * 

by  fubftitution  •,  and  (Trig.  L  1.  fchol.)  cof.  A  zz 
^    And  (Trig.  III.  38.)^+*/=  * 
the  S.  latitude. 
This  is  a  ufeful  problem. 


g  SECT; 


Fi°  B"  ' 

SECT.      IX. 

Geometrical  Loci,  and  'Problems  relating  thereto. 


102.  yp  tne  right  line  AP  be  drawn  from  a  given 
Jt  point  A,  and  any  number  of  right  lines  PM, 
PM,  &c.  be  drawn  thereon,  parallel  to  one  ano- 
ther, or  making  any  given  angle  with  AP.  And 
if  the  relation  of  the  indetermined  quantities  AP, 
PM  be  denoted  in  general  by  ibme  equation ;  and 
if  the  lengths  of  PM  be  every  where,  fuch  as  that 
equation  gives ;  then  the  curve  palling  through 
all  the  points  M,  is  called  the  Locus  of  the  points 
M,  or  the  locus  of  that  equation.  And  that  equa- 
tion declares  the  nature  of  the  curve  MM. 

The  degrees  of  the  Loci  are  denominated  from 
the  degrees  of  the  equations,  by  which  they  are  de- 
noted. Thus  a  locus,  of  the  firit  degree  is  that 
where  the  indetermined  quantities  rife  to  one  di- 
menfion  •,  of  the  fecond  degree,  when  they  arife  to 
two  dimenfions ;  of  the  third  degree,  when  they 
rife  to  three  dimenfions,  &V. 

Right  lines  are  faid  to  be  given  in  pofition,  when 
they  make  given  angles  with  one  another. 
*3A 

P  R  O  B.     CLXI. 
\6 

102.  If  the  pole  AC  or  BC  revolves  about  the  center  C, 
and  the  weight  D,  and  firing  BD  hangs  at  the  end 
of  it  •,  to  find  the  nature  of  the  curve  GD,  defcribed 
by  the  weight  D. 

Take   AG,  and  CF,  =  BD.     Then  fince  CF, 
BD  are  equal  and  parallel,  therefore  (Geom.  I.   5. 

ft   ^    n  n  COr. 
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£or.  3.)  CB,  FD,  are  equal,  or  FD  zz  CB  zz  CA.  Fig. 
And  fince  FC  zz  G A,  add  CG,  and  then  FG  zz  C  A  ;  103% 
whence  FD  — FG.     Therefore  GD  is  a  circle  whofe 
center  is  P,  the  fame  with  AB,  but  in  a  lower  pe- 
tition. 

P  R  O  B.     CLXII. 

Suppofe  ACD,  acd9  &c.  to  be  right-angled  triangles,  104^ 
one  of  whofe  angles  falls  upon  the  fixed  point  A,  the 
other  in  the  line  AE  ;  and  if  the  fegments  BD,  bd9 
be  given  •,  to  find  the  nature  of  the  curve  pajfing 
through  all  the  right-angles  C,  r,  &c. 

Let  ABzz#,  BCzzy,  BDzz^;  then  in  the  right- 
angled  triangle  ACD  ,  AB  (*)  :  BC  (y)  :  :  BC 
(y)  :  BD  (a) ;  whence  ##  —  jyjy,  for  the  nature  of 
the  curve,  Therefore  the  curve  Cc  is  a  parabola, 
whofe  latus  rectum  is  BD  or  bd%  and  A  the 
vertex. 

PROB,    CLXIIL 

A  is  a  fixed  point,  AB  a  given  line*  ABD  a  given  10 5.1 
£2#£&  ;  fte  fuppofe  the  curve  AMB  /#  be  generated 
after  fuch  a  manner  that  drawing  any  line  AC,  zf 
may  be,  as  BC  to  B?  ::  as  r  :  to  s  :  to  find  the 
nature  of  the  curve,  or  the  locus  of  ail  the  points  M. 

Draw  MP,  mp  parallel  to  DB,  and  let  AP  ft  x9 
PM  1=  y,  AB  =  a.     Then  by  fimilar  triangles  AP 

(*)  :  PM  (y)  :  :  AB  {a)  :  BC  rz  ^.     And   by 

x 

the  problem,  r  :  s  :  :  BC    (-?)   :  BP  (a  —  x). 
Therefore  —  —  r^  —  r^  and  v  =  —  x  «*-*#,  for 


x  sa 


the  nature  of  the  curve ;  and  it  paftes  through  A  ; 
becauie  when  x  is  —  o,  y  is  zz  o. 

G  g  2  PROB. 
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PROB,     CLX1V. 

\qS, Given  the  triangle  ABC,  and  drawing  PD  parallel 
to  EC  ;  fuppofe  it  be  always  PMS  zr  PD2  —  BC2 ; 
to  find  the  nature  of  the  curve  BM. 

,  a#ut  AB=*,  BC=£,  APz=#,  PMzzy,  then    by 
fimilar  triangles,  a  :  b  :  :  x  :  —  zz  PD,  and  by 

the  queftion, bhzzyy,  or  aayyzzbbxx — Wrftf, 

and  y  =  ~  v/^^.       And    the    curve    pafles 
through  B. 

P  R  O  B.     CLXV. 

107.7^  triangle  ABC  if  £/w#  fo/ffg-  right-angled  at  B, 
tf/z^  drawing  FM  parallel  to  CB,  /'/  ^  ^wry 
fefarfi  PF*  +  PIVP  =  BC* ;  to  find  the  nature  of 
the  curve  BM. 

Let   ABrz*,  BC=£,  APzr*,  PM=>     Then 

bx 
by  fimilar  triangles,  a  :  b  \  :  x  :    ~  zz  PF.     And 

a 

by  the  queftion,  — ■ — }-yyzzbb9  whence  yy  zz  bb — 

aci 

bbxx  b     j 

-— ,  and  y  zz   ~  \/aa~xx9   the  equation  for  all 

the  points  M.     And  in  A,  where  x  is  o,  y  zz  b, 
or  AD  =:  CB. 


PR  OB. 
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P  R  O  B.    CLXVf.  Fls' 

If  AB,  XTF,  AC   be  right  lines  given  in  pojttion  noS. 
and  PD,  pd  be  always  parallel  to    AC ;   and  if 
PM   be  every  where  equal  to   CD  \   to  find  the 
locus  of  the  point  M. 

Since  AC,  PD  are  parallel ;  AP  will  be  to  CD 

in   a  given    ratio   (Geom.   II.    12.    cor.   2)5    put 

APzzx,    PMz;,   and    lee   a  :   b  :   :   AP  (#)  : 

hx  bx 

—  zz  CD  ;  therefore  yzz.  —  .     Therefore  AMm  is 

a  a 

a  right  line,  paffing  through  A. 

P  R  O  B.     CLXVJI. 

If  the  three  lines  CA,  CB,  AB  be  given  in  pofition  ;  IOq# 
*2/zi  PM  fo  always  drawn  parallel  to  A  B  *,  <2#d  zY 
^  <?itfry  where  APxPDzzPM"  5  /*  jfefc/  /fo  nature 
of  the  curve  Mm. 

Let  CAzztf,  ABzz£,  APzz*,  PMzzy^  then  by 

^  -4-  ^  * 

fimilar  triangles,  a  :  b  : :  <z+tf  : b  zz  PD,    then 

. 

by    the    queftion,     a bx   zz  yy,     and   y  zz 

_____  * 

n/—  Xax  +  xx  •,  and  the  curve  pafles  through  A, 
a 

fince  both  *  and_y  are  o,  at  once. 

But  if  CB  be  parallel^  CA,  then  PD  zz  AB, 

and  bx  zzyy,  or  y  zz  >/bx.     And  if  C  lie  on  the 

a—x 
other   fide   of    A,    then   PD  zz  b9   and  y  zz; 


—  x  ax — xx-      In   which   cafe,    when   x  zz  a% 
a 

then  y  zz  o,  and  the  curve  pafles  there  through 

the  axis  C. 

G  g  3  \Vhea 
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Fig.      When  x  is  greater  than  a,  y  is  the  fquare  root 
109.  of  a  negative  quantity,  which  is  impoffible  •,   an4 
therefore  the  curve  goes  no  further  than  A, 


PROB,     CLXVIII 

t 


10 .There  is  given  the  right-angled  triangle  ABD  \  ana] 
drawing  PM,  pm  always  parallel  to  BD  ;  and 
making  PM  every  where  equal  to  BF  j  to  find 
the  nature  of  the  curve  DMm. 

Put    AB=^  BD=£,  BP-*,  PMr>     Then 
by   fimilar  triangles,   a  :  b  :  ;  a  +  x  :  ?  "*"  *  b 


;sr  PF,    and     BF*  =  xx  =   **  *  «  +  <  - 

aa 

aaxx  +  bbaa  +  ibbax  +  W##         ,       - 

! — • 5     therefore 

aa 

FT.         ibbx    ,    aa^-bb  r        » 

y  ~  *J  bb  + 1-  — - — i  xx,    for  the  nature 

#  aa 

pf  the  curve. 

P  R  O  B.     CLX1X. 

1 1 1.  BA  is  a  given  line,  draw  PM  perpendicular  to  BAP  ; 
and  let  AM  fo  always  a  mean  proportional  between. 
AB  and  AP ;  /<?  /«</  the  nature  of  the  curve 
AmM. 

Let  AB  n  <z,  AP  =  x>  PM  zry,  then  AM  = 
x/xx+yy,  and  per  queft.  #  :  \/y^-h^y  :  :  s/xx~\-yy 
i  x,  and  ax  zz  xx  +yy9  whence  y  zz  \/ax-—xx. 


P  ROB* 


— 


z  L  ai  itaidw  c^fbfifii 


|3fl 


^ft* 


2,  $        ^Tltf"  ?  / 


^Jgnsni 


=  **  =  *1S     bijg    3^'rs 


*  ^A  % 
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Fig. 
P  R  O  B.    CLXX. 

The  line  CF  and  point  A  being  given  \   from  ary  l\i% 
point  D  in  that  line,    through  A,  draw   DAM, 
and  make   DA  X  AM    always  equal  to  a  given 
fquare  \  to  find  the  locus  of  M. 

Draw  BAP  perpendicular  to  CF,  and  PM  per- 
pendicular to  AP,  and  put  A3  zz  a,  AP  zz  x 
PM-;1,  then  AMzv/^ji,  bb  zz  the  given 
fquare.     By   fimilar   triangles  x  :  \/xx-\-yy  :  •  a  : 

«/**+»  -AD.     Then  per  queft.  ±  x  xT+^ 
x  x   ' 

zzbb,  and  #x+jyzz  — ,  whence  yzz  J —  — xx. 
a  a 

P  R  O  B.    CLXXI. 

AD  is  a  circle,  C  its  center  -,  draw  AB  ferpendicu-  lJ7i 
lar  to  CAP.     Then  draw  any  line  CB,  and  BM 
parallel  to  AP  ;  and  make  always  BM  zz  DB  5  to 
find  the  nature  of  the  curve  mVi. 

Draw  MP  perpendicular  to  CP,  and  let  CAzzr, 
AP  zz  y,  PM  zz  y,  then  CB  zz  \/rr+yy9  and 
BD  zz  y/rr  +  -y  —  r.  But  AP  or  BM  zz  BD,  that 
is,  x  zz\Z?r+yy  —  r,  and  y/rr+yy  zz  r  -f-  „v,  and 
fquaring,  rr  -fj7  zz  rr  +  2r*  -}-  xx,  whence  y  zz 


G  g  4.  PROB, 
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Fig-  PROB,     CLXXII. 

x  1 4.  CAD  is  a  given  angle ^  CD  a  given  line^  M  a  given, 

point  in  it.     Let  this  line  fo  move  in  the  angle 

CAD,  that  the  ends  D,  C  may  always  touch  the 

Jides  AD,  AC  -,  to  find  the  curve  defcribed  by  the 

point  M. 

Draw  MP,  MB  parallel  to  AC,  AD,  and  put 
DM  —  a,  CM  zz  i;  cof,  <  A  zz  c,  AP  zz  x, 
PM  zzjy.     By  iimilar  triangles,  CM  (b)  :  BM  (*) 

:  :  DM   (a)   :   DP  =   -.     But   in   the   triangle 

MPD  (Trig,  cafe  5.)  yy  +  S*  -  ^2  zz  aa 

bb  b 

aa    ,    2acxy        aaxx    £       ,  .         r 

or  jyy=       +  — —£ — ,  for  the  equation  of 

b     ,         bb 

the  curve. 

PROB.     CLXXIII. 

The  line  CA  is  -perpendicular  to  AP,  ABM  fa  a  fquare 
•     *'      "johoje  fides  CB,  BM  are  given  \  to  find  the  curve 
defcribed  by  the  point  M,  w£/7#  /Ztf  <J  B,  <2#J*  ^;/i 
C,  move  along  PA,  AC. 

Draw  MP  perpendicular  to  AP,  CBzz^,  CMzz£, 
A?~x,  PMrzjy;  the  triangles  CAB,  BMP  are 

fimilar,  and   b  :y  :  :  a  :  f  -  AB.     And    BP  zz 

b 

j ay  / 

vbb  — yyy    therefore    j  +  vbb  — yy  zz  #,    and 

— ay 

S/  bb—yy  zz  x  —  -r,  and  fquaring  bb~yy  as  tf# — 

2^,vy  tf^vy  ^/z  +  ^3 

T" .  +  IT'    And  reduced  ~r~  ^  =  w 


PROB. 
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P  R  O  B.    CLXXIV.  Flg' 

$bt  lines  AV,  AB,  AE  are  given  in  pofition,  the lX§, 
point  V  is  given  -,  if  the  line  VE  be  always  drawn 
through  V,  and  the  part  intercepted  CE  be  divided 
in  a* given  ratio  at  M;  to  find  the  locus  of  the 
points  M,  m. 

Draw  MP  parallel  to  AB,  and  DM,  BE  pa- 
rallel to   AP,  and   put   A-P-x,  PM=j,  AV=a.  . 
r  to  s  as  CM  to  ME,  S.  <BAE=j>,    6.  <EAP 
or  BEA  =  q. 

The   triangles   VAC,  VPM,  DCM,  BCE    are 

av 
fimilar,  and  a+x  :  j  :  :  a  :  —  =r  AC,  and  a+x 

a  +  x 

v  :  •  (DM)  x  :  —  =  DC,    Alfo  r  :  s  :  :  CM 

ME::  CD  /-^M  :  DB  d-^SL .     And  CM 

[a  +  xj  ra+rx 


y    1  -   r 

CE  : :  r  :  r+j  :  :  *  :  —  #  =  BE,  and  in  the  tri- 

r 

gle    BAE,    p   :  q   :    :  BE   (Of  *)  :  BA  = 


an 

r+5  m 


—  ax  zzy  -\ ■==">  and  r  +  s  X  J*  X  a  +  * 

r=  pry  X  a  -r*  *  4-  pjxy,  which  reduced  is  (putting 
F+1  =r  d)    d«xxx  +  <fy*#  ==  pny»  +  ^#>*>    and  J  = 
d.x*  4-  dqax  _  dq       ax+xx 
~  $ra  +  4/w    ~"~  ^        ar-Ydx* 

P  R  O  B.     CLXXV. 

BCD  is  a  given  angle,  D  a  fixed  point,  BM  parallel  I?^# 
/;?  CPi  <*W  B\l  /<?  MD  *r<?  o/ff^{  in  a  given 
ratio  \  to  find  the  locus  of  M. 
Draw  MP-  parallel  to  BC  ;  and   put  CA=«, 

AD  =  b,  cof.    <P  zz  c.  AP  =  V,  PM  ~y  i  then 

PD  = 


458  PROBLEMS*/  B.  If. 

Fig,  PDzzb — x,  and  BMz^;  then  (Trig,  cafe  5.) 

MD  ~Jyy  +  £— #f  —  *cy  X  b — x.     Whence   it 

is,  a  :  b  :  :  a+x  :  ,J  yy  +  b  —  x\z  — icy  X  b —  x\ 
which  fquared  and  multiplied,  bbaa+ibbax+bbxx 
zzaayy+aabb — 2aabx+aaxx — icaaby + 2caayx9  and 
reduced  aayy  -f-  icaayx  —  zcaaby  rz  bbxx  +  aaxx  + 
2bbax  +  2aabx. 

P  R  O  B.    CLXXVI. 

Ii8.^»  ^  **r*  *^  ^^  />^'»/J  in  the  line  CD  ;  and  CM 
y^r£  1;  tf^ry  where  to  MDfquare,  in  the  given 
ratio  of  r  to  s.     To  find  the  locus  of  M. 

Draw  MP  perpendicular  to  CD,  and  let  CAzza* 
AD  =  dy  AP  =  xy  PM  zzy,  then  CPz^  +  y, 
PD  ~  b  —  x.     Therefore  it  is  r  :  s  :  :  aa:  hb  :  : 

(CM2)  jy  +  *  +  #|*  :  (MD2)  yy  +  b  —  x\z ;  there- 
fore bbyy  +  bbaa  +  ibbax  +  bbxx  zz  aayy  +  aabb— 
2aabx  +  aaxx.     Whence  aayy — bbyy  zz  bbxx — aaxx 

+  %bbax  +  %aabx  5    and  yy  zz        . .  X  2abx  — 

aa-bb 

lab 

M  BS   — rX~>XX. 


a-b 


PROB,     CLXXVII. 


liq%Tl^e  lines  AB,  AD  are  given  by  pofition\  the  points 
P,  B,  and  angles  CPD,  CBD  are  given*  Now  if 
the  angles  CPD,  CBD  move  about  the  centers  P,  B, 
whilfi  the  interjetlion  D  {of  the  fides  PD,  BD)  runs 
along  the  line  AD  ;  to  find  the  curve  which  the  in* 
terfeclion  C,  of  the  other  fides,  defcribes. 

Draw  CS,  DF  perpendicular  to  AB  ;  and  put 
W~a,  Vbzzh  tang.  <PAD=/,  tang.  CPD=/>, 

tang. 
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tang.  CBD  =  j,  PF  =  v%  PS  p»,  SC  =:  jy,   and  Fig. 
BF  =  £  —  v,  BS— *  —  *.  rnvJI9* 

Then  by  Trigonometry,  i  hrfty  :  :  t  :  ta+tv 
zzDF. 

And  v:  i  i:  ta+tv:  ta  +  tv  =  tang.  DPF, 

v 

Alfo  *  :  1  :  :y  :  2L  =  tang.  CPS. 

And  b—v  :  1  :  :  /^+/^  :  4?^  =  ta"g«  DBF, 

And  £  —  *  :  1  :  :  y  :  Jm  =  tang.  CBS. 

b-x 

t>      /^  •     ton         /«+/*>             ta+tv   ,     v     _ 
But  (Trig.  I.  8.)  1 — y  :  1  : : +  ~  :  A 

VX  V  x 

A     ,             ta+tv        y                ta+tv    ,      y 
And  i -?—  X  f-  :  1  :  :  -7 +  A  :  a. 

b—v        b-x  b—v         b~x     4 

and  multiplying  the  extreams  and  means, 
pvx ' — play  —  ptvy  zz  tax  +  tvx  +  vy 

And    q  X  b — vxb-~x~taqy — tqvyzzta+tv  X  b — x 

+  by  —  vy\  that  is,  qb  X  b— -x —  qvxb—x-~taqy 

• — tqvyzztab—-tax+tvxb — x+hy — vy,    and   tranf- 

pofing,    tv+qv  X  b — x  +  tqvy  —  vy  zz  qb  X  b — x 

—  taqy  +  tax  —  tab  —  by.     By  this  and  the  former 

abb — qbx+taqy — tab  +  tax — by 

equation,    v  zz  ? -2 7    ,     . — ! -y   zz 

^  qb — qx  +  tqy  +  tb — tx  —y 

- — — — 2J^ — j  t     And  fubftituting  for  the  known 
px — tx — pty — y  R 

compound  quantities,  <3  c^ 

cx+dy+f  tax+tapy         ,       L 

z^+hyTi  ~  TOjn»  reduced 

taphyy  —  tagxx  — -  tapgxy  +  talx  +  taply  zz  o< 
•+-  sd   —  en        -f  /#£       -r-  /»     -h  {/" 
-I-  •*£ 

PROB, 
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Fig. 

P  R  O  B.     CLXXVIII. 

i2ot  To  find  the  figure  for  the  feftion  of  a  groin,  the  bafes 
of  the  two  folids  being  AFL  a  femicirdey  and 
ABC,  a  right-angled  ifoceles  triangle. 

^Groining  in  joinery  is  fitting  two  prifmatic  fo- 
iids  to  join  at  right  angles,  fo  that  the  iurfaces  of 
both  may  coincide,  no  part  of  one  being  higher 
than  the  other,  and  the  ends  of  boch  of  them  mud 
be  cut  away  to  a  certain  figure,  or  elfe  they  can 
never  join  truly. 

Let  the  perpendicular  lections  AFL,  ABC  of 
the  folids  be  perpendicular  to  the  plane  LACD,  on 
which  the  figure  is  to  be  drawn.  And  fuppofe 
AMD  to  be  the  figure  j  draw  Ml,  MP  parallel 
to  AC,  AL;  at  J,  P,  draw  the  ordinates  IF,  PO, 
perpendicular  to  AL,  AC.  Now  the  nature  of 
the  groin  requires  that  the  lines  F{,  and  PO,  which 
ere  to  coincide,  mult  be  equal.  Therefore  compute 
FI,  OP  in  both  figures,  and  put  them  equal  to  one 
another. 

Let  AL  or   AC=*,   AP=y,   PM=y.     Then 

IF  =  V'Al  xTL  =:  ^a^y  X  y  •,  and  fince  ABC 
is  a  right  angle  and  AB  =  BC,  OP  will  =:  A? -9 
therefore  OP  zzx,  whence  x-zzs/ay—yy.  Whence 
AM  is  an  arch  of  a  circle  equal  to  AF.  And  for 
the  fame  reafon,  the  part  at  D  of  AMD  is  a  like 
arch,  and  the  whole  curve  AMD  confifts  of  two 
quadrants  of  the  circle  AFL,  meeting  in  the  mid- 
dle, and  turning  contrary  ways.  Therefore  if  the 
ends  of  the  two  folids,  be  cut  into  the  figures 
ELDMAF,  and  BCDMAB  5  they  will  exactly  fi* 
pne  another. 

P  R  O  B. 
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P  R  O  B.    CLXX1X. 

To  find  the  figure  of  a  groin,  when  the  bafes  or  ends  121. 
of  the  bodies  are  AFL  a  femi circle,  and  ABC  the 
fegment  of  a  circle. 

Let  AMD  be  the  curve;  draw  MP,  MI  pa- 
rallel to  AL,  AC ;  and  IF,  PO  perpendicular  to 
AL,  AC. 

Put  ALn<z,  AC=£,  APr:*,  PMrv.  Then 
becaufe  the  figures  APL  and  ABC  muft  always 
be  of  equal  height,  therefore  ~a  ±s  the  height  of 
ABC.  Then  to  find  the  diameter  of  ABC,  we 
{hall  have  ±bb+\aa  divided  by  {a9  for  the  diame- 
ter •,  put  D  c=  diameter,  then  D  —  a  zz  the  diftance 
of  the  chord  AC  from  the  center,  put  D  —  a  zz  r, 
and  PO  or  IF  be  v.  Then  by  the  nature  of  the 
circle  (in  the  figure  ABC),  2cv  +  vv  zz  bx — xx  ; 
and  ay — yy  =  vv9  in  the  figure  AFL,  Therefore 
2  c v + ay — yy  zz bx  — xx9  and  2 c v  zzyy  4- bx-~-xx — ay, 
alfo  v  zz  \/ ay — yyt  and  2cvzzics/  ay — yj  yy  — 
ay  -\-bx —  xx  \  which  fquared  and  reduced  gives  an 
equation  of  the  fourth  power  for  the  locus  of  IVf* 


PROB,    CLXXX. 

To  find  a  general  equation  to  the  ellipjis^  referred  to  any 
line  as  an  axis ,  which  ellipfis  will  therefore  be  the ' 
locus  of  that  equation. 

. 

Let  BFDG  be  the  ellipfis,  C  the  center:  Leti22? 
the  point  A  be  given,  and  any  line  AL,  given  in 
pofition,  for  the  axis.  Take  the  angle  KAL  ac 
pleafure,  and  through  C,  draw  the  diameter  BD, 
parallel  to  AK,  and  FCG  the  conjugate  to  it, 
and  AN,  PM,  LK  parallel  to  FG.     Put  BC  or 

CD=/t 


/ 
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Fig.CDzr/,  />rrparameter  belonging  to  BD,  ALiz:*, 
122.LK  =  b9  AK  =z  r;  CN  =  /,  AN  ~  »,  AP  =  *, 
PM  9b  > 

By  the  fimilar  triangles  ALK,  API ;  a  :  b  :  :  x 

:  -  =  PI  5  and  ^  :  <r  :  :  *  :  -  =  AI.     Then   PR 

&»  +  Si  RM-;-»- £§,  CR  =  g  -/,  BR 
0  a  a 

=  /_ /  +  *    RD  =z  /+/—  %     And  by  the  pro- 

perty  of  the  ellipfis  2/  :p:  :  BRD  :  RM1  :  :  ft  — 

—  ,     2f/y         *r##  ,    bbxx 

a  aa      ^  J  aa 

?J2.  +  UH;    and    multiplying    cxtreams    and 
<z  a 

means,  and  reducing, 

2aatyy~4.abtxy+  itblxx^ ^aatny+^abtnx  -j-  2aatnn~o 
+pcc  —iapcf—+paatt 

+paaff 
An  equation  to  the  ellipfis  FD  referred  to  the  axis 
ALu  Where  note,  yy  and  xx  have  the  lame  fign. 
And  if  xy  is  in  the  equation,  the  fquare  of  half  its 
coefficient  is  lefs  than  the  coefficient  of  xx  multi- 
plied by  the  coefficient  of  yy.  And  if  xy  be  want- 
ing, xx  and  yy  have  the  fame  fign. 

P  R  O  B.     CLXXXI. 

pa*  To  find  a  general  equation  to  the  hyperbola,  referred 
to  any  line  as  an  axis  \  and  which  hyperbola  will 
confequently  be  the  locus  of  that  equation* 

Let  DM  be  a  hyperbola,  C  the  center,  AL 
any  line  drawn  from  the  given  point  A.  Make 
LAK  any  given  angle  •,  and  through  C  draw  the 
diameter  BD,  parallel  to  AK,  and  FCG  its  con- 

jugate, 
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jugate,  and  draw  AN,  PM,  LK  parallel  to  FG.  Fig, 
Put  BC  or  CD=f,  ^parameter  of  BD,  ALzza,  123. 
LK  =  h  AK  =  €9  CN  =  /,  AN  =  »,  AP  rz  *, 
PM=> 

From  the  fimilar  triangles  ALK,  API,  we  fhall 

get  (as  in  the  laft  problem,)  PI  =  *?,  AI  =  eJL , 
whence  PR  =  n  +  - ,  RMzzj— n-~  ll ,  and  CR 

=  *:— fc  and  DR  x  -  —  /—  /,  and  BR  =  ^ 

_ /  +  /.     And  by  the  nature  of  the  hyperbola, 

2/:?::(BRxDR)^-.!^  +  ^-//; 

aa  a 

(MR1)  yy  —  2»y  +  ** + +  —  . 

a  a  aa 

And  the    means    and    extreams  multiplied,    and 
then  reduced, 

Ztaayy — epitaxy  -f  ltbbxx—\tnaay  -f  tfnbax  +  itaann  =2  0. 

+paatt 

Note,  when  yy  is  not  in  the  equation,  yy  and 
xx  have  different  figns.  And  if  xy  be  there,  the 
tfquare  of  half  its  coefficient  is  greater  than  the  co- 
efficient of  xx  multiplied  by  the  coefficient  of  yy. 


■ 
SE  C  T, 
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F,g'  SECT.      X. 

Mecbamad  Problems* 

P  R  O  B.     CLXXXII. 

124,/""  1  •>'  P  &yj£  //^  ^ww  DE,  ill:-:  [upper ted 

:  at  A,  B  ,  to  xt  weight  wit  break  it, 

.  hen  the  ends  D,  E,  *re  fixed,  that  they  cannot  r: 

SUPPOSE  DA  ~AC,  and  BE  =  BC  Sup- 
pofe  the  fream  cut  through  at  C,  and  let  4P 
be  iaid  upon  D,  whillt  |P  remains  at  C  •,  then 
preflure  at  A  will  be  zz  P,  therefore  the  beam  will 
alfo  break  at  A,  having  the  lame  ftrefs  there  as  it 
had  at  C.  For  the  lame  reafon,  if  \?  be  applied 
to  E,  CE  will  break  at  B.  Confequently,  if  2P 
be  applied  to  C,  the  beam  being  whole  ;  and  the 
ends  D,  E  fixed  ;  the  beam  will  break  at  A,  C, 
and  B ;  and  therefore  it  bears  twice  the  weight 
cf  2P,    at  C,   before  it  breaks. 

PROB,     CLXXXIII. 

12 -The  ftrength  cf  a  beam  AB,  being  given  \  t: 

Jirengtb  when  a  bole  (ac)  is  cut  out  of  the  middle^ 
and  ajfo  an  equal  one  (rn)  in  the  fide. 

By  the  pri  of  mechanics,  (Mechan.  4to» 

Prop.  LXX«  and  Cor.)  the  ftrength  of  the  beams 
whe  :Knefl~cs    are  j,    dc,    will    be    as 

db'y  dax,  and  dc\  Now  as  the  ftrength  of  all 
the  particles  between  b  and  d,  is  denoted  by  db'\ 
and  the  ftrength  of  all   the  particles   between  a 

and 
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and  d,  by  ad1  ;  therefore  the  ftrength  of  all  the  Fig. 
particles  between  b  and  ay  (the  point  D  being  1 25. 
fixed)  will  be  dbz  —  da\  add  the  ftrength  between 
€  and  d,  which  is  cdl  \  and  the  ftrength  of  bit 
and  cd,  that  is,  the  ftrength  of  the  hollow  beam 
is  dbz — dal  +  cd\  But  at  the  fection  r  the  ftrength 
is/;;1. 

Whence  if  nr  =  ac>  the  ftrength  at  b  to  the 
ftrength  at  r  is  as  iix — Haz  +  cdl  to  db-^ca\l  ;  that 
is,  as  db* —  idcxca* — car  to  db'z — 2dbxca+ca\ 
Therefore  if  db"-  be  the  ftrength  of  the  whole 
beam,  2dc  -f  ca  X  ca  will  be  the  defect  of 
ftrength  of  the  hollow  beam,  when  it  breaks  at  b  \ 
and  idb—ca  X  ca,  the  defect  of  ftrength  when  it 
breaks  at  n  or  f,  which  is  greater  than  the  former, 
And  for  the  fame  reafa'n  the  defect  of  ftrength  to 
break  at  d,  will  be  zba  4-  ac  x  ca. 

PROB,     CLXXXlV. 

$0  fupport  a  long  prif malic  body  horizontally  by  two  126. 
props  A,  B  •,  that  it  /hall  asfoon  break  in  A  or  B 
as  in  C. 

Let  DA  =  AF=:GB±:BE:=y,  CF=CG=*, 

DC  tt  CE  =  »,   then  n  ==  2y  -f-  #. 

The  parts  AF  and  BG  lay  no  ftrefs  upon  C, 
being  balanced  by  the  contrary  weights  DA,  RE* 
equal  to  them.  Therefore  the  ftreft  at  C,  ariies 
from  the  weight  FG  ;  and  muft  be  equal  to  the 
ft  re  Is  at  A,  anting  fro.n  the  weights  AD,   AF. 

The  ftrefs  at  A  by  the  weight  DF  is  -DFxDF 
or   2yy,  (Median.  70.  aad  Cor*)  and  the  ftrefs  (by 

FG  fufpended)  at  C  is  AB  x  FG,  or  2y+<.x  X  2x. 
But  fib.  cor,  5.J  2 AC  (ty+t*)  :  AF+AC(zy+*) 
:  :  ftrefs  at  C,  by  FG  fufpended  at  C  (zy  +  zxX  ix)  : 
to  tlie  (tiefs  at  C,  in  the  position  FG  ZZ  2jr-H*XWf. 

H  h  Therefore 
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Fig.  Therefore  lyj  =z  2y+xXix.     Or  yy  =  2xv+xx  = 
'nxzznxn—iyy  and  jjy  +  2#y  z:  nn.     Whence  y  zz 
n  X  \/i — i.     And  x  zz  n  x  3 — 2V'<2- 

P  R  O  B.     CLXXXV. 

* 27»  If  two  weights  P,  T  hep  one  another  in  equilibrioi 
en  the  two  wheels  whofe  radii  are  AB,  CB  ;  the 
fir  ait  tooth  AB  of  the  one.  a  cling  on  the  crooked 
tooth  BD  of  the  oihir  \  to  find  the  proportion  of 
the  weights  P,  T. 

Draw  EBF  perpendicular  to  OD,  EH  perpen- 
dicular to  AB,  and  FG  perpendicular  to  BC  The 
poiat  B  of  the  end  AB,  is  acted  upon  by  three 
forces:  i.  in  direction  AB  ;  2.  in  direction  BE; 
3...  in  direction  EH  by  the  weight  P^  and  thefe 
forces  are  as  BH,  BE,  EH. 

Again,  the  point  B  of  the  tooth  BD  is  acted  on 
by  thefe  three  forces:  «.  in  direction  BC  •,  2.  in 
direction  FB  •,  3.  in  direction  FG  by  the  weight  T, 
and  thefe  forces  are  as  BG,  Bb^  and  f  G.  But  the 
action  and  reaction  at  the  point  B,  being  equal  5 
we  have  BEzzBF,  and  in  the  right-angled  triangle 
BHE,  rad.  (1)  :  EB  :  :  S.ABE  :  HE  =  £.Bx  S.ABE. 
And  in  the  triangle  BGF,  rad.  (1)  :  BF  or  EB  :  : 
S.FBG  :  GF  zhBx  S.FBG.  Whence  P  :  T  :  : 
HE  :  GF  :  :  EBxS.ABE  :  EBx  S.FBG;  that  is, 
P  :  T  :  :  cof.  ABD  :  cof,  CBD,  when  the  weights 
are  in  equilibrio. 

Whence  if  ABC  is  a  right  line,  PzzF;  and  if 
^CBD^io,  then  P  :  T  : :  cof.  ABO  :  radius. 


PROB. 
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P  R  O  B.     CLXXXVI.  F:g- 

*To  find  proper  numbers  for  the  wheels  and  pinions  of 
a  clock,  to  go  eight  a  ays  ;  and  to  fiew  hours  by  the 
great  wheel*  minutes  by  the  fecond  wheel,  feconds  by 
the  balance  wheel,  and  to  beat  feconds. 

For  the  moving  part. 
Suppofe  four  wheels  in  the  moving  part  A,  B,  I28, 
C,   D,  and   let  the  numbers  for  ;he  wheels  and  pi- 
nions be  denoted  as  in  the  r  id  let  /  —  12, 
'h  —  height  the  weight  ddcends,  /  —  time  of  gating 
down  in  hours. 

A 
It  is  plain  *-  =  number  of  revolutions   B  has 

*    B 

for  one  of  A,  and  ~  n  number  of  revolutions  C 

2  AB 

has  for  one  of  B  ;  whence    —  rr  number  of  revo- 

fa 

A.BC 
lutions  C  has  for  one  of  A.'    And  likewife  —^5  zz 

par 

number  of  revolutions  D  has  for  one  of  A. 

Since  the  arbor  of  D  carries  an  index  to  (hew 
feconds,  therefore  D~  20,  becaufe  for  every  tooth 
there  are  two  bears,  and  zDs  60, 

Becaufe  the  arbor  of  B  carries  an  index  to  (hew 

minutes,  and  of  A  to  (hew  hours  ;  consequently  A 

.» 
goes  about  in  12  hours,  and  B  in  1,  whence  -♦  zz 

J      ' 
12.     And  becaufe  D  rzoes  60  times  round  for  B's 

RC 
once,  therefore    —  —  60. 
qr 

Therefore    the    two    equations    — -  ==  12,    and 

p 
BC 

- —  £  6o,  will  refol  qu.ftion;  which  beings 

qr  -i3 

H  h    2  un-» 
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Fig.  unlimited,  many  of  them  may  be  taken  at  pleafure, 
1 28. provided  they  be  all  whole  numbers. 

Suppoie  r  ~6,  ^=8,  q  —  S}  then  Azzg6,  and 
BCzi6x3x6o,  and  if  Bz:6o,  then  C  =  48  •,  or 
BZZ72,  and  C  =  4Q.  It  will  be  better  if  B  and  qy 
C  and  r  be  prime  to  one  another. 

To  find  the  diameter  of  the  wheel  for  the  rope, 

it   will    be   /  :  h  :  :  f  :    —  zz  circumference,    and 

— — -  zz  diameter. 
3.1416/ 

For  the  finking  part. 

Let  L  be  the  fly,  K  the  warning-wheel,  I  the 

detent  wheel,  H  the  pin-wheel,  G  the  great  wheel, 

F  the  count-wheel,  their  teeth   and   pinions  as  in 

the  figure  ;  n  z±  number  of  ftriking  pins,  and  there 

are  78  ftrokes  in    12   hours:  F  goes  round  in   12 

hours,  I  goes  round  for  every  ftroke  of  the  clock. 
7k>  13   ll£n  JU< 

Now  L.  —  number  of  revolutions  of  H  in  12 

H    FG  *a  ° 

hours,  and  _T   zz  number  of  revolutions   of   H 

trfW  of  F,  that  is,  in  12  hours  j  therefore 
FG       78  * 

—   zz  < —  . 
uu         n 
Again,  I  goes  round  n  times  for  H's  once,  and 

TT 

therefore  — —/*•  Therefore  from  thefe  two  equations 

.    —  ~  /— ■»  and  H  zz  en,  all   the   requifites   may 
ab  n 

be  found  ;  but  being  unlimited  mod  of  the  num- 
bers may  be  taken  at  pleafure,  fo  as  they  be  all 
convenient  whole  numbers. 

Becaule  the  pin  in  the  warning-wheel  muft  al- 
ways come  to  the  fame  place  when  the  clock  has 

ft  ruck 
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ftruckout,  therefore  I  =  a  whole  number.     £  Fi£- 

d  fOZ'  128. 

and  £  may  be  any  numbers,  becaufe  there  is  no 

phenomenon  to  be  (hewn  by  them. 

.  .  V  ABC    .    60 

The  train  or  beats  in  an  hour  is  =  _  X  ~ 

zz .     Suppofe  nzz\%9  azz6,  £~8,  czz6$ 

tr 

then  H  — 72,  and   FGzz —   =4X78,   there- 

FG 
fore  F  may  be   zz  13  and  G  z=  24,     But  note  ■— 

may  be  put  into  one  wheel  or  more  as  one  pleafes. 

If  the  rtring  go  about  the  axis  of  F,  its  diameter 
is  found  as  in  the  other.  But  if  it  go  round  the 
axis  of  G,  it  mull  be  made  lefs  in  proportion  as  a 
to  F.  If  one  weight  carry  both  parts,  their  dia- 
meters muft  be  but  half  the  former  quantities. 

■ioH 
P  R  O  B.     CLXXXV1I. 

Suppojing  with  Borelli  (part.  I.  prop  .22  de  motu 
animalium),  that  a  ftrong  man  can  bat  bear  z'o  lb, 
at  arm's  end^  and  that  the  weight  of  his  whole  arm 
is  equivalent  to  4  lb-  at  arm's  end ;  from  the  length 
of  his  arm  given  \  to  find  the  dimenfions  of  that  man's 
arm.  that  can  bear  no  more  than  its  own  weight. 

Suppofe  4.1b.  at  ami's  end  equivalent  to  8,  the 

weight  of  the  arm.     And  fuppofe  the  two  arms,  fi- 

milar  lblids,   and  the  arm  z=  half  the  length  of  the 

body.     Put  a  —  length  of  a  common  man's  arm, 

b  zz  4.1b.  w  zz  26/^,  x  r±  length  of  the  great  man's 
arm  yl£3iq  jb  nsAsi-  3a  y^ 

The  weight  of  like  bodies  are  as  the  cubes  ofr 

the  fides,  a>  :  $\  :  i>3$qi^ — •  zz  weight  of  the 

H  h  3  great 
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°  great  man's  arm,  and    —  zz  the  weigh*  at  arm's 

<?> 

end,  producing  the  fame  (irefs. 

And  the  ftreis  being  as  the  length   and  weight, 

we  have  w-+-b  X  a  zz  ftrefs  of  the  common  man's 

b  o 
arm  ;  and  —  x  z~  ftrefs  of  the  great  man's   arm. 
<;> 

But  (by  mechanics)  the  ftrefs  in  this  cafe,  is  as  the 

ftrengtb,   that  is,   as   the  cubes  of  the-  like  fides, 

~ . b^ 

Therefore  a1  :  x*  :  :  w  +  b  X  a  :  — ,  whence  £** 

, «,  +  £  3c^ 

==  w  +  £  X  <?*■%  or  x  zz  — J —  a  zz  —   —  7^a* 

o  4 

Nov/  if  a  zz.  i  yard  •,  then  if  there  be  a  man  whofe 

height  is  above  15  yards  \   he  will  not   be  able  to 

ihctch  out  his  arm. 

P  R  O  B.     CLXXXVIII. 

I  zg.  Given  the  length  and pofition  of  the  beam  .AD,  leaning, 
againft  the  wall  Dii  ;  to  find  the  pofition  of  the 
plane  Bk,  on  which  it  may  Ji and  without  moving. 

Ler.  G  be  the  center  of  gravity  of  the  beam  to- 
gether with  any  weight  it  carries.  Through  G, 
draw  the  Horizontal  line  BH.  And  fuppofe  DA 
put  into  the  paction  dd\  infinitely  fieir  the  former. 
New  fince  the  beam  is  to  have  no  inclination  of 
moving  from  the  pofuion  DA,  or  da;  the  center 
of  gravity  G,  g  muit  be  in  the  horizontal  line  BH, 
principles  of  mechanics.  Draw  G;;,  dm> 
Ar  perpendicular  to  ad  or  AD.  And  let  DGzz^, 
AC  iSiH-IG,   p,  q  —  fine  and   cof.   ADHj 

f,  cofine    DGII,    x  ~  Uhg.  DAK, 

V  zz  L 

Since  DG  zz  dg  fc  mn%  and  AGzzagzzrn^  there- 
fore Dm  zz  ng  zz  ar*     In  the  triangle  Ddm,  S'mdD 

(4) 
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(q)  :  S.tnDd  (p)  :  :  mD  :  md  zz  1  X  wD   or    £  Fig- 
s' q   l2V- 
X  £»       And    in    the    triangle    Ggn,    S.gGn  (f)    : 

S.G%n   fj)    \    \  gn    \    Gn   zz  —  x  gn.       By    the 

fimilar     triangles     Fdm,     FGny     Fd    (v)     :    FG 
(  b  —  v)     :     :     ma     (  L.  x  gn  J     :     n     G 

(-—  X  gn  J  ,    whence    <— ;   rz    *-.~\.  ,    and    jji;  zz 

/>£/ — ^/i;,  and  v  zz    ^  -L_  .     But  (Trigon.  I.  5J 

W±9i 
pf+qszzh.     Therefore    v  25  — .     In  the   triangle 

A#r,   1   :  tfr  or   »g-  :  :  x  :  rAzzxX  ng.     And  in 
the    fimilar   triangles    FDm,    FAr,    Fd   (v)    :    md 

(L  X  gn)  :  :  FA  {b  +  c  —  v)  :  rh  (x  x  ng)  i 

therefore  *w  =    —  X  b  +  c — v9  and    vqxzzpb+pc 
-~-pv>  and  vqx+pvzzpb+pe9  and  iubftituting  the 

value  of  1;,  qx  +p  X  ^jr  =  ?*+/*>  and   */?*  + 

zr       A,  ,    l    -1                    bh+ch—bfp  b+c™ 

bfpzzbh  +  ch%    .vhence  #  zz  7- — ~    zz    V  .  £ 

*/?  bJi    \ 

— .    ?-.     Whence 

i 

1.  If  DH  be  perpendicular  to  the  horizon,  £zzr, 

szzq,  fzzp,  and  *  zz  -2LC  —  JL . 

bpq  q 

2.  if  Dil  nearly  coincides  with  DA,  bzzs,  pzzo9 

1  b-\-c         5  bA-c 

$-1,  then  *  zz  __    X  — ,  or  _Jl  x  tang. 
0  J  b 

DGH. 

11  h  4  PROIS. 
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PROB.     CLXXXIX. 

Having  given,  the  fpecific  gravity  of  two  things,  and 
hkewife  the  Specific  gravity  of  a  mixture  of  them  ; 
to  find  the  proportion  of  the  things  mixed. 

Let  A,  B  be  the  two  things,  and  M  the  mix- 
ture, a,  h,  mx  the  fpecifk  gravity  of  A,  B,  M;  A, 
B,  M  their  magnitudes.  'J  hen  fiWce  the  abfolute 
weight  is  as  the  magnitude  and  fpecific  gravity; 
therefore  a  A,  bB,  mm  will  be  the  weight  of  A, 
B,  M.  And  aA  +  bSzzmM  — wXA  +  B,  and  tranf- 
pofing  a  A  —  mA  zz  mB  —  bB.  Whence  m  —  b  : 
a  —  m:  :  A  j  B. 

PROB.     CXC. 

Having  given  the  weights  and  velocities  of  two  $jfofc- 
fii  ricat  bodies'  perfectly  elaftic,  meeting  one  another  in 
?  ($i  right  line  y  to  determine  their  velocities,  after  re- 
flexion. 

Let  A,  B,  be  the  weights  of  the  bodies,  a,  h, 
their  velocities  towards  different  parts,  x  and  y  their 
velocities  the  contrary  way,  after  reflexion.  Then 
ha,  Bh  are  the  quantities  of  motion  in  their  re- 
JpecYive  directions,  before  reflexion  ;  and  Ax,  By 
*£l  ?,  after.  As  the  bodies  are  elailic,  they  will  recede 
irom  one  another,  with  the  fame  relative  velocity 
they  met,  whence  a  +  bzzy+x.  And  (by  mecha- 
nics) the  difference  of.  the  motions,  moving  the 
fame  way,  will  remain  the  fame  after  as  before  the 
ftroke,  therefore  Aa — Bb  —  By — Ax,  but  yzza+b 
b-4)  therefore  Aa — hb~Ba  +  Bb— Bx — A,Y  ;  and 
tranfpoling,  Ax+Bxzzalj-rbB — Aa-\-bB,  and  xzz 

BTaxH^^  A— Bxb-\-zAa 

A+B  — •  and  «7  aT^ " 

PROB. 
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Fig, 
P  R  O  B.    CXCIvi  q 

ACUB  is  a  thread  fixed  at  A  and  B,  at  the  points 
C,  D  of  this  thread  are  fixed  the  two  threads  CE, 
DF,  with  the  weights  E,  F  ;  having  given  the 
weight  F,  and  the  pofition  of  the  points  (£,  D,  to 
find  the  weight  E. 

Let  the  weight  Fzzw,  wc;obt  E~^#  S.<ICDB  130.. 
zzs,  S.FDB  -  /,  S  DC  A  =■/>,  S-ECA  ==  j. 

The  point  D  is  kept  in  equiiibrio  by  3  forces 
in  directions  PB,  DC,  DF,  which  are  to  one  ano- 
ther, as  the  fines  of  the  angles  they  pafs  through 
(Median.  8.  cor.  2.)  :  therefore  S.  CDb  (s)  : 
force   at  F   {w)  :  :  \FDB  (/)  :  force  in   DC  rz 

tiv 

—  z=  force  in  CD,  becaufe  a&ion  and  reaction  arc 

equal  and  contrary. 

Again,  the  point  C  is  drawn  by  three  forces,  in 
directions  CD,  CA,  CE  \  therefore,  S.ECA  (q)  : 

force  CD  (— )  :  :  S.ACD  (p)  :  force  at  E  (*), 

Dtw  i)t 

therefore  ax  zz.~ — -,  and  xzz^w.  ibrlj 

PRO  B.     CXCII. 

¥hree  points  of  the  deling,  A,  B,  C  are  given,  to  13** 
bicb  are  fixed  the  threads  AF,  BF,  CF  whofe 
lengths  are  given  \  to  theje  is  fixed  the  thread  FD, 
with  the  giien  weight  D  -,  to  find  the  ten/ion  of  all 
t!  ?  threads. 

Becaufe  the  triangle  ABC  is  given,  and  the 
knc  rhe  point  O  will  be  given, 

where  DF  produced  cues  the  cieling.     Produce  AO 
U)  E;  and  draw  EF,  which  will  be  zz  v^FO*+OE*. 

All 
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Fig.  All  the  fides'  of  the  triangles  CFE,  EFB,  are  gi- 
fii.ven  and  confec^uentiy  the  angles.  Now  inftead 
of  rhe  threads  FC,  PB,  iuppoie  the  thread  FE  to 
fuftain  the  weight.  And  then  the  whole  is  fuftain- 
ec  by  the  two  threads  AF,  FE  a:ting  in  the  per- 
pendicular plane  AOEF.  Draw  OL  parallel  to 
AF,  Tn  the  pfiun  AEF,  and  LG  parallel  to  CF"  in 
the  plane  CFB. 

Put  AE=za9  AF~£,  EO-c,  AOzzd,  EF  zzf9 
OF  sfc  k  S.  <CFB  =  p9  S.CFE  zz  q,  S.EFB  =  s. 

Then  (Mechan,  8)  the  tenfion  of  th^  threads 
DF,  AF,  EF,  will  be  defteteH  by  OF,  6L,  LF; 
and  taking  away  the  thread  FE,  the  tenfion  of  the 
threads  CF-,  BF,  will  be  LG,  GF.  Then  to  find 
each.     By  fimilar  triangles,  EA  (a)  :  AF  (if)  :  : 

EO  (0  :  OLn-.     And  EA  {.a)  :  AO  (d)  :  : 
a 

EF  (/)  :  LF^c.     And  in  the  triangle  FLG, 
a 

S.LGF  (p)  :  LF  (&)  :  :  S.LFG  (j)  :  LG  -§ 

£d9  and  :  :  S.FLG  (j)  :  FG  =  &. 
ap  2  ^ 

Therefore  the  tenfions  of  DF,  AF,  CF,  BF, 

are  respectively  as  £,—>—»   —  • 

f  '  7    a      ap     ap     . 
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Philyfophical  or  Phyfical  Problems. 

'*— '    ..I-    . .       ....,..,.. .-,.,  ...  — ■   ■•  i* 

P  R  O  B.     CXCIII. 

Required  the  height  of  the  tower,  from  the  top  of 
which  a  [tone  falling  to  the  bottom,  the  found  wilt 
reach  the  ear  at  the  top,  in  the  time  of  the  fall. 

U  T  bzziS^  feet,  the  height  a  body  falls  ii* 

a  feconcU 
czz  1 1 42  teet,  the  fpace  found  moves  through 

in  a  fecond. 
a  —  time  of  the  body's  falling. 

Then  1  :  c : :  a :  r^nfpace  found  moves  in  the  time  ai 
And  1  :  aa  :  :  h  :  baa  —  height  the  ball  defcends. 

Therefore  per  qu.  baazzca,  and  azz  —  =71  feconds. 

b       ' 

cc 
And  baa  —  ca  zz  -•  ==  81088,  the  height. 


P  R  O  B.     CXCIV. 

There  is  a  round  tower \  whoje  circumference  is  ioq 
yards,  a  fpiral  tube  runs  about,  from  bottom  to  top% 
at  an  elevation  of  6i°  :  gf4  A  ball  put  in  at  the 
top  0}  this  tube  will  run  down  to  the  bottom  in  8  fe- 
conds ;   to  find  the  height. 

Let    <\*D   be  6i°  :  5^  AC  perpendicular  to  133. 
BO,  and  BC  perpendicular  to  AB.     Then  whilft 
a  bocJy  falls  through  AC,  another  would  defcend 

through 
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Fig,  through  AB  in  the  fame  time  (Median.  Prop  34* 
132. cor.  1.  4to.)  ?utbzzi6.i  feet,  ^=8",  j  —  S.ABD. 
Then  by  the  laws  of  falling  bodies,  1  :  b  :  :  dd  : 
bddzzhaght  fallen  in  8"= AC.  And  rad.  (1)  :  AC 
(bdd)  :  :  S.C  CO  :  bdds  ~  AB.  And  rad.  (1)  : 
4B  {bdds)  :  :  S.ABD  (s)  :  bidss  zz  AD,  the  height 
required  =  789. 

■ 
P  R  O  B.     CXCV. 

Given  the  diftance  of  the  earth  and  the  moon*  and 
their  quantities  of  matter  \  to  find  the  place  where 
a  body  will  be  attracted  to  neither  of  them. 

Let  d  zz  diftance  of  their  centers,  /  zz  matter  in 
the  moon,  /  zz  matter  in  the  earth,  x  zz  diftance 
from  the  earth  where  the  body  is,  then  */  —  x  zz  its 
diftance  from  the  moon. 

Then  fince  the  force  of  attraction  is  as  the  mat- 
ter directly,  and  the  fquare  of.  the  diftance  inverfe- 

ly  (  therefore  we  have  -~  =  earth's  attradion,  and 

/ 
==7  zz  moon's   attraction  -,   but  per  queft.    thefe 
d~x\ 

t  I 

p  are  equal,    therefore    —  zz  ~n 7— r — ;    whick 

.:  11  xx      aa—~~~2-ax-Y~xx 

reduced  is  /  —  l.xx  —  idtx  +  ddt  zz  o. 
jjicjow   yjp 

P  R  O  B.     CXCVI. 

A  clock  that  keeps  true  time  on-  the  furface  of  the 
earth  ;  being  carried  to  the  top  of  a  certain  moun- 
tain, loft  2  minutes  in  a  day.  What  was  the 
mountain's  height  ? 

Let  rzrearth's  radius —  69 8 2 coo  yards,  ^=11440 
minutes,  czzi  minutes,  ^—height  01  the  mountain. 

But 
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But  (Median   prop.  40.  cor.  6.  4to.)  the  length  plcr# 
of  a  pendulum  is  as  the  force  of  gravity, i  and  the 
fquare  of  the  time  of  vibration  ;  and  the  length  be- 
ing given,  the  force  of  gravity  is  reciprocally  as  the 
fquare  of  the  time  of  vibration 

But  the  force  of  gravity  is  alfo  as  the  fquare  of 
the  diftance  from  the  earth's  center  •,  therefore  the 
time  of  vibration  of  the  fame  pendulum,  is  as  the 
diftance  from  the  earth's  center  :  and  the  number 
of  vibrations  in  a  given  time,  reciprocally  as  that 

diftance.     Therefore  r  :  -L  :  :  r-\-a  :    — ,   and 

b  b—c 

r  +  a  r  i  br  ___, 

— ; —    zz   ; —  ,    and    r  +  ^  =   7 —  •        Whence 
b  b"—c  b—c 

br  cr  *^ 

a  55  —  -rz   —  zz  9697.    .  wm  zz 

b-c  b-c  mft 

P  R  O  B.    CXCVII. 

A  ball  projected  from  the  top  of  a  tower ,  at  an  ek-i$$% 
vat  ion  of  3 1   deg.  above  the  horizon,  did  in  9^  fe- 
conds  fall  2000  feet  from  its  bafe  \    to  find  the 

height. 

Let  *~VB  the  tower's  height,  BAzzi  the  di- 
ftance, b  zz  tang.  DVC  zz  310,  /  zz  9^  the  time, 
/zz  1 6. 1  ;  then 

In  the  time  /,  the  ball  without  gravity  would 
arrive  at  D,  and  in  the  fame  time  it  would  defcend 
through  DA.  Whence  1  :  f :  :  tt  :  tjfzzDA  by 
the  laws  of  falling  bodies. 

And  in  the  triangle  DVC,  1  :  b  :  :  d  :  d£zzDC, 
and  DC  +  CAzzDA,  or  db  +  x  zz  ///,  and  p&Jtif 
—  db  zz  149. 


V  R  O  B. 


47S  PHYSICAL  B.  !L 

Fi£*  P  R  O  B.     CXCVHI. 

If  a  ball  be  dropped  from  the  top  of  a  tower  a  mile  hi%h9 
on  the  fide  facivg  the  eafi^  in  latitude  5  ii  -,  where 
will  it  fall? 
JS4«     Let  the  body  fall  at  D,  whilft  the  tower  by  the 
rotation  of  the  earth  is  carried   to  IC<     Now    by 
the  laws  of  centripetal  force,  the  area  AIE,  which 
the  body,  moving   in  the  circle  AIF  describes  ;  is 
equal  to  the  area  AGDE,  which  the  body  moving 
in  the  curve  AGD  defcribes  in  the  fame  time,  that 
is,  in  the  time  of  falling  through   AB.     Hence  the 
area  AGIrzarea  EGD  ;  and  AGDFziElF.     But 
by    reafon   of  the  fmall   diftance   BD,    the    curve 
AGD    ^which  otherwife   would   be  an   ellipfis)  is 
nearly  a  parabola;  and  the  area  of  AFD~fAFx 
AB~i-FIx  AE,  the  area  of  the  fe&or  E1F.     Firft, 
let  A  be  a  place  in  the  equinoctial. 

Put  BE  zzr  zi  21000000  feet,  ABzz^r^aSo,- 
/zzi6.i,  /— 24  hours  — 8  6  too'',  c  z~  3.1416,  a  zz 
DC9  pzzcol.   5I-J-.     Then  by  the  laws  of  falling 

-  =;  time  of  falling 
through  AB.     And  /  :   ire  :  :    J  %   :   BC  =2 

—  J%  ==  ^  ^d  BD  = a  +  d> aifo  by fimiIar 

t    v    f 

fe&ors,  r  :  r  +  m  :  :  a  +  d : X  a-\~d  =  AF. 

And  r  :  a  :  :  r  +  m  :  r^-  a  =  FI.     Therefore 

r 


r~\-m r-{-m  - ,       r 

X  a  -4-  d  X  tn  ±z a  X  r  +  m\  therefore 

%r  ir 

^ma,  and  reduced  a  =  — --   =  4.64  ;  and  pa  — 
o      ->  %r-\-m 

2,88  for  the  lat.  51^  P  R  O  B. 
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PROS,     CXCIX.  l35* 

There  are  two  ijlands  A,  C  -,  at  C  is  a  cattle.  Afhip 
from  A  to  C  keeps  pace  "tilth  the  waves  of  the  feay 

100  in  number,  from  A  to  B  y&  B  fie  fires  a 
gun,  which  ecchoes  back  from  the  caftle  to  B,  in  3 
fecojids;  and  the  time  of  •  failing  from  B  to  C  sew 

3  minutes ;  to  find  the  diflance  AC. 

Let  ^zzico,  cz3",  ^=3',  fip39>i  in.  the  length' 
of  a  Fecqnid  pendulum,  ^zzii42  feet,  the  velocity 
of  found  in  a  fecond,  ACzry,  and  #  ~  breadth  of 
a  wave. 

Then  by  the  motion  of  pendulums,  \/f :  1  :  s 

y/x  :     /  --  ~  time  of  vibration  of  the  pendulum  Ml 

And    J  -j  :  *  :  :  i'' :  v/7*  =  a  fpace.     But  (by 

the  principles  of  philofophy)  while  the  pendulum  * 
vibrates  once,  the  fhip  or  a  wave  runs  through  the 
breadth  x  \  or  in  i  fecond  runs  through  the  lpace 

Sfr. 

And  1"  :  y/fx  :  :  <*"  :  dy/fx  at  CB. 

Alfo  by  the  motion  of  found  1".:  #  :  :  —  c  : 
f  2 

—  zz  CB,  for  the  eccho  returns  with  the  fame  velo- 
2 

city  the  found  went.     Therefore  dy/fx  zz  ~,  and 

idfx  zz  C—,    and    #  zz  ^^  •,    therefore    AB  zz 
4  4^ 

,           £<Tf?rf          j             ca     ,     £*rtfrt 
*#  n  . ,  and  y  zz  —    +    

Atddf  2  4^4/ 

PROB, 
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Fig.  P  R  O  B.    CC. 

'  Suppojing  a  planet  and  Us  fatellite  to  move  in  circular 
orbit sy  it  is  required  to  find^  whether  the  path  of  $ 
fatellite  is  concave  or  tonvex  to  the  fun \  when  it  is 
in  a  line  between  the  fun  and  its  primary. 

At  the  time  of  the  conjunction,  if  the  platiet 
and  fatellite,  both  deicribe  very  fmall  arches  in  the 
fame  time,  whofe  verfed  fines  are  equal,  the  fatel- 
lite will  then  move  in  a  right  line.  Let  ABC  be 
the  orbit  of  the  planet,  EF  that  of  the  fatellite  ; 
whilft  the  planet  moves  through  AB,  the  crbit  of 
the  fatellite  EF  is  moved  into  the  pofition  ef  and 
the  fatellite  has  moved  from  e  to  o.  Draw  BD, 
c\i  perpendicular  to  AE,  Be  -9  and  CG  perpendicu- 
lar to  AG.  Now  put  AD  z=  ne9  then  fince  the 
center  (of  the  orbit  EF,)  A  is  advanced  to  B, 
nearer  to  the  line  CG,  by  the  diftance  AD  ;  and  the 
point  o  is  receded  from  the  fame  line  CG,  by  the 
-  ciiftance  en  equal  to  AD ;  it  is  plain,  E  and  o  are 
equidiftant  from  GC,  and  E0  is  a  right  line,  or 
the  fatellite  E,  o,  at  that  time  moves  in  a  right 
line. 

Let  azzeo>  £  =  AB,  t,  s  zz  the  radii  of  eo>  AB. 

Hence  AD  =  -,  and  en  zz  —  ,  and  -    zz   —  . 
2S  zr  2s  zr 

Put  p  zz  periodic  time  of  the  fatellite,  q  =z  that  of 

the  primary  %  c  ~  3.1416x2.     Then  cr  :  p  :  :  a  : 

*a  zi  time  of  defcribing  a  \  and  -^  zz  time  of  de- 
er cs 

fcribing  *,  then  2  =  t,  and  ffi!'-  «** ,  di- 
r         s  %rr  2ss 

ride  this  by  the  former  equation,  and  ~  zz  il$  or 

pp  =  rM .     Therefore  as  pp  is  greater,  equal,  or 

leffer 
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lefler  than   ^?,  then  the  fatellite's  orbit  is  con-    %' 
s  136, 

cave,  ftreight,  or  convex  towards  the  fun,  in  its 

conjunction. 

P  R  O  B.     CCI. 

To  find  the  divi/ions  of  a  monochord,  to  found  all  the 
half  notes,  according  to  equal  intervals  of  found ; 
and  clfo  to  find  the  variations  between  thefe  and  the 
fiiiQ  harmonic  divi/ions. 

It  is  well  known  an  oftave  is  divided  into  6  1  iyl 
whole  tones,  or  12  fermtones  Let  BA  be  the 
monochord  or  vibrating  firing,  C  the  middle 
point;  then  BC  will  be  an  oclare  above  BA.  Let 
Bd,  Be,  B/,  B^,  ttc*  be  the  feveral  lengths  of  the 
firings  found ino;  the  half  notes,  gradually  amend- 
ing, abdve  AB,  by  equal  degrees  of"  foiifrd.  Then 
will  Ad,  de,  ?/,  &c.  be  4 u  \  1  in  length  ;  aod 

whatever  part  tid  is  of  BA,  the  fame  part  wili  B^ 
be  of  Bd,  and  B/  of  Be  and  B^  of  B/,  &c.  to 
make  the  feverd  founds  afcend  equally,  -'i  here- 
fore  BA,  Bd,  Be,  B/,  &c.  are  a  fee  of  geometri-- 
cal  proportionals  decreafing,  continued  to  1 5  terms, 
the  laft  of  which  is  BC;  Alfo  Ad,  de,  ef,  &c. 
are  a  let  of  geometrical  proportionals  in  the  fame 
ratio. 

Put  BA=r,  BC  =  J,  Bdzzx.     Then   BA  (1)  : 
Bd  (x)   :    :    Bd  (If)  :    Be  zz  xx  .    likewife   Bf  —  x>, 

tgzzx*,  &c.  and  BZzzx^-zz^     And  x~  iy~  fc 

•9439- 

Or,  put  X=:log  :  x.     Then  £  =  l 


1 1 

1.9749 1 42,    confequently   aX,    3X,    4X,    &c.  zz 
logarithms   of  x%%   x\    x*9    &c.     Therefore  *  == 

I  i  ><)\V)* 
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9&&9*  x*  ~  •§9C&  ^or  a  mean  tone,  &c.   and  the 

J/"re{t  are  as  in  ihz  following  table. 

The  harmonic  divilions  of  the  monochord,  to 
found  the  pure  concords  will  be,  as  follows  ;  the 
Idler  third  =:  J,  gi  eater  third  *,  fourth  A,  fifth  *9 
Idler  flxtn  |,  greater  fixth  4*  eight  ~  -,  which  fte: 
in  the  following  table,  in  decimals. 


on 


Names  oi" 
the  chords. 


£  fecond 


lefler  third 

greater  third 

fourth 


Pure 
concords. 


j.OOOO 


i.oooo 


whole  tiring 
b  fecond  .9439 


■■ 


#  fourth 

fifth 

.  letter  fixth 


greater  fixth 
h  feventh 
$  feventh 
Eight 


.8000 
.7500 


Equal 
divilions. 


.6666 
.6250 


.6000 


.5000 


.8909 


,8409 

•7937 
7492 


.7071 
.6674 
.6300 


•5946 
.5612 

-5*97 
.5000 


Errors. 


o. 
«  •  • 


fv 

'Sp  too 


*1T 

•  •   • 

•  •   • 
O. 


138, 


Then  to  find  the  errors  or  variation  of  the  cor- 
respondent cords.  Let  B/ zz  cord  by  column  2d, 
Br  =  cord  by  column  3^,  r/>  n  a  whole  tone,  #  n 
number  of  mean  proportionals  between  Br  and  Bp9 

then  —  will  be  the  error,,  for  it  (hews  what  part  ft 
n 

Btn 
is  of  the  whole  note  rp.     Here  then  - —  ~  B> 

:z  Br  X  .8909.     For  ,8509  being  a  whole  note  for 

the 
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the  firing  1,  Br  X  -8909  will  be  ^  note  for  the  Fig. 

firing  Br.     Therefore   -~    zz  .8909,    And  #xlog  : 

|  =  log   :   .8909  =  _  ,.94983  ,    and    fjfj 

,  -'9498^       1   |r;^5oi7^     As   in   a  &$■ 
log:  tt/-log:  Br  log:  B/-log:  Br 

log:B/-log:Br  zz  .000500,    and    n  zz  ~lA — ~    zz* 

.000500 

100  ;  whence  the  error  zz . 

106 

But  as  this  variation  bears  but  a  fmall  propor- 
tion to  the  length  of  the  ilring,  there  will  be  no 
need  to  make  ufe  of  logarithms.  For  fince 
1 — ,8909=^.1091  is  the  length  of  a  note  when  the 
Ilring  is   ij   therefore  .icgixB/zza  note  for  the 

rt  rt 

firing  B/.     Whence    —  or    -    zz    the   error,    or 
rp  tp 

l-   l    •       u      r  L-  1^~B/  , 

which    is   the  lame   thing zz  the   error. 

.1091B/ 

As  in  the  fifth,  Br — B/zz. 6674— .6666izz. 0007, 

and  .1091XB/ZZ.C727,  and  '— i_:zzioo,  nearly, 

.0067  J 

or  —  =  -rS  zz  the  error. 

727         100 

Or  fhorter  thus.  Since  Br — B/zztvvice  the  dif- 
ference of  two  adjoining  numbers  in  col.  3.  or  zz 
difference  of  two  numbers  2  degrees  diilant,  tak- 
ing one  greater  and  the  other  iels  than  the  proper 

,       ,        Br—  it 
note;  therefore  - — -~    zz  the  error. 
Br — Bp 

As  in  the  fifth,   — '— —    zz    zz    *- 

7071-6300    771    97 

A                    a     1   •                           .  •    1     .8000-. 70-27 
the  error.     And  in  .a  greater  third,  —r \fSr- 


.y409-.7492 

.0063 

T          , 

zz . 

— -   the  error. 

.0917 

«4t 

I  i  2 

The 
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p.         The  errors  for  each  concord  being  thus   compu- 

°*  ted,  are    fee  down    in  the   fourth    column,  which 

J^°  thews  the  error  of  the  third  column,  as  it  differs 

from  the  iecond  •,  thofe  below  denoted  by  (b),  thefe 
above,  by  (J^). 

In  tuning  a  harpfichord,  fmce  the  fifth  muft  be 
1 2  times  repeated  to  make  7  oclaves,  therefore 
the  Variation,    by    tuning    by   true    fifths,  will  be 

. cr  about    —  of  a  note,  which  is  an  error  that 

100  8 

a  good  ear  can  difcover  -,  and  being  too  (harp,  the 
fifths  therefore  ought  to  be  tuned  as  flat  as  the  ear 
will  bear. 

Hence  the  equal  divifion  of  the  notes  in  an  octave 
is  the  bed  fyftem,  for  the  greatell  error  is  in  the 
lefier  third  and  greater  fixth,  which  only  amounts 

to  —  of  a  note. 

P  R  O  B.     CCII. 

To  find  the  nmnber  of  beats  made  in  any  imperfect 
concord,  in  mufic. 

I  call  that  an  imp  erf  eft  concord  that  varies  a  little 
from  the  perfect  one,  which  is  made  by  a  harmo- 
nial  divifion  of  the  monochord.  Thus  when  the 
lengths  of  the  firings  are  4  and  5,  you  have  the 
perfect  cord  (a  greater  third),  but  vary  one  length 
as  4,  making  it  3.99.  and  you  will  have  an  im- 
perfect cord  attended  with  beats. 

A  be**  is  a  jarring  found  made  by  the  irregular 
vibrations  of  two  firings,  founding  together,  when 
the  due  period,  or  coincidence  of  their  vibrations 
is  interrupted.  Its  noile  is  fuch  as  this  waw,  aw, 
aw9  aw,  or  yd,  yd,  yd,  yd,  yd,  Our  bufinefs  is  to 
find  in  how  many  vibrations  this  perturbation  hap- 
pens, or  how  many  yaws  in  a  fecond  of  time. 

Let 





___ 


I'nuoV  idi  nf  rivvob  sal   3i£  t"^  '?• 


A  35 


128 


-^  rt      p      138  3 

1  1  i 5 ti * 


Pl.XT.^.^v; 


OUi 

■ 
lib  , 

-03    C3    8£W    W 

-nor 


10  b: 

lo  w< 


-     I 
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Let  the  line  AZ  reprefent  one  fecond  of  time  j  Fig, 
and  fuppofe  it  divided  on  the  under  fide,  into  the  i^ 
number  of  vibrations  of  the  lower  note  or  bafe,  at' 
A,  B,  C,  D,  fc?r.    and    the  upper   fide  into    the 
number  of  vibrations  of  the  upper  note,  at  a,  b,  c% 
d9  &c.     Now   if  any  number  of  divifions  on  the 
under  fide  coincide  with   any  number  of  divifions 
on  the  upper,  conftantly  and    regularly,  as    a:   C 
and  d%  E  and  £,  &c.     Then  the  concord  is  pure, 
and  there  is  no  beat.     But  when  the   points  b,  c* 
d,  &c.  are  any  of  them  diilocated,  and  gets  to  the 
other  fide  of  its  correfponding  one  5  then   the  fuc- 
ceffion  of  the  fhort  harmonic  periods  of  coincidence 
is  difturbed  ;  and  this  caufes  the  noife  called  a  beat, 
fuch   as  happens  at  X  and   Y.     For  r,  /,  /,  &c. 
are  continually  approaching  to  B,  D,  F,  &V,  till 
they  fall  in  at  X,  Y,  and  change  fides ;  where  Be 
or   B£,  is   fuppofcd  the  lead  diftance,  in  the  firfb 
harmonical    period    AC,  fuppofing  ad  was   to  co- 
incide with  AC.     Therefore  at  the  points  X,  Y, 
the  fuccefiion  of  the  harmonical  periods  are   con- 
fufed,    and    that   periodically,)    which   fpoils    the 
harmony. 

Now  to  find  the  length  of  this  period.  Let  AC 
be  one  harmonical  period,  that  is,  when  d  coin- 
cides with  C,  as  in  the  pure  concord.  In  this  falfe 
cord  we  muft  find  the  time  dC,  which  is  gained  or 
loll  in  the  time  AC.  And  from,  thence  compute 
in  what  time,  Be  (the  neareft  diftance),  would  be 
gained  or  loft  in  •,  and  that  will  be  the  time  required. 

Let  n  —  number  of  parts  AB,  BC,  &V.  or  its 

number  of  vibrations. 
/  ~  number   of   vibrations   of  the   upper 

ftring  in  the  perfect  cord. 
c  zz  length  of  its  ftring  on  the  monochord. 
r  —  number  of  parts  ab,  be,  ed>  &c.  or  its 

number  of  vibrations. 

I13  *=• 
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*lg*  ^—length  of  its  firing  on  the  monochord. 

*39>  p  2 

~  ~  number  exprefiing  the  concord,  r=  -1 
q  4 

for  the  fourth,  or~  —  for  the  fifth,  &rV. 
3 


Then  AB  =  i,  and  AC  zz  £  ;  alfo  *£  =  — 
«  #  r 

-2nd  ^  35  -i.     Then  AQ~ad  zz  £■  —  1- iz  dC 
r  n         r 

Then    if  ftf    (-£  —  I )    be    loft  or   gained   ii 


the  time  AC   {—]  :  :  AB   will   be  loft:  in  the 

time  __L»  *Wr€  *  **~4 

n  ~ 

X  AB  zz  -^  X  AB,  and  Br  will  be  loft  fooner, 
in '  proportion  of  AB  to  Br,  that  is,  in  the,  time 
JL  x  Br,  which  is  the  time  of  the  period.     Bu: 

by  the  laws  of  vibration,  r  :  /  I  :  y  :  —  :  :  *  :  £* 

c 

and   r— /" :  r  :  :  r— t  :  c;  whence  JL  x  BC  zzz 

r-t 

'  J.  x  Br  zzthe  periodic  "time  of  the  beats.  And 
if  AZ  be  divided  by  the  periodic  time,  you  will 
have  C±  X  *|  =  number  of  beats  in  a  fecond. 

AD  t  r  AZ 

But  Br  zr  2£,   AZ  =  »  X  AB,  therefore    --  ~ 
0  ±>r 

IfelS  =  w.     Whence  $S  x  I*  =  —  X  */  = 

»ttnber  of  beats  in  a  fecond.  -  liencr 
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Hence,  from  the  length  cf  the  firing  Sr  divifion  pjg. 
of  the  monochord,  as  given  in  the  table  of  the  laft  ^9. 
problem,  and   having  alfo   the    number  of  vibra- 
tions ;  the   beats  will  be  found,   as    in  this   table. 
Where  the  ground  or  loweft  note   is  F    the   cliff- 
note  of  the  bafe. 


a  r\ 


Cords. 

Vibrations. 

b 

c 

h 

*' 

Bears. 

Eight 
g.  fixth 
I  fixch 

6co 
500 
480 

5000 
5946 
6300 

1      6674 
7492 

7937 

5000 

60CO 
6Z50 

\ 

3 
5 

2 

•  5 

.  8 

0 

13   5& 

w  3 

fifth 

fourth 
g.  third 

450 

400 

375 

6666 
7500 
8000 

2 
3 

4 

•  3 

•  4 

•  5 

1/5 

if* 

11  * 

/.   third 
Bafe  F 

360 

5  CO 

8409 

:    ^ocoo 

8333 

10000 

5 

.  6 

15  Jj 

1    .  1 

0 

This  table  fhews  the  beats  for  all  the  concords, 
reckoning  upwards  from  F  •,  when  the  inftrumenc 
is  tuned  according  to  an  equal  afcent  of  notes  ; 
where  the  flats  and  fharps  («£,  # )  (hew  whether 
the  upper  note  is  lower  or  higher,  than  the  true 
concord  in  the  Jail  column.  In  the  octave  above, 
the  beats  will  be  twice  as  many  ;  and  in  the 
octave  below,  but  half  as  many  ;  being  always 
proportional  to  the  number  of  vibrations  of  the 
bale  note.  The  fifth  is  mod  ferviceable  in  tuning, 
and  the  number  of  beats  in  one    fecond,  for  the 

fifth  is  • 

300 

If  it  be  fuppofed  that  the  beat  is  not  made  at  the 

points  X,  Y,  but  at  lome  intermediate  place,  where 

they  fall  thicker  and  more  confufed  •,  ana  that  at 

the  points   X,   Y,  there   is  the   leaft  imperfection. 

Yet  the  periodic  time  will  {till  be  the  fame,  what* 

ever  part  of  the  cycle  XY   it  ialls  in.     When  the 

1  i  4  cych 
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Fig.  cycle  XY  is  very  fhort,  the  (ingle  beats  are  im- 
139. perceptible,  and  we  hear  nothing  but  a  difagreea,- 
ble  noile.  All  the  concords  beat,  but  being  ex~ 
ceeding  quick5  they  arc  not  perceived  fingly  v  and 
being  regular  throughout,  they  exhibit  an  agreea- 
ble harmony. 

When  the  pitch  of  the  two  notes  are  not  altered, 
the  beats  fucceed  one  another  in  equal  times,  but 
altering  either  of  thrm  nearer  to  a  perfect  har- 
mony, the  beats  fucceed  in  longer  times,  and  the 
nearer  the  longer,  till  at  lad  they  vanifh,  when 
the  concord  is  perfect.  All  the  beats  are  heard 
in  organs  •,  but  only  half  of  them  are  heard  ia 
ftringed  inftruments. 


SECT. 


49$ 
Pig. 
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sect.   xir. 

Problems  relating  to  Series. 


■i  ■  i« 


P  R  O  B.     CCIII. 

Given  the  diameter  of  .a  circle ;  to  find  the  fide  of  any 
regular  poligon^  infcribed  in  it. 

LE  T    d  =  diameter,    n  —  number    of    fides,  '4QJ 
x  ~  fide  of  the  figure,  EB.     By  Trigono- 
metry,   3'*4*59    =  arch  DE=r^,  by  fubftitution. 

2» 

And  (Trig.  I.   12.)  half  the  fide,  or  EA  =  0'~ « 

fffA-^B-iflc    &c.    And2EAor 

odd  2odd  q.2dd 

EB  or*  =  2*_iff  A-ifiB-4^_C- 

CdW  20<W  42^ 

^  D  tf  ,. 

Or    thus, 

By  a  table  of  natural  fines,  find  the   fine  of 

180  ■  ] 

• ~  sy  then  x  zz  ds. 

n 
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I  *  3 

S«^*/*  #  —  ex    +  x    +bx    zz  dccx\  to  find  x. 

Divide  by  the  lead  power  of  x,  that  is,  by  #\ 
>  1  1 

and  *  —  c  +  * °  -f  £*+  zz  decx* .    Take  r  the  near- 


eft  root,  and  put  r  +  ezz  x.  Thea 


49* 

Fjg. 
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b.  iu 


Then 


■ 

3 


>i£j 


zz  r£  +  A.  r*>  +  -2r*tt 

2  O 


an 


+      ** 


,T     _*.T 


+  J»?  =^rT  +    ^  — 

4r^ 


5« 


72r. 


zz  o. 


That  is,  ;  +  p  +  «^  =  o,  by  fubftitution. 
Whence 

_  £ 

— ,    which    may    he    repeated    for 


f  zz 


q-  +  e 


. 


tnore  exa&nefs. 

Or  thus, 

Seek  the  leaft  common  dividend  of  the  denomi- 
nators of  the  indices  of  »v,  and  reduce  the  equation, 


30 


3 
TT 


6j 
1  % 


which  will  become  x  —  c+x  -\-bx  — dccx 
zz  o.  Put  x  zz  etZ  -5  then  the  equation  becomes 
eio — c  +  ez  +  be* — dccer,zzo,  or  c*° —  dccc6  +  be*+ec 
zz  c,  and  the  root  extracted  gives  e>  and  conie- 
quendy  g  is  had. 

PROB.     CCV. 

Hi. Given  the  fides  AC,  CB,  of  the  triangle  ACB  ;  «M 
/£<?  r^//'/9  0/  AB  /a  the  arch   C&  tj  given;   to 
!      >i  AB. 

Let  AC~r-  14,  CBi:;  =  22,  AB  =  x9  and 
AB  :  CE  :  :  10  :  4,  whence  arch  CE  -  &*.  Lec 
J  es  cof.  CAB.  Tb(?n 
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Then  (Trig,  cafe  5.)  rr+xx—  irsy—ss,  whence  Fig, 

TV  -+-  XX  '    *SS 

y  zz   —  zz  cof.  A  to  the  radius  i,  and  rv  zz 

W'—mSS  4-  xx 

zz  cof.  A  to  the  radius  r.     But  (Trig. 

I.  12.  cor.  1.)  cof.  A  zzr +    &c.  —  r    ' 

4*       ,  4*  4*  fi     . 


zoor         24.ioooorJ         72p.ioooooor>" 
zz  _  H ,  and  tranfpofing, 

2S  2S 

1 k5""  4*  46 

2s      zoor  24000orJ  7^ooooooor* 

&c-  =  r  —  — ,  or  Ax1  +  B#+  +  Cx6   dec.  zz  b, 

2S 

by    fubftitution,     then    (Prob.    lxii.     I.)     xx  z= 

i._l**  +  ^*£*    &c    zz836.o5,     ana 
A         A'  A* 

*  zz  28  33. 

EROB,     CCVI. 

G/'w/:  /£*  tfrci?  of  the  circle  BHE,  *»i  the  fine  BD        ;- 

to  find  the  radius  BC. 

Let  BHEzzizz8,  BDzzjzz^.  Take  an  angle 
p  nearly  equal  to  ACB,  ^  zz  fine,  b  zz  its  cofine, 
rad.zzi.^zz. 0174533,  c  zz  3.1415926,  then  «p  zz 
arch  belonging  to  the  angle  p.  Let  £  +  x  zz  true, 
angle  ACB-,  then  np  +  nx  or  ^-(-zzreorrefpon- 
dent  arch,  (putting  zzznx).     And  (Trig.  I.  13.), 

the  fine  of  np  +  zzza  +  bz •  —  H h 

2  6  24 

Xr-.  zz  -- -  c -rip z  per  quell,  that  is, 

d  d    r  \ 

S 
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^     a  2  6  24  d 

j  ?ip  — a,  or  Az  4  Bzz  +  Gz'+Dz*    &c.  1=  R. 

Aflume  p  z=  55°,  then  <z  and   b   will   be  knowa, 
and  R  as —  ,0010*92,  and   (Prob.  lxih  I.)   z   or 

«■=  5  L  *  R*  +  2_55r^£R3  y,.  t  _ 

A         A*  A* 

•001084,    and    #  zz —  0621    degrees,    which,    is 
3'  4-fii  therefore  p  +  x=rA°  56'  i6"izz<.ACB. 
.      Hence  BCz:  3.66513. 


P  R  O  B.    CCVII. 
.'43-  TJ&<?  ordinate  AC,  ^i  <:#rz;<?  BC  ^re  £zw»  •,  W  /£* 
equation  of  the  curve  is  L  z=  &y/>.  fog- ;  z~rvaamrzz 


and  a+xzzs/aa+zz;  where  ACzry,  BC-2; 

to  find  AB. 

Let  yzzt>zz^,  2;=9=^,  ^~r+^,  taking  r  the 
neareft      valae      of     #.       Then      hyp.      log     : 

g  -j-  v^rr+?r£ +££+££  &c.  h     h^  he 

r  4-  e  r-\-e        r        rr 

hee 

—  &c.     And    (putting  ffzzrr+gg)9  by  evolu-J 

jep4/+  -  +%Kee 

tion,  log: -£- — ^ = , :  —  +  — .  and 

r4-^  r        rr        r» 

- zz  number  of    the  hyp,  log  ; 


r-\-e 

h         he        hez  nhe        nhee 

i :  +  _.  zzn- +  —r 

r         rr         r  rr  r> 

4.  - —  **  (puttings 
h.  log  :  —J  (Prob.  lxxxv.  I.)  ^ 
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And  multiplying  by  r  +  e, 


493 
Fig. 


nhee 
+  ne  -{-     - — 
rr 

nhee 

rr 

And   reduced 


r        nh  9?         nhh 

f         r  2/3        2rs  ?      £' 

Aflume  rz3.7;    then  <?  rr 00112,    and  a^z 

2'6g$$5,  and  x  zz\/aa  +  zz — azz6>o^i6-9  fubftU 
tnte  this  value  of  a  for  r  in  the  laft  equation, 
and  the  operation  repeated,  gives  a  flill  more 
exact 


P  R  O  B.     CCVIII. 

Given  the  length  of  a  pendulum,  and  the  arch  it  dt- 
fcribes ;  to  find  the  time  loft  by  detailing  a  greater 
arch* 

Let  rzzlength  of  the  pendulum,  <r=cord  of  half 
the  arch  it  defer  ibes,  C  zr  any  other  cord,  /iztime 

of  falling  through  2r.     P  —  — £ —  /.     Then  by 

mechanics  it  is  found  that  the  time  of  1  vibration, 

cc  or4, 

is  =  P  X  :  1  +   +  —    &c.  for  the  cord  c. 

1  trr        a  r  'r 

CC  P4 

And  —  P  :  X  1  +  -- —  +  —  &c  for  the  cord  C. 

ibrr        4'r* 

1      r»  CC— ff*  Q  — 

and   P   X    :  4_ +   -Z-  x    £>— c*  &c.    sc 

i  ,tt  45r+ 

time  loll  in  one  vibration  for  the  cord  c.    But 

when 


ol.rf 
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Pig,  when  c  is  o,  P  is  the  time  of  one  vibration,  which' 
does  not  fenfibly  differ  from  a  vibration  for  the 
cord  c.     Therefore  fince  86400  =  the  number  of 

feconds  in  24  hours,-  therefore  — - —    zr  number1 

of  vibrations  for  the  cord  c,  in  24  hours,     There- 

l        86400      ^       CC — cc    0         '.       or        v     • 

fore   — %—  X  P  X &c.     or     86400  X  : 

r  ibrr    . 

CC — cc 


+    ~T"I  X  C+ — c±  &c  :  p£  feconds  loft  m 
icrr  45r+ 

24  hours  ;  that  is,  i+22  x  . 


9 


CC— ^  +    — :  X  C4— *+  &c.   5E  feconds  loft  iri 

24  hours;  and  ^~  x  CC— 7c,  is  nearly  aS  the 

feconds  loft  in  24  hours. 

If  r  fwings  feconds,  then  rzz^<j.2s  and  the  time 
loft  in  24  hours  is  nearly  ~  3.52  x  CC  —  cc. 

Cor.  If  c  be  zz  o,  and  C—cord  of  900.  ^  pen- 
dulum vibrating  in  the  double  arch  of  900,  will  left 
4  &.  20  min>  in  24  hours  time. 

And  if  €  =z  o,  then  to  find  the  length  of  a  pen- 
dulum vibrating  in  the  arch  of  C  in  the  lame 
time.  Let  r  zz  pendulum  vibrating  in  the  very 
fmall  arch,  x  zz  pendulum  vibrating  in  the  arch 
of  C.  7  hen  the  lengths  being  as  the  fquares  of 
the  times  of  vibration,  we  fhall  have  in  the  firft 
cafe  y/>   for  /,    and   in   the   fecond   ^/x   for  /  \ 

whence  in  the  firft  cafe   P  ~  ^ ^/r    in  the 

2       ^ 

fecond  P  =  ^~- ? —  </x.    And  the  times  being  c- 
hui'v    2 

qual  we  'fhall  have  P  X  1  or  ^—  </r  zz  P  X 

x  +. 
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1  H — —  or   °  v'*  X  1  +  ,   or  +/r   ^ 

i6rr  2  6rr 
—tt                             p^rt  ] 

"^ x  s  +  7^; '  and  r  -  * + v which  re~ 

duced  is  r.v— ##:z4CC ;  whence  x  will  be  foun<!. 
And  on  the  contrary  x  being  given,  r  will  be 
found. 

P  R  O  B.    CCIX. 

Given  the  latitude  failed  from,  the  departure^  and 
difference  of  longitude  -,  to  find  the  differ enct  of 
latitude. 

Let  d  zz  departure,  /  =  diff.  longitude,  ^zrarch' 
of  latitude  come  to,  z  zz  its  mer.  parts,  a  zz  the 
given  lat.  m  zz  its  mer.   parts.  \oA  ^s 

Then  by  Mercator's  Sailing*,  as  diff.  lat.  (tf— x) 
:  mer.  diff  latitude  (m~—±z)  :  :  d :  /,  whence  a! — Ixzzt 
dm  —  dz,  and  dz — Ixzzdm — aL  But  Dr. '  Halle f% 
Series     for     the     meridional     parts     of    x ,      is 

*  +  —  #J   +  —  #5   +  — L  Xi   &c.     Therefore 
6  24  5040 

dx  —  Ix  ^ x*   +    —  #*   +  _ —  #7     &c.     == 

6  24-  5040 

<&/*  —  al.  And  by  reverfion  or  feries  (Prob  lxii.) 
x  will  be  found  j  then   242 Sx  zz  latitude   in  mij; 

I  f&ml 

Or  *&'&* 

Seek  another  latitude,  by  the  table  of  meridio- 
nal parts,  fuch,  that  the  proper  difference  of  la- 
titude divided  by  the   mer.  enff.  latitude,  will  be 

equal  to  the  quotient—,  which  is  eafily  d*ne  by 

a  few  trials ;  and  that  is  the  other  latitude. 

1  3v£f  PROB 
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Flg#  PROB.    CCX. 

*44» 

The  curve  BMD  is  defer  ibed  with  a  pair  of  compaftes 

upon  the  fur  face  of  a  cylinder ',  which  is  afterwards 

fir  etched  into  a  plane  ;  to  find  the  ordinate  PM. 

Let  d  zr  diameter  of  the  cylinder,  a  zz  AB  thib 
extent  of  the  compares,  AP  zz  *,  PM  zzjy,  v  zz 
cord,  whofe  arch  is  y.  Then  (Geom.  II.  21.) 
&# — xxzzvv.     But  (Trig.  I.  12.  cor.  2.)  <dzs^~ 

A £*,  B  —  0V.     Whence  v^^Tl^ 


^  >  —  — r> A  —    b  **  —  "2 — 7}  ^  &c*  and 

2.3^  4'5««  b.jdd 

by  reverfion  of  feries^  is  had. 

If  the  arch  was  in  a  given  ratio  to  the  chord, 
the  figure  would  be  an  ellipfis-  but  as  this  is  nor 
fo,  the  curve  will  be  a  mechanical  one. 


H  K  ^  ??  fe 


3« 


§ECT. 
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Fig. 

sect.    xnr. 

♦ 

Problems  concerning  exponential  quantities. 


P  R  O  B.     CCXL 

Some  maids  driving  a  flock  of  Jheep,  were  afked,  how 
many  they  had?  'To  which  they  anfwered,  that  if 
The  flock  was  equally  divided  among  them,  the  Jhare 
of  each  would  be  twice  as  many  as  there  were  maids* 
And  if  the  terms  of  this  double  progreffion  i,  2,  4, 
8»  l£c>  be  counted,  as  often  as  there  are  maids  \  the 
lafi  term  will  be  the  number  of  /beep. 

E  T  a  zz  (heep,  e  zz  maids.     Then    £.  zz  2ef 

and  the  eth  term  of  the  progreflion  I,  2,  4,  8,  &c. 
zz  2f-'  (Propor.  25.)?  therefore  2e~l  zz  a,  per 
queft.  Whence  a  zz  2te,  and  2e  zz  2a,  and  ex- 
punging a,  2e  zz  4^,  or  2e"2  zz  ee.  Therefore 
e  —  2  X  log:  2  zz  2  log:  <?,  or  .30103? — .60206  zr 
2  log:  ey  and  .150515? — log:  ?zz. 30103,  Then  to 
find  e  (by  Rule  5.  Prob.  xcii.),  affume  e~69  then 
•  1505* — log^zz.125,  which  ihould  be  .301,  and 
the  error  is  — .176. 

Again,  aflume  ?zz7,  then  .1505? — Iog:^zz.2oB, 

and  the  error  is — .092.     Then  — ---- zz  i.l  » 

.176.~-.09  2 

therefore  *zz8.i   nearly. 

Suppofe  e  zz8.i-,  then  .1505^  —  log:  *zz.*io6\ 
and  the  error  zz  +  .0096.  And  the  correction 
zzi.04,  and  fzz8.i  —  1.04  zz  7.996  •,  and  e  zz  8 
cxac~t,  and  a  zz  128. 

K  k  PROB. 
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Fig. 

P  R  O  B.     CCXII. 

tfwo  travellers  at  1 50  miles  difiance  fet  out  to  meet 
one  another.     In  the  fever al  days,  A  goes  at  this 

#  rate,  5,  10,  20,  40,  &c.  B  goes  6,  10,  14, 
18,  &c.  miles,  to  find  in  what  time  they  will 
meet. 

Let  x  =.  days,  (by  Geom.  ProgO  A's  laft  day, 
will  be  5X2*-1;  and  his  journey  5x2* — $. 
And  (Arith.  Prog,)  B's  laft  day  is  6  +  4*  —  4  or 

4*  +  2,  and  X  x,  or  2X%  +  4X  =z  B's 

journey.     Whence  2*  X  5  —  5  +4*  +2 xz  =  150, 

4.               8 
and    2*  +  -  x*  -1 x  =  31.    And    2*   =31 

8  4. 
x —  ±  xx.     And   log:  2*  or  x  x  log:  3  ±s 

10  *8 

log:  2  1  —  —  x  *—  —  #*.      By   trials   x   will   be 

found  greater  than  4  ^  let  n  zzi  4,  and  «  +  v  zz  x% 

-,_   -  -  o 

^  =  4,  rzzlog:  2.     Then  f»+^^z:log:  31—  —  w— 

*-  v  —  ±  #« «-u  —  —  vv.    But  the  number 

JO  10  10  10 

ii-                 .                          .               mcv%  Q 
belonging  to  en  +  cv  s=  en  x  •  *  +  »ft"i/  +  * &c. 

•                                                   z 
(Prob.  lxxxv,)   whence  en  +  ccmnv  + —  &c. 


J        10  10  10       10  10 


And 
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And  reduced,  ccmnv  -\ 

2 

10            10 

vv 

=  3* 

10 

Fig. 

10 

_  Lnn 
10 

—  en 

1 

Which  put  into  numbers,  and  reverting  the  feries 
(Prob.  lxii),  v  is  had  zz  .32  ;  then  put  new  n  for 
x  H-  v  or  4.32,  and  repeat  the  operation  j  and  at 
kit  v  zz  .3256,  and  x  zz  4.3256. 


PROB.     CCXIII. 

To  find  x  in  this  equation,  xx  zz  123456789. 

Here  x  will  be  found  between  8  and  9.  Put 
ttzzS,  n+vzzx,  bzzlog:  n,  rzzlog:  123456789  ;  then 
#log:x=log:  123456789:=^,  or  n  +  vx\og\n+v~c 

But    (Prob.   lxxxiv.)    log:  n  +  v  zz  b  -\ -^ 

n 

Mvz    ,    Mv1         ,         ,  _    ,         

— -    +  — r  — •   &c.   and   «  -J-  v  X  log  :  n  4- 11 
20*  3«*  ° 

»Mv         »M^         vMv*  & 

^  tf  2W2"  3?2J 

+     bv      +     —     — -   &c 


and  tranfpofing  and  reducing 


o> 


£  «y*  V'  «z;4  ?;* 

JL  +  ixv+  - —  - — t  + — .  &c: 

M  2«         2>$nl         3-4«J  4'5»* 

=z  -np     And  extracting  the  root  (Prob.  xciii.) 

©rr  ,64002,  and  #  or  new  n  rz  8.64002  for  ano* 
$her  operation,  which  will  give  *:=: 8.6400 268. 

K  k  a  PROB. 


;oo  EXPONENTIAL  B.  II. 

'S'  PROB,    CCXIV. 

1o  find  the  value  of  x  in  the  equation 
looo-x  x  log:  iooo-*  =  x. 

Put  £=1000,  yr^-f^  b  —  azzgy  p  —  \og:  g\ 
then  g —  v  x  log:  g  —  v~a-\-v.  And  fubftituting 
the  logarithmic  feries  inftead  of  log:  g  —  v  (Prob. 

V  Vz  V*  T>4-     ~ 

Ixxxiv),  Z-vx:p-  J-l£z~U~Tt 
~a\-v,  which   multiplied   and  reduced  is,  gp— -a 
.  vv        vi  v*  V"         .<u* 

^  2£  bgz  I2£*  4.5^  5.6£S 

&c.  — o.     AlTume  ^=836,  and  extracting  the  root 
(Prob.  xciii.j  v  ~  .05315 ;  and  #^836,05315. 

PROH,     CCXV. 
¥0  find  x  in  the  equation 


iooo 


log:  iooo-*  2=  — - —  • 

,    °  lOQC-tf  X 


Put  n  zz  1000,  x  —  a  +  i>,  g~n — ay  pzzlog:  g. 
Since  x  is  nearly  —  860,  affume  a  z=86o;  then 

- a-\-v  n 

the  equation  is  log:  ?•— v  =: — — «     But 

— — -  v         w 

log:g  —  v=p—j   —  —    &c.     Whence 

^_L.^ls — nz+nv  v  w  v*      0 

'- '  =i> — -       &C. 

tf-r-*>X£— v  gt        *gg         3g* 

Which  equation  reduced  gives 

agp  —  3av  +  —  V  +  y—  v%   &c.  ±:  o,  * 
*g  kg 

—  aa    —  n   x 

+  »g     +gP^l        +  ^ 
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In  numbers,  Fig; 

,  4620.3  +  7138?/  +  3.8 70?.*;* —  .01088^  zr  O  ; 
or  1  +  1.543?;+  .000836^'  —  .0000023^  ~o; 
whence,  by  extracting  the  root,  vzz — ,64822,  and 
^=859,35178. 

P  R  O  B.     CCXVL 

Having    given    the    equations    xx+v  zz  yn  ,    and 
yx+y  —  xm ;    to.  find    x    and  J. 

From  the  firft  equation  y  zz  x     ,  and  from  the 

fecond,   y  zz  xx+y ;    therefore    xn    zz  xx+v.     And 

equating  the  indices  * — ?  zz  Wfr*.  and  x  +  y  zz 

n  x+y- 

%/zZ  s/~  ;t>ol 

\/mn.      "Whence  y  zz  x    m   zz  x        .     Therefore 


p±j     »   zz  yn  zz  x 


y 


by    the    firft  equation,    x' 

and  again  equating  their  indices,  x+X     n  zzs/mn. 
Then  x   being   had  y   is  known  from  the  equa- 

tion  .y  rr  x 

To  find  x  put  #  S.tft   then,  x      "    or   x   " 

n  1;       ,  and  v  4-  v         —  \/mn._    And  the.  rQot 
may  be  extracted  by  logarithms. 


K  k  3  P  R  O  B, 
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Fig- 

PROB,    CCXVIL 

$o.  find  the  value  of  x  in  this  equation^  Xz+X=:  -f 
X  being  the  hyperbolic  log:  vf  x* 

Here  x  is  between  *  and  2,  therefore  put 
xzzi+v,  then  (Prob.  lxxxiv.  cor   O  X  ~  f — 

vl       *u*       *v^                                      v2,       v*       1* 
-  +       -^-  —  &c.     Whence  v :  +  r-  &c  + 

%3A-  2         3 

v  —  —  -4 &c.  3= *,  and  multiplying  and 

2         3  f+v  ! 

1  ?  1 

reducing  ^+  ~  vz  - — —  vs  &c.  =z  1,  and  by  re-* 

verfion  (Prob.  lxii.)  v  ~  .56,  and  x  ==  1.56. 

But  becaufe  this  does  not  converge  raft  enough  ; 
put  n  zz  1.56,  and  n  +  vzzxt  lzz.4^6S^B=.hypi 
log:  n  —  m  X  log:  n ;  then  (Prob.  lxxxiv.  cor.  2.) 

X  zz  I  +  —  —  ■ -1 5  whence  we  (hall  have 

n         inn         %nl 


v         vv         \      ,       v        vv  — — - 

/+ &c.   +/+ :  X  n+vzzu 

n         %nn  n        znn 

And  when  multiplied  and  reduced, 

7+Tx nl  +  T+T\l  +lXv  +  -±1  vv  &c.  22  I. 

n 

In  numbers, 
1.002 192 1  +  2.531 8.022t;.+ 1.246593^*  r=  1  ;   or 
2.031^  +  ^  = — .0017586.     Whence  (Prob.  88.) 
v  zz — »»ooo866i,  and  n  +  v  or  #  :=  1. 5591339* 

Othcrwife  thus% 

Let  /=. 4446858  the  h,  log:  1.56,  or  #,  as  be- 
fore, I  +  s  zzX-,  then  the  number  (x)  belonging 

to 
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to  /  +  s  or  X  =  n  X  :  1  +  s  +  ~  ss  +  -i  J*  &c.  FiS- 
(Prob.  lxxxv.) ;  whence  /-f  s]z  +  l+s  :  X  n+ns  + 

—  nss  &c.   zz  1  ;  and  by  reduction* 
2 


/+iXln+l+i\z+lxns+ill+2y+2Xnsi  &:c.zzu 
In  numbers, 
1. 00219214-3. 94961U  +  5.0085151*  &c.  =:  1. 
or  .78858^  -f-  ss  zz  —  .00043768  ; 
And  extracting  the  root  (Prob.  lxxxviii.)  s  zz  — 

X 

.0005549,  and  l+s  or  Xr  .4441309,  and    £  — 

m 

.1928836   the  com.   log:   x\    or  elfe    _  ~  _• 

m 

.0002410,  and  fince  com.  log:    1.56  —  .1931246  ; 

therefore  ,1931246  —  .0002410  zz  .1928836    the 

common  log:  x.     Whence  x  ==  1.559134. 


PROB.    CCXVIII. 

To  find  x  in  the  equation  x    zz  123456789  rz  b* 


Put  £  —  123456759,  and  by  a  few  trials  you  will 
find  x  near  2.8,  put  nzzz.%,  n+vzzx,  lzz\og:n* 
mlzzhyp.  log:  n% 

Then  (Prob.  lxxxv.  cor.  6.)  x*  zz  n  X 
1  +  mlv  +'  v.  Put  r  zz  n\  e  zz  nn  x  w/v  +  v, 
then    **    =    r    +    e  ^      let     this     be     an     in- 

X 

dex,   then   /    rr  yr|'g  —  »  +  p4"'   =    (by   the 
lame  cor.)  »xi+  s»&  +  —  =i^r  queft.     Then 


reftoring  the  values  of  r  and  *,  »"  x  :  1  +  mln 
K  -  k  4  X 


504  EXPONENTIAL  B.  II. 

Fior-      , «!«,  

Xmlv  +  v+  —  :  =  £,     Put  g  =  mln"  xml  +  i, 


n 


then  n\    Xl+^v  +  »- '  'tJ  =  b>  and  by  reducing, 
^  —      *     »  ;     here     *      ~    97620000, 

w/:=  1.02962,  g  zz  37.3368,  nn"1  ~  6.3810,  there- 
fore 25830000  J 

iorc  v  u  — £~~ =.006054. 

4296000000 


Or  let  —  =  /.    Then  *  " 


— -  zz  .006054;  then  #+1;  or  xzz2. 806054 


43  71?8 

nearly  •,  or  put  nzz 2.806054  for  another  operation. 

This  problem  is  eafily,  refolved  by  rule  5,  pro- 
blem xcii.  by  making  feveral  fuppofitions  for  the 
value  of  at,  and  finding  the  corre&ion  every  time; 
and  i'o  you  will  continually  approximate  to  the  true 
value. 


P  R  O  B.    CCXIX. 

Jf  X  be  the  log,  x,  it  is  required  to  find  x,  in  the 
equation  xx  4-Xxz:i  00. 

Let  n+vzzxJzz\og:n,l+szz\og:n  +  ViLzz\o°:l. 
Then  (Prob.  lxxxv.)  n+vzzn+nms  &c.  whence 
^vm\l{i+T+s\n'tnms  =  100.  But  (Prob.  Ixxxy. 
cor.  6.)     ~n~+  mns\!+s  zz  nl  X  :  1  -f-  nils  +  hns. 

.  ns 

And   l  +  tf*"  ==  f  X  1  +  m%Lns  +  7  • 

Therefore 
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ns Fig* 

Therefore  nlxi+2m!s+ln X  i+m*Lm+  j  -  »0Q.     "» 

, —  n 

Or  »X2W^+  lxm*Lns  +  j  e=  100  —  ?—/  =  /. 

J 

And  J  ~  2W  +  »IJV  +  f£*  * 
To  approach  nearly  to  the  value  of  X,  we  (hall 
have  X  log:  x  or  XX  ~  log:  xx,  and  #  log:  X  =£ 
log:  Xs.  Therefore  num.  of  XX  4-  num.  of 
#  log:  X  zr  100.  By  a  few  trials  X  is  found  be- 
tween 1.25  and  1.26,  but  nearer  1.26;  therefore 
fuppofe  7=1.25:7,  then  nzz  18.072,  L:=.09933, 
^==38.02,  f  =  62.41,  dzz—  .43,2*0/^=220.1, 
,nUnmz  =  594.0,  a/""1  =  897.4,      Whence 

j  =    "~'43     =  — .000251,    and    Xr  1.256749, 
17a1.fi 

2nd  x  =  i§.o6ig. 

Here  we  have  fought  the  logarithm  X,  for  vari- 
ety \  but  the  number  x  might  have  been  four\d, 
after  the  manner  of  the  laft  problem- 


P  R  O  B.    CCXX. 


* 


Given  x\    +  #  —  *    +  *     =  20c ;  to  find  x* 
Take  n  very  near  the  root,  to  be  found  by  fre- 
quent trials,  and  put  n+vzzx,  I =log:»,  r  =  n\ 


fzintl+i,  p=n  9  j  —  mlrf+  —.t  =  n    *a  — 


m 


Then 


go&  EXPONENTIAL,  &c.        B.  II 

Hg-     Then  **  =:  n  +  v\*+v  =  »*X  i+wfo+v  (Prob* 
Ixxxv.  cor.  2.)  zzr  +frv. 

And    *"   =  *r+^  =  7+lTr+^  =    »r     X 


i  +  *»///*>  -\ =:p+pqv,  (ib.  cor.  6J. 

8 

Alfo  «-"  =  —=   — —  zz   ^i-.. 
a,v  r+Jrv  r 


i 


*»/<*/ 


Alfo  *"  =  n  +v\"  =  ■"  X  i  -  S?  +  Z 

nn         ntk 
(tb;  cor.  6.)  2=  /  —  */». 

Therefore  writing  for  the  feveral  powers  of  x,  their 
refpe&ive  values,  we  have 

p  +  p<P  +  r  +  rfv-jf J— -  4-  /  — tav  =:  200 

200  —  p  —  r  ~  /  +  — 

r 

reduced  tr  ac  — 7 ? 

?J  +  rf+  ~  —  ta 

It  eafily  appears  that  x  is  greater  than  2,  and 
trying  2-,  it  will  be  found  a  little  too  fmajl ; 
therefore  aftume  n  —  2.27,  whence  there  will  come 
out  w=z — .0009463^  and  therefore  xzz  2.2690537, 
which  may  be  j>ut  for  ny  for  another  operation. 


SECT. 


Sot 

Fig, 

SECT.     XIV. 

Problems  of  Maxima  and  Minima. 


P  R  O  B.    CCXXI. 

The  line  AE,  and  the  two  points  B,  C,  being  given  l,l, 
in  pofttion  ;  to  find  the  point  P,  fo  that  BP  +  PC      ** 

may  be  the  leafi  pbjfibk. 

TAKE  the  point  p  extreamly  near  P,  and 
draw  Bp,  Cp,  and  alio  J>D  -1-  to  BP,  and 
fO  -i-  to  CP.  Then  pD  is  the  increment  of  BP ; 
and  PO  the  decrement  of  CP,  therefore  DPzzOP, 
by  the  nature  of  the  queftibn.  And  fince  the  hy- 
pothenufe  ?p  is  common,  pVzzpO.  And  <ZpPD 
zzpPO,  that  is  BPAzzCPE-,  whence  the  triangles 
BAP,  CEP,  are  fimilar.  Put  AE  =  b,  AB=/>, 
CEz:?,  AP_:#,  EP=£— ^  then  AB  (p)  :  AP 
(x)  :  :  CE  (<j)  :  EP  (£  —  x)  therefore  qxzzpb—px> 

and  px+qxzipb*  and  xzi  — — »  and  b — xzz  — — . 

prob,    ccxxri. 

The  lines  ABC,  and  CE  being  given  in  pojition,  and     $ 
the  points   A,    B,    being  given  •,    to  find  the  point 
D  in  the  line  CE,  where  the  angle  ADB  is  the 
greateft  pcjfible* 

About  AB  defcribe  a  circle  to  touch  the  line 
CE ;  then  the  point  of  contact  D  is  the  point 
required. 

For 
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Fig  For  to  any  other  point  E,  in  the  line  CE,  draw* 
146.  AE,  BE,  and  draw  BF.     Then  the  angle  AEB  is 

left  than  AFB;  or  its  equal  ADB  (Geom.  IV.  13.) 
Let    BCzzi?9   AQzzd,    CDzz*.     Then  (Geom. 

IV*  21.  cor.  2.)  xx  ~  bd,  and  x  zz  y/bd* 

PROB,    CCXXIII. 

f47*5r^  draw  the  Jhortejl  line  pojftble,    through   a  given 
point  P,  placed  within  the  right  angle  ABC 

Let  CPA  be  the  {hortefl;  line.  Draw  PD  pa- 
rallel  to  AB,  and  PF  parallel  to  CB,  and  let 
PDzr£,  PVzzc>  CDzzx,  Qczze  an  extreamly  f'mall 
quantity,  VCzzz. 

By  the  fimilar  triangles   CDP,  PFA,  x  :  z  :  : 

f  :  —  3=  AP,  and  by  the  fimilar  triangles  CDP, 

cHC,  z  :  x  :  :e:-  =  He      Alfo  z  :  b  :  :  e  :  - 
= J3C     And  by  the  fimilar  triangle?  PCH,  FGa, 

z  :  £f  :  :  % :  —   =  «G-       And    by    the    fimilar 

Z  X      zx 

triangles  CDP,  *GA,  *  :  *  ;  :  bS  ;  **ff  =  AG. 

But  Hczz  AG,  that  is  —  =*  — ,  or  x  zz  — ,  and 

z        zxx  XX 

&  zz  lbcx  whence  x  =z  VJbQ. 

PROB.     CCXXIV. 

148'.  Given  the  line  EF,  and  two  points  A,  B ;  to  find 
the  point  D,  fo  that  a  x  AD-f<6  x  BD,  way  be  the 
leafi  pojftble  \  ay  b  being  given  numbers* 

Take  d  infinitely  near  D,  and  draw  Ad9  Bi; 
on  which  let  fall  the  perpendiculars  Dr,  D/.    Then 

will 
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will  axAD+^xBDiraxA^+^xBi.   and   by  fub-  Fig. 
tra&ion  a  x  AD— Adzzb  X  Bd~ KD,  or  axdr  zz  i4'«- 
#X#*     But  in  the  triangles   D^r,  D#i  the  hypo- 
thenufe    Dd  is   common  ;    therefore   dr   :   df  :    : 
S. JDr  :  S.^D/ :  :  cof.  ADF  :  cof.  BDE.     Whence 
a:B::  cof.  BDE  :  cof.  ADF. 

Let  AF,  BE  be  perpendicular  to  EF  ;  and  put 
AFzzc,  BEizJ,  EF=»,  0F=>,  DE=v.     Tnea 

DA  (V'£+**) :  1  :  1  DF  (*)  :  — ~ =2  S.DAF 

\fcc+xx 

^  cof.  ADF;  then  .:,::c^: 
/;  — — —  =  cof.  BDEnS.DBE.    And  I 


y/cc+xx  ' y/cc+xx 

:  v  :  :    1   :  (BD)     \/aa  4-  vv\     therefore.,   v  ss 
- — 

___.      ■: ,    and   bvv  cc  4-  ##  z:  axv  dd  4-  ot 

And  fquaring,  bbccvv+bbxxvvzzaaddxx+aaxxvv, 
but  ^i3» — #,  put  pzzbb — tftf,  then  bbcc+pxxXW 
zzaaddxx,  or  ^a~  ^-pxxxnn — inx  4-  5w  3s  aaddxx  • 
reduce.d,  ^>#* — 2p#.vJ  +pnnxx — mbbccx+frfrf-zzo* 
-\-bbcc  snaiil 

PROB,     CCXXV. 

Three  points  A,    B,   C   being  given  \  to  find  a  fourth  t  ^ 
point  D,  /*  ffcf/  <*xAD-f  *  x  BD  +  c  x  CD,  «*>- 

2><?   the  leaft   pqffibk\    where  4,   b9   c  are  given 
numbers. 

Let  D  be  the  point  fought  ;  with  radius  CDf 
defcribe  the  circle  GDH.  Take  the  point  d  in- 
finitely near  D,  and  draw  Ad,  Bd-9  on  AD,  BD, 
let  fall  the  perpendiculars  dr,   df,    Theji  (uppo- 


5k>  M  A  X  I  M  A    and  &  U; 

Fig.  fing  CD  to  be  given,  cxAD+^XBD  will  be  a 
1 49,  minimum.  But  #xDr  is  the  increment  of  ax  AD, 
and  bx&f  is  the  decrement  of  £xBD,  therefore 
aXVrzzbX!Df.  But  in  the  right-angled  triangles  Ddr. 
Vdf9  Dr  :  D/  :  :  S.Ddr  :  S.Ddf:  :  S.rDC,  or  ADC 
:  S.mdf  or  EDC.  Therefore  b  :  a  :  :  S.ADC  : 
S.BDC. 

After  the  fame  manner,  fuppofing  BD  given, 
we  fhall  have  c  :  a  :  :  S,ADB  :  S.BDC.  There- 
fore  when  <?xAD-|-£xBD  +  cxCD  s=  minimum; 
/*,  £,  <:,  are  refpectively  as  the  fines  of  BDC,  ADC, 
ADB ;  or  of  BDw,  AD02,  BDr,  which  makes  1 80% 
Therefore  if  a  triangle  be  made  of  the  3  lines  a,  b,  c  \ 
the  angles  of  this  triangle  will  be  equal  to  the  an- 
gles  at  D,  viz,  that  oppofite  to  a  —  mDB9  to 
b  rz  mDA,  to  c  =  BDr-  Therefore  all  the  angles 
about  the  point  D  being  given  •,  the  diftances  AD, 
BD,  CD  will  be  found  by  Frob.  cxxxii. 


"PROB,     CCXXVI. 

jco,Given  the  triangle  ABD,  and  the  circle  CFK  whofe 
center  is  A  \  to  find  the  point  F  in  the  circumfe- 
rence CFK,  that  the  angle  BFD  may  be  the  great' 
eft  pcffible. 

Through  the  points  B,  D,  defcribe  the  circle 
BFD  to  touch  the  circle  CFK  in  F,  the  point 
required.  For  to  any  other  point  C,  in  the  cir- 
cle CK,  draw  DC  cutting  BFD  in  S,  and  draw 
BS,  BC.  Then  the  <:BSD  or  BFD=<BCD  + 
CBS  •,  therefore  BFD  is  greater  than  BCD. 

On  BD  let  fall  the  perpendiculars,  AH,  FI, 
GE  -,  G  being  the  center  of  the  circle  BFD,  Then 
to  find  its  radius  GF  j  let  BE~ED:z£,  HE  rz  c> 

AH^AF^GE-*.  ThehAG=v£+*l'+" 
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zr  \/pp  -r  cc  H-  *px  -h  **  >     anc^    GF     —  £'g» 

\/pp  +  cc  +  2px  +  Vx  — r,  and  BGzr  v^-h**,  *£<>* 
whence  v/p/>+rt  +  2ftg+**  — rzz\/bb  -fr-  xx,  and 
\Z//,+^+2^+^=^4'v/W+^»  which  fquared 
is  fc+p/>+2^x+^=rr+W+^+2r  x  \/bb+xx~: 
Put  s  zzcc  -\-pp  —  ff  —  bb\  taen  •*  +  2^  3?  2r x 
V^J+jw,  and  ss+4spx+4ppxxzzirrM  +  \rrxx;% 
reduced,  qppxx  +  jppx  =  4frW. 
—  4?r  —  ss. 

Then  a;  being  found,  it  will  be  EG  (x)  :  rad. 
(0  :  :  BE  (5)  :  tang.  BGE,  or  its  fupplemenj: 
BFD. 

PROB,    CCXXVIL 

tfofind  the  great  eft  area  contained  under  any  number  tftcx* 
right  lines  given9  and  another  line  unknown. 

Let  ABCDE  be  the  figure  ;  then  fince  ABE  + 
BCDE  is  a  maximum  ;  it  is  evident,  whatever  the 
figure  BCDE  is,  ABE  muft  be  a  right-angled  tri- 
angle, right-angled  at  B. 

Again,  fince  ABC  4-  CDE  +  ACE  is  a  maxi- 
mum ;  it  is  evident  whatever  ABC  and  CDE  are* 
ACE  muft  be  a  right-angled  triangle,  right-an- 
gled at  C. 

Alfo  fince  ABCD  -t-  ADE  is  a  maximum ;  it  is 
plain,  whatever  the  figure  ABCD  is,  ADE  muft 
be  a  right-angled  triangle,  right-angled  at  D.  And 
lb  on  if  there  were  never  lb  many  lines,  .And 
therefore  all  the  angles  ABE,  ACE,  ADE,  fub- 
tended  by  AE,  mult  be  right-angles ;  and  confe- 
quently  the  whole  figure  is  infcribed  in  a  femi- 
circle,  whofe  diameter  is  AE,  fo  that  the  whole  may 
be  a, maximum. 

Therefore   if  it   be  required  to  find  the  area, 
we  muft   find  the  .diameter  AE,   .and  then  find 

'        "  '     the 
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Fig.  the  area  of   the  poligon  AECDE  infcribed  in  a 
femicircle. 

PROB,    CCXXVIII. 

1^2.^0  find  a  line,  which  with  three  given  lines,  will  con* 
tain  the  greatefi  area  poffible* 

It  is  plain  the  line  fought  is  the  diameter  of  the 
femicircle  in  which  the  three  given  lines  are  in- 
fcribed. 

Let  ABCD,  be  the  quadrangle,  draw  the  dia- 
gonals AC,  BD,  on  which  let  fall  the  perpendi- 
culars CP,  BF. 

Let  ABzzb,  BC=r<r,  CD=rf,  diameter  ADzrj. 

Then  BDzz\/yy— bb>  and  ACrzVj/y— dd.  But 
(Geom.  IV.  28.)  CP  zz  -,  and  BF=  t.     There- 

y  y 

fore  h  +  —  v/jy  —  bb    ~    2  area     ABCD,    and 

«  +  —  Vyy~dd  zz  2  area  zr  0  -| vyy-bb9     and 

by+cd  X  \/yy — b£>  zz  dy+bc  y/yy — dd*  and  fquar- 
ing  and  multiplying,  bby+  -+-  ibedy*  4-  fft%y — 
b*yy — 2b*cdy — bbcoddzzddy*  +  2bcdy*  4-  bbccyy —  d+yy 
—  2bcd'y  —  bbcedd.     And  reducing 

bby^ —  b*    y  +  2bcd*  zz  o. 
—  dd  —  bbec    —  2blcd 
.    -f-  cedd 
4-  d* 
And  dividing  by  bb  —  dd 
yi — hby  zz  2lcdy   and  y  being  known,   the 
— cc 
—dd 
arqa  is  known  from  the  foregoing  fteps. 

PRO  B. 


Pl.Xff./*/.,-^ 
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[fig* 

P  R  O  B.     CCXXIX. 

SP  is  perpendicular  to  PM,  and  there  is  given  SP,  153. 
SN  •,  and  drazving  NL,  fo  that  the  angle  LDM 
may  be  equal  to  SCP  5  to  find  CD,  a  maximum* 

Draw  NA  perpendicular  to  CD,  then  CA  =  AD, 
and  CA  is  a  maximum.  Put  SNz^,  SP  zz  d, 
SCzzy,  then  CN=i~jf,  CP  =  Vjf^dd.  Then 
by  fimilar  triangles,  y  :  s/yy — dd  :  :  £-— y  :  CA  zz 

£ — y        _ yy — dd 

vyy — dd  zz  max.   and  b—t yv  X —    = 

max.   =  b^\z  —  —  X  b^yf-      Increafe  j  by  a 

very  fmall  quantity  <?,  then  b-y-e\%  zz  £~)i*  —  2e  X 

b — y.     Alio  y  -f  e\x  zz  yy  +  2j£,   and   by   divifion 

dd  dd        idde      „  * •        dd 

— = r—     Whence  b—y\  — —  X 

yy  -f-  2j<?       yy         yl  yy 

- dd  ridde 

b„yf  tzb—yX^nX  b-y—)y ^* 


£— -jyf  — ie  x  b — y9  and    tranfpofing,   ie  X  &—y 

2dde      - ,        idde       ~ .  \ 

=S   X  £ — j/  +    -7-  X  £ — y,    and    dividing 

da        dd 

by  2*  X  b—y>   1  =  —  X  b—y  +  j\    and    multi- 
plying by  y\  we  have  j*i  z:  ^  —  ddy  +  di%  or 

j'  zz  bdd,  and  j  zz  V bdd* 


li  prob; 
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Fig. 

P  R  O  B.    CCXXX. 

jz^.Given  the  fituation  of  the  two  places  A,  E,  and  the 
river  BD  ;  and  fuppofe  a  traveller  going  from 
A  to  C,  can  travel  6  miles  an  hour  on  this  fide 
the  river  from  A  to  C  •,  and  9  miles  an  hour  on 
the  other  fide  from  C  to  E ;  it  is  required  to 
know  where  he  muft  crofs  the  river  BD,  fo  that 
he  may  go  from  A  to  E  in  the  leafi  time  poffible, 

let    AB,    ED    be   perpendicular  to   BD ;    let 
AJB-tf,  DEzz£,  BD~J>  mzz6,  »~9,  BC=*.  Then 

CD=^/—  x9  AC=v/^f^,  CE  =  V^^Z^p. 

And  /*r   queft.   ot  :   1    :  :  %/aa^xx  :  Yaa  +  X* 

m 

mil.       ho. 


V' 


=  time    in    AC,  and    n  :  1  :  :       dd  +  d — x[* 


bb  -|-  d — x\"  .  .         ^„        ^,       r 

— - rz     time      in      CE.      Therefore 


n 


\/aa  4-  **      ,      ^ bb  -+■  ^— *t  .   .  ~ 

.    ^     1 i—  2-  minimum.     Or 


7;; 


ns/aa"-\-xx  -\-m  v  bb-\-d — *[A  z=  min.  Write  #+£ 
for  # ;  then  jf#  :=  flx  -}~  2^,  and  d-x~e\l  ~ 
rfulu^p  —  25  X  a — x.  Therefore  we  have 
tf/aa+xx  +  2xe  +  m*  bb  4-  d — x^  —  2e  X  d — x 
==  »  ^0  4-  #*  +  m  **£  +  ^  —  xi\        But 

\/raa+xx  +  2xe  zz  V aa  •+-  xx  +  ~p===rz==L.y    and 
V  aa  -\-  xx 

s/bb  +  d^xf  —  zex  d—x  zz  s/bb  +  d— x\*  ~ 

t X 
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.  /JlEL.-    Therefore  n\/a7+xl<+     .  **'       f'g* 
+  nf/lf+Bf.     Therefore 


mexd — x 


\/aa  + 
o.     And   multiplying, 


xx 


nx\/bb-\-dd — idx+xx  zz  md  —  mxs/aa+xx\  and 
fquaring  nnblxx-\-nnddxx — inndx*  +nnx* zzmmddaa 
~  zmmdaax  -h  mmaaxx+mmddxx — 2mmdxl+mmx*9 
And  being  reduced  is, 

xnx* — inndx*+nnddxx+  immdaax— TH^d*  a?  zz.ol 
—mm  +  itnmd  +  nnbb 
—mmdd 
—mmaa 

P  R  O  B.     CCXXXI. 

Within- the  given  angle  AGBi  to  cut  cff  a  given  area  i  *  £ 
with  the  port  eft  line  AB.  ■     bb* 

Let  the  arean^  *,  czzfmz  and  cof  C  ;  CAzzx, 
CB  zzy,  then  per  qu  ;L  sxy  zz  b,  and  by  Trigono- 
metry K&ziy/xx  +  :y  —  zc*y  zz  miir;-  therefore 

**+;?  —  2'*>  —  n"lili-  ^t  ry  —  -,  and  *=z£m 

t         r  .       ^b  2C^  bh 

therefore  xx  -\ ■ z±  mm.  or  xx  + 

nmin.     Put  x  -{-  e  for  #,  then  x-+-eix  zzx*-  -H  /<?*, 

and  ■  »  or  #  +  1\     zz  —  —   —  ,      Wht ri    t 

*  -b  e I  a,*         tfi 

L  1  a  ^  + 
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X           ,           ,   bb     M       lb     ie  ,    bb       fist 

Fig.  xx  +  lex  A X X  -  zz  xx  +  —  ,  and 

v^  JJ      #*         JJ     xi  ssxx 

W\  2bbe  ,  bb        ,  A       ^ 

2^ =  o,  and  #  zz  — ,  whence  x*  zz  — 

ssx*  ssx*  ss 

But   >'4  ==  zz  -   x  T-,    =   —  \      therefore 

s±x±         j*       bb  ss 


y4  rr  #+,  and  y  zz  x  zz    I — . 


PROB,    CCXXXII. 

i  $6*  To  find   the    great  ell   parallelogram    infer ibed  in  a 

triangle* 

Let  the  parallelogram  BDEF  be  inferibed  in  the 

triangle  ABC.  Put  ABzza,  EC zzb,  DBzzx,  DEzzy. 

Then  by  the  fimilar  triangles  ABC,  ADE,  a  —  x 

.         ,             T7i           ba—bx 
:y  :  :  a:  b,  and  ay  zz  ba  —  bx9  and  y  zz zz 

a 

b —  — .     But    xy  zz  max,   or   ox zz  max. 

a  a 

Put  e  for  the  fmall  increment  of  x,  then  the  in- 
crement of  bx  is  be9  and  the  decrement  of  xx  is 

x  -4-  e\l  — xx  zz  2xe9  and  the  decrement  of  —    — 

a  t 

2bxe         .  T         ilxe  ,  2x  4-i&iS# 

,    whence    be  zz  ,    and    i  :=  —  ,    and 

a  a  a 

x  zz  \a.    Therefore  y  zz.  \b. 

~  \     % 

PROB.     CCXXXIII. 

157 .Given  the  point  P  within  the  right  angle  ACB ;  U   • 
draw  the  line  APB,  fo  that  AP  X  PB  may  be  a 
minimum. 

Draw  DP,  PF  parallel  to   CB,  CA;  and  put 
CF=£,  CD;=f,  AD  =  x.    Then  by  fimilar  tri- 

angle* 
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angles   x  :  b  :  :  c  :  v,  and   xy  =  fo,  and  y  ==  1 .  ,  .7" 
Then  AP  ==  y/bb+xx9  and  PB  =-.  v^ff+j^}  and 

AP  X  PB  =/tf+«XV  ^+ =  min.  and 

fquaring,  ^^  + J-  ^xv  4-  bbcc  =  min.    and 

raw  +   —  aj  min.       Whence    cc  x  x  4-  e[z  + 

^  j+f, 9 

,/  ,    j»  —  "*#  H ,  or  <r  x  *#  +  2xe  4-  £+tt  X 

■*Tg|  XX 

— =  fa*  +  — .     Whence  2ccxe 

xx       x*  xx  xl 

b* 
—  o,  x  z:  — 3>  or  #4r=0+,  and  #:=£,  whence  y—c. 
x 

And  ACzz^-h^=^+r,  and   C3z:#  +  y  =  b  +  c. 
Therefore  AC  —  CB. 

And  if  it  be  required  to  hive   AP+PB,  a  mini- 
mum,    we   lhall   have  \/ tb  -t-  xx  4-  \/cc  +~yy  — 


min.   or 


\/bb+xx  +  J  ff  4 -  =z   min.      But 

xx 

^bb+x+el'  —  ^bb^xx  c     ..—_*.  =   the 
V*£  4-  ## 

increment   of    v^4-x*.     And    in    like    manner 

— bhcce             1                         r     /          ^^ 
,       is  the  increment  of  ,J  cc^ ^ 

— a=,    its     decrement.         Therefore 

.xv  bbce 

>     1  ■         ~  >-  ,     and    #'  =  ^ ,     or 

%/bb  +  xx         xxvbb+xx 

y  —l/bb^  as  in  Prob.  ccxxiii.  by  another  method 

L  1  3  P  K  O  B. 


**'or 


5i S  MAXIMA  'and  B,  II. 

Fig. 

P  R  O  B.     CCXXXIV. 

Given  the  fum  cf  the  legs  of  a  right-angled  triangle  ; 
to  find  the  legs,  jo  as  to  contain  tie  great  eft  area 

Let  a ~fum  of  the  legs,  x~  one  of  them  -,  then 

xXa — .vz:  2  area  =  max.  therefore  x+ex^— a— -e 
zz  x  xa  —  .v,  that  is,  a:< — xx  »-  xe+ae—xt=ax  — 
xx,  and  at —  2x£±o,  cr  2x  z=  a,  whence  x  =  if, 
and  a  —  x  ~  f  a.  Therefore  the  legs  are  equal. 
And  therefore  when  the  area  is  given  ;  the  fum  of 
the  legs  will  be  the  lead,  when  they  are  equal. 

PRCB,     CCXXXY. 

Give*  tie  area  of  c  \  to  find  the 

Jides,  u 

let  snares,  .v~ fjm  cf  the  legs,  vt  y~ the  two 
legi  i  u+jp+  iz-y  —  ■ .  ■:,   but    ry  —  2a,  and 

- 

■ri  :  V. ■•..—  .  rrefore  *+%/** — 44 

=   I  —    .  -.-  :    fof   x  -,    then 


V>T-r  ^ '  —  4 .:  —  v/'^-r    -     —  --'  —   V 


-40 


H =- — -  •,    fchehce    :-:  +  i  +  V.v*  — 

\/xx — -  a 

. 

±  x  +  /x* — 47,    and  ♦  *  + 


:  V'..— .,.: 

—  o.     Ai-   ■:-/■■    — $£  — — xe,  an  rftf 

-      ,  :.nd  ee  —  — ,  or  e~ o.     And 

-efcre    fince   the    increment    cf    x    is   nothii 
fore   *  is   a  minimum,  and   when  x  or   the 

fum 
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fum  is  a  minimum ;  then  the  leg5  are  equal,  by 
the    laft    problem ;    therefore    v  zz  y  zz  Jx,    an  J      &* 
i«  zz  ia,  or  #  zz  \/57. 

P  R  O  B.     CCXXXVI. 

Given  the  folidity  cf  a  i5g.  . 

the  Jlant  fids  AB  the 

Let  £  zz  folidity,  x  zz  CB   the  height,  jzz2AC 
the  breadth,  then  AB  zz  %/ ...  -r^y.    1  ~h% 

and  p  axLj  therefore  AB  zz  V  VA-  +  -  - 
minimum,  and  *tf  +  1'  =z  min.  Put  x  +  e  for 
#,  then  #x  zz  ir*  +  2Xf,  and  ^  zz  3*_  =  3f 
-  £;  .hence  **+2*  +  g  _  Sjf  ^  g 
and  w  -  tL  =  o,     £r.d     g*s  =  3^     whdce 

<  =  H5  =  >* 

P  R  O  B.    ccxxxvir. 

91  the  folidity  of  tbe  fquare  pyramid  DF,  to  'find  t  c  9 ' 
/to  w£;V£  ^  /&  Itqft  furface,  excising  tie  bjfe.  ' 

Let  £  =  folidity,  y  -  CB  -ht,  y-z  AC, 

or  2 AD  the  breadth.  Then  AB %\ZxlT+T^ 
and  iy  x  vA*+^  =  DBL,  ana  a^xTZ^J-  = 
Jurface.     But  ^=5,  and  jy=  g     y/hence  the 

X 

^  '  4  =  ir.axi- 
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**£•  —  maximum;     And  zbx  +  2-  zr  maximum,  or 

1^8.  4*# 


qbb  .       WV    ,.  ,         ebb 

*  *  +  <?  for  x,  then  2— 

.     Therefore   i2&v  + 


i2&r  +  —  =  max.  write  *  +  <?  for  *,  then  -— 

XX  XX 

_      9^        _  i)bb        iSbbe 
~  xx  +  2xe  ""*   xx  x* 

I2*<?  +  - —  — zr  i2##  +  2—  ;  and  i2/?<? — 

XX  xl  XX 

\Ule                     \        \Ub       A         ,       c,         , 
Jh =  o,  or  12^  =  ,  and   i2#>=:iS0,  and 

*«  =  f .  whence  *  =  «  |y 

son: 

PROB,    CCXXXV1II. 

159.  To  fnd  the  great  eft  cylinder ',  inferibed  in  a  given  eont* 

Let     axis     AB  rz  *,     BC     or     EF  = b,     c  zz 

5.1416,  DBzz.v,  DE  or  DG  zzy.    Then  by  the 

fimilor    triangles    ABC,    ADE,    a  —  x  ;   y    :  ; 

a  :  by     and  ,  ay  zz  ba  —  bx,     or     bx  —  ab  —  ay 

st\>    .  ab-ay         _ 

and     #  n  ~  •      But     cyyx   zz  maximum,     or 

b 

cvy  X  — 7—  ==  — — —  max.  that    is    T   x 

b  b  b 

- —  jnymixsrn  1   ,  *• 

/^  —  y'  zz  max    and  oyy — y^zz  max.  put  y  +  e  for 

;y,  then  byy    becomes   byy  4  ibyey  and  j*    becomes 

jyJ-r-;,'2*.      Whence  lyy+ibye-~y^ — xy  ez-byy— yh 

And  2  j  ;  —  syye  =  o,  or  iby  zz  ^yy,  and  y  ~  ~b, 

,rL  ab~\ab         1 

vV  hence  #  =  — : —  zz  —  a. 

*  3 

PROE. 
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PROB,     CCXXX1X.  Flg# 

Given  the  weights  of  twv  elaftic  bodies  A,  C ;  to 
find  the  weight  of  the  intermediate  body  B  •,  fa 
that  A  fir iking  B  at  reft,  end  B  with  the  mo- 
tion acquired,  flriking  C  at  reft,  may  make  C*s 
motion  the  greatefi  pojjible. 

J^et  #~  weight  of  B,  a  zz  velocity  of  A. 
jr  velocity  of  B,  acquired  by  the  ftroke. 
vzz.  velocity  of  C,  by  the  ftroke. 

Then  ha  is  the  motion  of  both  A  and  B,  af- 
ter the  ftroke,  as  well  as  beforehand  a  is  the 
difference  of  their  velocities-,  therefore  y  —  a  is 
the  velocity  of  A  after  the  ftroke.  And  fince 
khe  fum  of  their  motions  remains  the  fame  (Me- 
chan.  10.),  therefore  xy~\-y — axhzzAa,  or  xy — Aa 
+  Ay  zz  Aa,  that  is,  xy  +  Ay  =.  2a A,  and  y  =5 
2aA 

Again,  xy  is  the  motion  of  both  B  and  C,  and 
y  the  difference  of  their  velocities,  as  well  after 
as  before  the  ftroke  of  B.  Therefore  v — -y  is  the 
velocity  of    B    after    its    flriking    C.       Whence 

Cv-\-i/—yxx~xy9  or  Cv+xvzz2yx.    Whence  vzz 

2vx  ^aAx 

— —   —  :■  '-—="  —   maximum    per    quc- 

C+x         A-r-.vxC-}-^  r        n 

x 
ftion  •,  or  ■    ==-  z=  maximum ;     or 
i+xxC-j-y 

A+xxC-j-.v  _  minimumj     that    iSj 


AC-f  A+Cx+r*  .  .  AC 

or     — 


x 
A  +  C 
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AC 
FI&.A  +  C  +  xzz  minimum  -9  therefore \-x~  mi- 

u  ,  x 

AC  A  C 

nimum  j    put  a  +  e  for  # ;   then   — —  zz  — - 

x  -re  x 

AC*        i    i      r       AC         AC*   , 
i—  1- — ,  and  therefore  —  — h  x  +  e  zz 

xx  %  xx 

AC 

|-  x,  and  throwing  out  the  fuperfluous  quan- 

x 

AC* 

titles*   e  —  =  o,    and    xx  zz  AC,    whence 

xx 

#  =  v/AC. 


P  R  O  B.    CCXL. 

To  find  xm  —  #"  the  greatefi  pojjiuk,  fuppofing  n 
greater  than  m. 

•Write  x  +  e   for  x,  then  Ifief  zz  xm  +  mm'le9 
and    ;;  +  ef  zz  xn  +  nx71*1  e  ;    tjcrc-t^te  x  -+-  e\m  — 
*+l|*  =  tfm  —  x*  \    that    is,    tf  +  mxm'le  —  a* 
—  nx"~l  e  zz  x™  —  x  .       And     by     fubtra&ion, 
fitf**  e  — .  jj^  *  =  o,    or    a;/3"1  =  n  v""1  ,     or 
aw/1  —  n*n.     And   »   being   greater   than  m>   we 

n-m 


have  «*>■*  =  m,   and  /*  =  —  i   whence 

X   ~   s/ • 


A  - 


PR  OB. 
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PROB,     CCXLT. 


Vo  find  the  great  eft  -parallelogram  infcribed  in  the  gi-  \6ol 

ven  curve  AMC 

Let  MPBF  be  the  greateft  parallelogram.  To 
the  point  M  where  it  touches  the  curve,  dr3*r 
the  tangent  TMD.  Then  if  the  fubtangent  PT 
be  equal  to  the  height  of  the  parallelogram  PB, 
then  MPBP  is  the  greateft  parallelogram,  For 
it  is  plain  from  Problem  ccxxxii,  that  this  paralle- 
logram is  the  greatefl  that  can  be  infcribed  in  the 
triangle  TDB  *  and  as  this  is  greater  than  any- 
other  that  can  be  infcribed  in  the  triangle,  fo, 
much  more,  is  it  greater  than  any  other  that  can. 
be  infcribed  in  the  curve,  fince  the  angle  M  which 
is  in  the  curve,  will  in  all  other  cafes  fall  fh ore 
of  the  tangentl 

Therefore  knowing  the  method   of  drawing   a 

est  to  the  curve  j  ycu  muftTeek  the  point  P, 

r<*   the  ordinate  PM    being  erected,    and   the 

^nt  TM   drawn,  TP   may    be   equal  -to    PB. 

Thus  if  AM  be  a  parabola;  put  ABzz^,  AP— x9 

then  by  the  nature  of  the  curve,  AF~ x,  whence 

TP  =:?.#,  k*bzza — x,  therefore  zxzza — x,  ^xzza9 

Ot  x  zz  i  a. 

And  the  fame  will  hold  good,  if  not  in  all,  yet 
in  moft  curves  which  are  convex  to  the  axis.  For 
fince  the  parallelogram  is  the  greatefl:  for  the  tri- 
angle, it  will  alio  be  greateit  for  the  curve, 
fince  the  curve  at  that  place  coincides  with  the 
tangent. 

Olherzvife    thus> 

Suppofe  the  nature  of  the  curve  be  rxm  tc  y* , 
'  \\ ?here   AP  =  x7  PM  zzy>  alfo   AB  =  a,  BC  zz  b% 

Thea 
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■       ;       #i  

*ig.  Then  F±>  zz  a  —  x,  and  a<—x  xy  =  max.     But 
x6o,  ^    «  ^   ^ 

j  =  r*  *"  ,    therefore    7—~xXrn  xn  zz  max.   or 

*+« 

ax  —9c      ==  maxim,     put    a;  +  *  —  * ;     then 

a.  x  +  e\     zz  ax      •{•   L~  ax      e9    and    x  +  d 

z=  *  "     +  5±2  *  *  *.      Therefore 

ax    +  l!Lax     e—x     —     rf.  x    ezzax    —*x    =?*i 
n  n 

whence   _  ^      *—  'JLZf  a;     e  zz  o,    or 

«  — —  .     T  ,      ,.  .  v         ,  03  baa 

«?W       =  »H«  X  ^     s     and     dividing     by 

«Jt> 

#      ,  mazz  m-\-n  X  x  zz  m+n  X  x9  whence 

x  zz  -L—  .     Which  is  general  for  all  parabolical 

TYl  "f~  tl 

figures.  Thus  if  mzzi,  nzi2,  as  in  the  cemmon 
parabola,  then  xzz\a,  and  if  m  zz  2,  n  zz  1,  then 
is  #—-!#,  as  in  the  fame  parabola,  with  its  con- 
vexity towards  the  axis.  If  m  zz  i,  n  zz  1  ;  then 
x  —  4#,  for  the  triangle,  as  was  proved  before. 

P    ROB.     CCXL1L 

i6l%Given  the  di fiance  of  the  point  A  from  the  perpen- 
dicular plane  BC  ;  to  find  the  pejition  of  the  plane 
AC,  through  which  a  body  fhall  defcend  in  the 
Jhorteft  time  poffible  to  the  plane  BC. 
JLet  AB  be  perpendicular  to  BC,  AD  parallel 
to  it,  and  CD  perpendicular  to  AC.  Put  ABzz£, 
BCzzx  j  then  (Mechan.  prop  34, cor.  j.  4to.)  in  the 

time 
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time  a  body  defends  thro'  the  inclined  plane  AC,  pig. 

another  body  wLl  fall  perpendicularly  through  the  L^ 

fpace  AD.    Therefore  as  the  time  in  AC  muft  be  a 

minimum,  the  time  in  AD  mult  be  a  minimum, 

and  AD  itfelr  mud   be  a  minimum.     By  the  fi- 

milar    triangles    B;\C,    CAD,     ir    is    BC    (x)   : 

CA    (y/bt>  -t-  xx)   :  :  CA    (s/t?b  +  xx)  :  AD  zz 

bh+xx  .   .  .     j  bh  , 

— - —  zz  minimum.     And  — j-*zzmin. write  x+e 
x  x 

r             .          bb            bb          hie  i       r  bb 

for  x,  then  =    — ;     therefore      — 

x-\-e  x  xx  x 

bbe    ,                  bb    ,              ,         bbe         __ 
_ j-  x+e  zz 1-  x,  and +  £— o,  or 

XX  X  XX 

I  rz  —  ,    and    xx  zz  lb%    or    x  zz  b,    therefore 

XX 

BC  zz  BA. 

Otherwife   thus> 

Defcribe  the  circle  AGC  with  the  center  B,  and  l^Zm 
radius  BA  •,  draw  AC  and  any  other  line  AE, 
and  CGF  parallel  to  it.  Then  (Mechan.  prop.  37, 
cor.  1.  4to.)  the  times  of  a  body's  defcending  through 
GC,  AC,  are  equal  And  the  times  of  defcend- 
ing through  the  equal  lines,  of  equal  inclinations, 
AE,  FC  are  equal.  But  the  time  of  defcending 
through  GC  is  leTs  than  the  time  of  defcending 
through  FC.  Therefore  the  time  of  dzfcend- 
through  AC  is  leis  than  the  time  ui  d  .:c.;di:ig 
through  any  other  line  AE. 

P  R  O  B.     CCXLIII. 

AB  is  a  horizontal  line,  BD  an  inclined  plane.     It  is  163. 
required  to  find  we  pofilidn  of  the  plane  AD,  through 
which  a  body  ucjctnding  from  A  foall  arrive  at  the 
plane  BJD,   in  fhc  leafi  time  pojfible. 

Suppofe  AD   to   be   the  plane,    draw  AL  per- 
pendicular to  aB,  and  DII  perpendicular  to  AL, 
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Ficr.  and  DF  perpendicular  to  AD.     And  put  £z=AB, 

163.*,  rzr  fine  and  cof,  B,  BDry,  ADzz_y.     Thea 

by    plain   Trigonometry  \/bb-t-xx — ztbxzzy\  and 


J.V 


AD  OO   :  S.B  (j)   :   :   BD  M   :   -   =  S.BAD 
or  ADH.     And  rad  (1)  :   AD  (j>)  :  :  S«  ADH 


ra 


AH  zz  jx-     And  by  fimilar  triangles,  AH 

(sx)  :  AD    (j)    :  :  AD    (vj    :  AF  zz  2   - 

^— ^ — -.     But  the  time  of  falling;   through 

sx  . 

AF  is  equal  to  the  time  of  defcending  through 
AD  (Mech.  prop.  34.  cor.  1.  4to.).  And  this  time 
is  a  minimum,  therefore  AF  is  a  minimum,  that  is, 

lb 4- xx — 2clx  .  ,   bb-\-xx-2chx 

- : zz  min.     and  zz  mm. 

sx  x 

or  -   +x — 2ci?  ==  mm.  whence  —    +  #  zz   mm. 
x  x 

as  in  the  laft  problem.     And  therefore  x  2=  £,  or 

AD=AB. 


Or    thusy 

On  AF  defcribe  a  femicircle  ADF  to  touch  the 
lire  AL  in  D  5  draw  AD,  which  will  be  the  line 
of  (hortell  time.  For  the  time  of  defcending 
through  all  the  cords  in  the  femicircle  will  be 
equal  (Mechan.  prop.  37,  cor.  1.  4toJ  to  the  time 
in  AD.  But  the  tirre  in  any  cord  is  fhorter  than  the 
time  in  the  fame  chord  when  produced  to  the  line 
BL,  which  lies  without  the  circle.  And  therefore  the 
time  in  AD  is  alfo  fhorter  than  in  any  other  line 
drawn  to  JBL. 

PROB. 


p   / 


D      \ 

I 

3 

B         I 

TAP 


l6l 


l62 


c 


fl) 


164 


.27         «> 

1  t 


plxht  <s&^w. 


Sed.  XIV.  MINIMA  527 

Fig. 
P  R  O  B.    CCXL IV. 

To  divide  a  given  line  AB,  into  three  parts,  x,  y9  z  5 164; 
fo  that  xyyz*  may  be  the  greatefi  produtt  pojfible* 

Firft,  fuppofe  x+yzzh  a  given  quantity,  to  find 
xyy  zz  a  maximum,  Then  xzzh~- yy  and  b — yXyy 
or  lyy— yl  zz  max.  put  y  +  e  for  y%  then  I  Xy-Hl* 
—  y+e\l  zz  max.  that  is,  lyy+ibye — y* — qyyezzbyy 
«—  y*9  and  2~bye — ^yyezzo,  and  ^yzzzfr,  or  y~^h 
and  x  zz  l-fr      Therefore  y  ~  2x. 

Again,  let  x+y+zzzd,  to  find  Ar/%3  2±  max. 
Then  by  what  is  gone  before,  whatever  z  be^ 
y  will  be  z=2#.     Whence  4^z'=max#     But  #+^ 

zzd—z>  or  3*':=:^— #,  and  4^2*  zz.~xd —  zl* 

Xz?  =  max.  and  */ — v^  X  z'  =  max.  o<*  d  -zxz'zz 
max.  or  ^z  —  zz  zz  max.  put  z  +  e  for  2,, .  then 
dz  +  de  —  z-j-<?la  zz'^z  —  zzf  or  dz  +  de-—zz — 
2zezzdz — zzy  or  ^ — izezz ;o$  whence  2z  zz  d^zz 
x+y  +  zi  and  zzz#  4-^1-3^  Therefore  x  +  2X 
-\~3x  or  6xzzd,  and  xzz36d,  and  j  :=  {p.xzz)\dt 
and  z  =  (3*  =)  |rf. 
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IJAVING  met  with  an  account  of  my  book  of 
■*•  **■  Algebra  in  the  Monthly  Review,  I  intend  to  make 
a  few  Remarks  of  what  has  been  faid,  that  the  reader 
may  not  be  mifled  by  the  trifling  Objections  of  ignorant 
Pretenders,  that  fet  up  to  be  judges  in  things  they  have 
no  more  than  a  fuperficial  knowledge  of; 

In  commenting  upon  the  73d  Prob.  pag.  209.  the 
Critic  begins  thus ;  Among  the  Problems  in  the  feventh 
Set~lions  is  one  of  fo  extraordinary  a  nature ,  that  we  fiall  beg 
leave  to  lay  it  before  the  reader  entire.  Now  I  cannot  think 
why  this  Prob.  is  faid  to  be  of  an  extraordinary  Nature^ 
except  it  be  that  the  Critic  has  not  met  With  fuch  a  thing 
in  all  his, reading  before.  But  I  can  afiure  the  reader, 
that  there  is  not  one  of  thefe  things  mentioned  in  that 
Problem,  but  what  he  will  frequently  meet  with  in  prac- 
tice, if  his  defign  is  to  ufe  himfelf  to  Calculations,  and 
to  the  folving  of  Problems.  And,  I  believe,  I  mould 
have  been  guilty  of  a  great  overfight,  and  therefore 
fhould  have  done  a  manifeft  injury  to  my  reader,  if  I\had 
not  given  him  fome  light  in  this  affair,  and  ha'  laid  down 
fame  rules  how  to  manage  fuch  exprefiions  when  they 
occur,  rather  than  leave  him  in  the  dark  without  at  all 
explaining  their  nature. 

After  I  had  given  fuch  rules  and  obfervations  as  I 
thought  proper ;  I  tell  the  reader  in  the  Scholium  annext, 
that  o  in  a  mathematical  fenfe  never  fignifies  abfolute 
nothing,  but  always  nothing  in  refptcl  to  the  object  under 
confideration.  To  .which  this  Objector  replies,  The 
above  elucidation,  however  true  in  that  particular,  is  not,  we 
apprehend,  Jufficient  to  remove  th>  difficulties  that  attend  this 
Problem,  For  fuppofe  in/lead  of  our  being  employed  in  con- 
sidering the  area  of  a  fupcrficies^  our  attention  had  been  en- 
gaged in  confidiring  the  length  of  a  line.  It  will  then  furely 
follow^  that  when  its  length  van/Jhes,  it  becomes  a  mathemati- 
cal point  cr  nothing,     1  know  not  what  fort  of  elucidation 
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may  be  fufficient  to  remove  difficulties  out  of  fome  peoples 
heads.  But  it  will  furely  follow,  that  this  Objeclor  does 
not  know  what  he  is  talking  about.  For  the  very  in- 
france  he  brings  is  fufficient  to  confute  him.  For  when 
the  length  of  the  line  is  vanifhed,  it  then  becomes  a  ma- 
thematical pointy  or  nothing  \  that  is,  it  becomes  nothing 
when  compared  to  a  line.  But  will  he  fay  that  a  geo- 
metrical point  is  abfolutely  nothing  I  If  fo,  it  would  be 
impoffible  for  Geometers  to  give  a  definition  of  a  point 
as  a  geometrical  term,  becaufe  abfoluie  nothing  has  na 
manner  of  exiftence,  and  cannot  be  a  term  in  any 
fcience.  I  faid  a  line  is  nothing  when  compared  to  a 
furface,  though  it  is  fomething  in  itfelf.  And  for  the 
fame  reafon,  a  point  is  nothing  when  compared  to  a 
line,  and  yet  is  a  thing  real  in  itfelf,  and  not  abfolutely 
nothing. 

He  proceeds,  But  we  cannot  compare  mathematical  points 
together,  because  they  are  totally  dejlitute  of  parts;  and 
without  parts  there  can  be  no  comparifon.  One  would  think 
that  things  are  the  mofr.  eafily  compared,  when  they  are 
under  equal  circumftances,  and  of  the  fame  kind.  For 
points  muft  either  be  equal  orelfe  unequal  to  one  another; 
and  I  take  equality  to  denote  a  comparifon.  But  if  one  be 
dejlitute  of  parts,  and  the  other  has  parts,  there's  an  eni 
of  any  comparifon  among  thefe,  as  being  different  kinds 
of  things.  But  being  dejlitute  of  parts  is  not  the  reafon, 
why  things  cannot  be  compared.  For  example,  fup- 
pofe  any  one  mould  try  to  compare  a  line  with  a  fur- 
face,  and  give  this  as  a  reafon  that  they  cannot  be  com- 
pared, viz.  that  both  of  them  are  deftitute  of  parts; 
1  think  he  muft  expect  to  be  laught  at  for  affigning  fo  odd> 
a  reafon,  fince  the  true  reafon  is,  that  they  are  of  dif-r 
ferent  kinds ;  and  for  that  reafon  no  comparifon  can  be 
made.  But  whether  we  cap  or  we  cannot  compare  ma- 
thematical points  together,  is  a  thing  I  have  nothing  to 
do  with  ;  but  Dr.  Halley  has  taken  fome  pains  to  ihew 
the  proportion  of  mathematical  points  to  one  another. 
And  i  leave  him  and  this  Critic  to  determine  the  matter 
between  them. 

He  goes  on,  befides  (fays  he)  we  have  often  Equations 
where  o  fignifies  abfolute  nothing.  Thus,  if  x  ~  y,  thejt 
x — v  =  o.     Yes,    in  ab/tracled  Equations   made  at   plea- 
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ture  among  letters  that  have  no  meaning,  or  which  re- 
late to  nothing;  and  then  it  is  no  wonder  if  it  is  k>. 
That  is,  when  his  Problem  is  about  nothing  at  all,  the 
refult  may  be  abfolutely  nothing.  But  I  was  writing 
about  practical  things  ;  and  any  body  may  understand, 
that  when  a  man  is  folving  a  Problem  in  earneft,  it  is 
always  in  regard  to  fome  fort  of  quantity,  and  then  his 
O  will  always  be  of  the  fame  kind  as  the  quantity  con- 
cerned, and  has  relation  to  nothing  elfe.  Even  in 
his  Equation  x  —  V==  o,  x  and  y  if  they  be  any  thing, 
inuft  be  quantities  of  the  fame  kind,  or  no  fubtractioii 
Can  be  made ;  and  then  his  o  will  unavoidably  be  of  the 
fame  kind  too. 

What  follows  is  very  extraordinary  y  he  fays,  multiplica- 
tion is  nothing  more  than  a  number  of  additions,  and  divifwn  a 
number  of  fubtraffions.  Confequently9  if  we  can  neither  aug- 
ment nor  leffen  a  quantity  by  the  addition  or  fubtraSiion  of  o  ; 
we  can  neither  augment  nor  leffien  it  by  {he  multiplication  or 
divifion  of  o.  For  otherwife  the  very  bafts  of  Arithmetic 
would  be  defroydy  &c.  That  is,  for  example,  becaufe 
O  -f  9  -  9,  therefore  0X9  mult  alfo  bs  =  9,  for  other- 
wife  the  very  baffi  of  Arithmetic  will  be  deftrofd.  A  moft 
excellent  reafon  furely  to  deftroy  the  principles  of  Arith- 
metic. Such  fort  of  Critics  as  thefe,  have  I  the  luck  to 
be  concerted  with. 

Then  he  proceeds ;  InfaeJ,  the  Cypher  is  only  the  li- 
mit or  boundary  between  negative  and  affirmative  quantities 
the  point  from  which  both  begin  j  and  through  ivhicb  they  muji 
fafs  in  order  to  change  their  denomination,  '/"his  Objector 
then  feems  to  know  nothing  of  the  great  ufe  of  the  o  in 
all  arithmetical  Operations.  And  as  little  has  he  been 
tried  to  the  folving  Problems;  or  t\k  he  would  ha'  known 
what  frequently  happens,  that  o  may  be  one  of  the  roots 
of  an  equation  ;  and  then  o  has  as  real,  intelligible,  de- 
terminate a  value  as  i,  2,  3,  &c.  and  this  is  fomcthing 
more  than  being  the  mere  boundary  between  negative 
and  affirmative  quantities ;  about  which  the  Algebraift 
troubles  not  his  head,  but  attends  only  to  the  real  ufe  of 
that  root  when  it  fo  happens. 

At  laft  he  concludes,  that  the  difficulties  attending  the 
ideas  of  infinity  and  >  \hing%  ought  1  ather  to  be  imputed  to 
rhe  folly  of  comparing  t6(hfs  of  different  kinds.     13  ut  this  wi.il 

not 
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not  6ofl  finee  no  body  that  ever  difputed  about  thefe 
things,  was  ever  fo  ignorant,  as  to  think,  that  there  caa 
be  any  com parifon  made,  by  way  of  equality,  among 
heterogeneous  quantities.  For  inftance,  whoever  was  fa 
foolifh  as  to  fay,  that  fuch  a  quantity  of  fpace  was  equal 
to  fo  much  folidity,  or  equal  to  fuch  a  length  of  a  line. 
This  therefore  is  not  the  reafon  why  the  ideas  of  o  and 
in6nity  are  (b  difficult  to  us.  For  my  part  I  know  no 
difficulty  at  all  of  comprehending  them  in  a  mathemati- 
cal fenfe,  and  that's  all  I  have  to  do  with  them  as  a 
Mathematician. 

I  ought  to  take  notice  for  the  fake  of  the  reader,  that 
he  has  made  nonfenfe  of  the  5th  Corollary.  The  true 
reading  is,  Hence  atfo  o°m,  or  the  infinitely  fmall  power 9 
$f  an  infinitely  fmall  quantity %  it  infinitely  near  1. 

The  very  next  Prob.  to  this  is  of  the  like  kind  ;  which 
is,  to  find  the  proportion  of  o's  in  particular  cafes. 
This  he  has  not  thought  fit  to  meddle  with,  tho*  of  the 
fame  extraordinary  nature^  altho'  it  is  rather  more  excep- 
tionable than  the  former.  The  reafon  he  does  not  men- 
tion xit,  I  fuppofe  is,  becaufe  feveral  of  the  mod  eminent 
Geometers  have  handled  it,  and  he  mi?ht  he  calPd  to  ac- 
count  for  contradicting  them  ;  and  therefore  he  choofes  to 
let  it  pafs  without  any  notice,  not  even  i'o  much  as  to 
tell  his  readers,  that  he  never  faw  it  lolvcd  by  common 
Algebra  before. 

Thus  I  think  I  have  anfwered  all  his  Objections,  and 
iliewn,  that  what  I  have  aliened  in  that  Prob.  is  folul 
and  true,  and  that  his  Objections  are  mere  Cavils,  and 
amount  to  aiplutcly  nothing* 
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In  Plate  VI.  Fig.  54,  for  A  read  B,  for  B  reaJ  C,  for  C 

read  A. 
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